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PREFACE. 



Tbb followiiig work is not a series of specuUiioiis. It is but 
an analrsis of that system of mathematical instruction which 
has been steadily pursued at the Military Academy over a 
quarter of a century, and which has given to that institutioa 
its celebrity as a school of mathematical science. 

It is of the essence of that system that a prmciple be taught 
before it is applied to practice ; that general principles and gen- 
era! laws be taught, for their contemplation is far more improving 
to the mind than the examination of isolated propositions ; and 
that when such principles and such laws are fully compre* 
hendcd, their applications be then taught as consequences or 
practical resultB. v 

This view of education led, at an early day. to the union of 
the Firnch and English systems of mathematics. By this 
oniuD the exact and beautiful methods of generalization, which 
distinguish the French school, were blended with the practical 
methods of the English system. 

The fruits of this new system of instruction have been abun- 
dant. The graduates of the Military Academy have been 
•ought for wherever science of the highest g^rade has been 
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needed. Russia has sought them to construct her railroads ;* 
the Coast Survey needed their aid ; the works of internal im- 
provement of the first class m our country, have mostly been 
conducted under their direction ; and the recent war with Mexico 
afforded ample opportunity for showing the thousand ways in 
which science — the highest class of knowledge — may be made 
available in practice. 

AU these results are due to the system of instruction. In 
that 83r8tem Mathematics is the basis — Science precedes Art — 
Theory goes before Practice — the general formula embraces all 
the particulars. 

It was deemed necessary to the full development of the plan 
of the work, to give a general view of the subject of Logic. 
The materials of Book I. have been drawn, mainly, from the 
works of Archbishop Whately and Mr. Mill. Although the 
general outline of the subject has but little resemblance to the 
work of either author, yet very much has been taken from both ; 
and in all cases where it could be done consistently with my own 
plan, I have adopted their exact lang^uage. This remark is par- 
ticularly applicable to Chapter III., Book I., which is taken, 
with few alterations, from Whately. 

For a full account of the objects and plan of the work, the 
reader is referred to the Introduction. 
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* Major Whistler, the engineer, to whom was intrusted the great enterprise 
of oonstnicting a railroad from St Petersburg to Moscow, and Major Brown, 
who succeeded him at his death, were both graduates of the Military Acad- 
emy. 
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OBJECTS AND PLAN OF THE WORK. 

Utilitt and Progress are the two leading uuii^ 
ideas of the present age. They were manifested 
in the formation of our political and social insti- 
tutions, and have been further developed in the 
extension of those institutions, with their subdu- 
ing and civilizing influences, over the fairest por- 
tions of a great continent. They are now be- 
coming the controlling elements in our systems ^ 
of public instruction. 

What, then, must be the basis of that system wkai 
of education which shall embrace within its ho- uuuty Md 
rizon a Utility as comprehensive and a Progress 
as permanent as the ordinations of Providence, 
exhibited in the laws of nature, as made known 
by science? It must obviously be laid in the 
examination and analysis of those laws; and 
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of Bacon*! 
Philoaophy : 



Foondatium Bacon laid the foundations of his philosophy in 
. organic laws, and explained the several processes 
of experience, observation, experiment, and in- 
duction, by which these laws are made known, 
Why op- He rejected the reasonings* of Aristotle because 

posed to Aril' . i r i i 

toiie'ew they were not progressive and useful ; because 
they added little to knowledge, and contributed 
nothing to ameliorate the sufferings and elevate 
the condition of humanity. 
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pteparaiory primi^rily, in those preparatory studies which fit 

and qualify the mind for such Divine Contem- ' ■ 
plations. 

BaaaCn When Bacou had analyzed the philosophy of 

PbiloBopby. , ^ - | 

the ancients, he found it speculative. The great i 
highways of life had been deserted. Nature, 
spread out to the intelligence of man, in all the 
minuteness and generality of its laws — in all the 
harmony and beauty which those laws develop — 
had scarcely been consulted by the ancient phi- 
PhOoeo- losophers.' They had looked within, and not 

pby of the 

Ancients, without. They sought to rear systems on the 
uncertain foundations of human hypothesis and 
speculation, instead of resting them on the im- 
mutable laws of Providence, as manifested in 
the mate^rial world. Bacon broke the bars of 
this mental prison-house: bade the mind go free, 
and investigate nature. 
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The time seems now to be at hand when the Pneikai 
philosophy of Bacon is to find its full develop- ^ 

ment. The only fear is, that in passing from a 
speculative to a practical philosophy, we may, 
for a time, lose sight of the fact, that Practice 
without Science is Empiricism; and that all ^^ I'm 
w hich is truly great in the practical must be the 
application and result of an antecedent ideal. 



What, then, are the sources of that Utility, wb« b 

the tma sy^ 

and the basis of that Practical, which the pres- icaior«di»- 
ent generation desire, and after which they are 
so anxiously seeking ? What system of training 
and discipline will best develop and steady the 
intellect of the young ; give vigor and expan- 
sion to thought, and stability to action ? What whkh woi 

develop and 

course of study will most enlarge the sphere of mmdy um 
investigation ; give the greatest freedom to the 
mind without licentiousness, and the greatest 
freedom to action consistent with the laws of 
nature, and the obligations of the social com- 
pact? What subject of study is, from its na- whaim 

Ihn tobjccli 

tare, most likely to ensure this training, and ctmmijj 
contribute to such results, and at the same time 'j 

lay the foundations of all that is truly great in 
the Practical ? It has seemed to me that math- lUibMnatk*. 
ematical science may lay claim to this pre-emi- 
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FouQda- The first impressions which the child receives 

^^LitiaJ of Number and Quantity are the foundations of 

knowledge, j^jg mathematical knowledge. They form, as it 

were, a part of his intellectual being. The laws 

lAwsof of Nature are merely truths or generalized facts, 

NatoTB. 

in regard to matter, derived by induction from 
experience, observation, and experiment. The 
laws of mathematical science are generalized 
truths derived from the consideration of Number 
and Space. All the processes of inquiry and 
investigation are conducted according to fixed 
laws, and form a science ; and every new thought 
and higher impression form additional links in 
the lengthening chain. 



Number 
aod 



What tt 



Mathemsi- The knowledge which mathematical science 
edge : imparts to the mind is deep — profound — abiding. 
It gives rise to trains of thought, which are born 
in the pure ideal, and fed and nurtured by an 
acquaintance with physical nature in all its mi- 
nuteness and in all its grandeur : which survey 
the laws of elementary organization, by the mi- 
croscope, and weigh the spheres in the balance 
of universal gravitation. 

wiwt '^^® processes of mathematical science serve 

the proetmm ^q gjy^ mental Unity and wholeness. They im- 
part that knowledge which applies the means of 



I' 

t 



PLAN OP THE WORK. 15 



cryttaDization to a chaos of scattered particulars, lugbt knowi- 
and discovers at once the general law, if there ^^ niewa or 



be one, which forms a connecting link between "'J^*^ 
them. Such results can only be attained by 
minds highly disciplined by scientific combina- 
tions. In all these processes no fact of science 
b forgotten or lost. They are all engraved on 
the great tablet of universal truth, there to be 
read by succeeding generations so long as the uraeonii 
laws of mind remain unchanged. This is stri- mih. 
kingly illustrated by the fact, that any diligent 
student of a college may now read the works of 
Newton, or the Mecanique Celeste of La Place. 

The educator regards mathematical science Ho«the 
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as the great means of accomplishing his work. sBnUmau^ 
The definitions present clear and separate ideas, 
which the mind readily apprehends. The axioms TbeuoooM. 
are the simplest exercises of the reasoning fac- 
ulty* and afford the most satisfactory results in 
the early use and employment of that faculty. 
The trains of reasoning which follow are com- 
binations, according to logical rules, of what 
has been previously fully comprehended; and infloMweor 

Um ttudjr of 

the mind and the argument grow together, so naihrauuo* 
that the thread of science and the warp of the ^^ "*^ 
intellect entwine themselves, and become insep- 
arable. Such a training will lay the foundations 



of systematic knowledge, so greatly preferable 
to conjectural judgments. 

How the The philosopher regards mathematical science 

regards ^ ^^e mere tools of his higher vocation. Look- 

mathemaiics: ^^^ ^j^j^ ^ steady and anxious eye to Nature, 

and the great laws which regulate and govern 
all things, he becomes earnestly intent on their 
examination, and absorbed in the wonderful har- 
monies which he discovers. Urged forward by 
lunecesBity thcsc high impulscs, he sometimes neglects that 

to him. 

thorough preparation, in mathematical science, 
necessary to success; and is not unirequently 
obliged, like Antaeus, to touch again his mother 
earth, in order to renew his strength. 

Tbeviewt The mere practical man regards with favor 

ofthepncti- i /• • 

Ml man. ouly the results of science, deeming the reason- 
ings through which these results are arrived at, 
quite superfluous. Such should remember that 
iBrtniments the mind requires instruments as well as the 

of tllS watnrf- 

hands, and that it should be equally trained in 
their combinations and uses. Such is, indeed, 
now the complication of human affairs, that to 
do one thing well, it is necessary to know the 
properties and relations of many things. Every 
Brvry thing thing, whether existing in the abstract or in the 
material world ; whether an element of knowl- 
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edge or a rule of art, has its connections and its id know 

Uie Iaw ii to 

law: to understand these connections and that know the 
law, is to know the thing. When the principle ^^' 
is clearly apprehended, the practice is easy. 



With these general views, and under a firm Matbemmka 
conviction that mathematical science must be- 
come the great basis of education, I have be- 
stowed much time and labor on its analysis, as 
a subject of knowledge. I have endeavored to 
present its elements separately, and in their con- How. 
Elections ; to point out and note the mental fac- 
ulties which it calls into exercise ; to show why 
and how it develops those faculties ; and in what 
respect it gives to the whole mental machinery 
greater power and certainty of action than can 
be attained by other studies. To accomplish ^^^^^ 
these ends, in the way that seemed to me most eewwy. 
desirable, I have divided the work into three 
parts, arranged under the heads of Book I., II., 
and III. 

Book I. treats of Logic, both as a science and Lflf^ 
an art ; that is, it explains the laws which gov- 
ern the reasoning faculty, in the complicated 
processes of aigumentation, and lays down the 
rules, deduced from those laws, for conducting 
such processes. It being one of the leading 

2 
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For what objects to show that mathematical science is the 

best subject for the development and application 

of the principles of logic ; and, indeed, that the 

science itself is but the application of those prin- 

The iieceaaty ciplcs to the abstract quantities Number and 

of uvatinglt. 

Space, it appeared indispensable to give, in a 
manner best adapted to my purpose, an out- 
line of the nature of that reasoning by means 
of which all inferred knowledge is acquired. 



Booku. Book II. treats of Mathematical Science. 

Here I have endeavored to explain the nature of 

or what it the subjects with which mathematical science is 
conversant ; the ideas which arise in examining 
and contemplating those subjects; the language 
employed to express those ideas, and the laws of 
their connection. This, of course, led to a class- 

Haniwror ification of the subjects; to an analysis of the 
language used, and an examination of the reason- 
ings employed in the methods of proof. 

Book m. Book III. explains and illustrates the Utility of 
Hauiematioa. Mathematics : First, as a means of mental disci- 
pline and training ; Secondly, as a means of ac- 
quiring knowledge; and. Thirdly, as furnishing 
those rules of art, which make knowledge prac- 
tically effective. 
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Having thus given the general outlines of the 
work, we will refer to the classes of readers for 
whose use it is designed, and the particular ad- * 
vantages and benefits which each class may re- 
ceive from its perusal and study. 

There are four classes of readers, who may, f^^ar 
it is supposed, be profited, more or less, by the 
perusal of this work : 

1st The general reader ; 

2d. Professional men and students ; 

Sd. Students of mathematics and philosophy ; huhl 

4tlL Professional Teachers. Fiowih. 



Fim 



First The general reader, who reads for im. AdTm^M 
provement, and desires to acquire knowledge, mj^^Hiar. 
must carefully search out the import of language. 
He must early establish and carefully cultivate 
the habit of noting the connection between ideas oboMv- 
and their signs, and also the relation of ideas to *^ 

each other. Such analysis leads to attentive 
readings to clear apprehension, deep reflection, 
and soon to generalization. 

Logic considers the forms in which truth must 
l»e expressed, and lays down rules for reducing 
all trains of thought to such known forms. This 
habit of analjrnng arms us with tests by which 
ur separate argument from sophistry — ^truth from 
falsehood. The api^cation of these principles. 



iii 



20 INTRODUCTION. 



intiMtiiidj in the construction of the mathematical science, 

of 

«.^th ^m«iii^ where the relation between the sign (or language) 
and the thing signified (or idea expressed), is un- 
mistakable, gives precision and accuracy, leads 
to right arrangement and classification, and thus 
prepares the mind for the reception of general 
knowledge. 

AdTuiutee Secoudlj. The increase of knowledge carries 
■1 men. ^^^^ i^ ^^^ uccessity of classification. A limited 
number of isolated facts may be remembered, or 
a few simple principles applied, without tracing 
out their connections, or determining the places 
which they occupy in the science of general 
knowledge. But when these facts and principles 
are greatly multiplied, as they are in the learned 

The raenn. profcssious ; whcu the labors of preceding gen- 
erations are to be examined, analyzed, compared ; 
when new systems are to be formed, combining 
all that is valuable in the past with the stimu- 
lating elements of the present, there is occasion 
for the constant exercise of our highest facul- 

Knowledge tlcs. Knowledge reduced to order ; that is, 

"^^^J" knowledge so classified and arranged as to be 
easily remembered, readily referred to, and ad- 
vantageously applied, will alone suflice to sift 
the pure metal from the dust of ages, and fashion 
it for present use. Such knowledge is Science. 
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Masses of facts, like masses of matter, are ca- Knowledge 



a ir I^A Hftp 

pable of very minute subdivisions; and when we dneedioiie 



know the law of combination, they are rea^iily 
divided or reunited. To know the law, in any 
case, is to ascend to the source ; and without 
that knowledge the mind gropes in darkness. 

It has been my aim to present such a view oi^ecteor 
of Loiric and Mathematical Science as would 



Iheramlti. 



clearly indicate, to the professional student, and 
even to the general reader, the outlines of these 
subjects. Logic exhibits the general formula i4>frtcand 
applicable to all kinds of argumentation, and 
mathematics is an application of logic to the 
abstract quantities Number and Space. 

When the professional student shall have ex- 
amined the subject, even to the extent to which ontaimjor 
it b here treated, he will be impressed with the 
clearness, simplicity, certainty, and generality of 
its principles ; and will find no difficulty in ma- 
king them available in classifying the facts, and 
examining the organic laws which characterize 
his particular department of knowledge. 



Thirdly. Mathematical knowledge diifers from 
evrry other kind of knowledge in this : it is, as 
it were, a web of connected principles spun out 
firom a few abstract ideas, until it has become 
one of the great means of intellectual develop- 



eil knowl- 
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ment and of practical utility. And if 1 am per- 
vwmttj mitted to extend the figure, I may add, that the 

of baglmiii^ 

Kt the right web of the spider, though perfectly simple, if we 
^^ see the 6iid and understand the way in which 
it is put together, is yet too complicated to be 
unravelled, unless we begin at the right point, 
and observe the law of its formation. So with 
mathematical science. It is evolved from a few 
— a very few— elementary and intuitive princi- 
How pies : the law of its evolution is simple but ex- 

nstheiiuUi' 

tti adenoe is acting, and to begin at the right place and pro- 
**"*™****' ceed in the right way, is all that is necessary to 

make the subject easy, interesting, and useful, 
whathn I have endeavored to point out the place of 
tempted. beginning, and to indicate the way to the math- 
ematical student. I am aware that he is start- 
ing on a road where the guide-boards resemble 
each other, and where, for the w^nt of careful 
observation, they are often mistaken ; I have 
sought, therefore, to furnish him with the maps 
and guide-books of an old traveller. 
AdTiotagM By explaining with minuteness the subjects 
the whole sibout which mathematical science is conversant, 
nt^tcL ^jjg whole field to be gone over is at once sur- 
veyed: by calling attention to the faculties of 
AdTutagee the mind which the science brings into exercise, 



ii« the men- we are better prepared to note the intellectual 

tal ilicultlea : ^. i_* ■ .i_ i i 

operations which the processes require ; and by 
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a knonv ledge of the laws of reasoning, and an otaIuiowi- 

. t t <• I ^^ of iha 

acquaintance with the tests of truth, we are en- i^wBornw. 
abied to verify all our results. These means have *^^' 
been furnished in the following work, and to 
aid the student in classification and arrangement, 
diagrams have been prepared exhibiting separ- 
ately and in connection all the principal parts of 
mathematical science. The student, therefore, 
who adopts the system here indicated, will find 
his way clearly marked out, and will recognise, ^^'^'•"•■i" 
from their general resemblance to the descrip- 
tions, all the guide-posts which he meets. He 
will be at no loss to discover the connection 
between the parts of his subject. Beginning 
with first principles and elementary combina- 
tions, and guided by simple laws, he will go for- 
ward from the exercises of Mental Arithmetic 
to the higher analysis of Mathematical Science 
on an ascent so gentle, and with a progress so 
steady, as scarcely to note the changes. And 
indeed, why should he ? For all mathematical 
processes are alike in their nature, governed by 
the same laws, exercising the same faculties, 
and lifting the mind towards the same eminence. 



Wberv 

he begins. 



Order 
of prognsei. 



ViUty of 
the wl^it^c 



Fourthly. The leading idea, in the construc- 
tion of the work, has been, to afford substantial 
aid to the professional teacher. The nature of 



to the 



HisdutiM: his duties — their inherent difficulties — the per- 



DiKsounge- plexities which meet him at every step — ^the want 
difflcuiun: of Sympathy and support in his hours of discour- 
agement — (and they are many) — are circum- 
stances which awaken a lively interest in the 
hearts of all who have shared the toils, and been 
themselves laborers in the same vineyard. He 
takes his place in the schoolhouse by the road- 
side, and there, removed from the highways of 
BMDoteoen life, spcnds his days in raising the feeble mind 
life, ^* of childhood to strength — in planting aright the 
seeds of knowledge— in curbing the turbulence 
of passion — in eradicating evil and inspiring 
good. The fruits of his labors are seen but 
once in a generation. The boy must grow to 
Fruits of manhood and the girl become a matron before 
he is certain that his labors have not been in 



vam. 

Yet, to the teacher is committed the high trust 
of forming the intellectual, and, to a certain ex- 
tent, the moral development of a people. He 
neimpoio holds in his hands the keys of knowledge. If 
kbon. ^® ^^^ moral impressions do not spring into 
life at his bidding, he is at the source of the 
stream, and gives direction to the current. Al- 
though himself imprisoned in the schoolhouse, 
his influence and his teachings affect all condi- 
tions of society, and reach over the whole hori- 
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loo of civilization. He impresfies himself on Tteinaueoce 
the young of the age in which he lives, and 
lives again in the age which succeeds him. 



All good teaching must flow from copious sources or 
knowledge. The shallow fountain cannot emit lo^. 
a vigorous stream. In the hope of doing some- 
thing thai may be useful to the professional 
teacher, I have attempted a careful and full <^N«^f^ 

'^ which ihv 

analysis of mathematical science. I have spread «<'rk wm 

mdcrtiiken. 

out, in detail, those methods which have been 
carefully examined and subjected to the test of 
long experience. If they are the right meth- 
ods, they will serve as standards of teaching; 
for, the principles of imparting instruction are 
the same for all branches of knowledge. 



Principles 
ofiU i«uch- 



The system which I have indicated is com- 
plete in itself It lays open to the teacher the 
entire skeleton of the science— exhibits all its 
parts separately and in their connection. It 
explains a course of reasoning simple in itself, 
and applicable not only to every process in 
mathematical science, but to all processes of 
argumentation in every subject of knowledge. 

The teacher who thus combines science with 
art, no longer regards Arithmetic as a mere 
of mechanical labor, but as a means-— 



w 
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with art: 
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INTRODUCTION. 



The ■dTAo- and the simplest means— of teaching the art and 

l^^^'it, science of reasoning on quantity — and this is 

the logic of mathematics. If he would accom- 

Resuiuof plish well his work, he must so instruct his 

light inrtro^ 

uoa. pupils that they shall apprehend clearly, think 
quickly and correctly, reason justly, and open 
their minds freely to the reception of all knowl- 
edge. 



BOOK I. 

LOGIC. 



CHAPTER I. 
MFomioim— orxRATiom or nu iiiia>— nsiit DKmri 



DEFINITIONS. 

( 1. DBriNiTioN is a metaphorical word, which 
literally signifies ** laying down a boundary/' 
All definitions are of names, and of names only ; 
but in some definitions, it is clearly apparent, 
that nothing is intended except to explain the 
meaning of the word ; while in others, besides 

.^^^ d» .»»i.g of ^ ,0.., i. b d» -=r 






implied that there exists, or may exist, a thing 
corresponding to the word. ««^ 



( 3. Definitions which do not imply the exist- 
ence of things corresponding to the words de- aoitopiy 
Sued* are those usually found in the Dictionary 
of one's own language. They explain only the 



^ meaning of the word or term, by giving some 
«»p*^ equivalent expression which may happen to be 
equiviieoii. better known. Definitions which imply the ex- 
istence of things corresponding to the words de- 
fined, do more than this. 
^^foukm For example : " A triangle is a rectilineal fig- 

* of a 

iriaagto; ure having three sides." This definition does 
^^ two things : 

*""*"** 1st, It explains the meaning of the word tri- 
angle; and, 

2d. It implies that there exists, or may exist, 
a rectilineal figure having three sides. 



i> § 4. In Mathematics, and indeed, in all strict 

Mattiematloi 

imp^ sciences, names imply the existence of the things 



ii 



ora § 3. To define a word when the definition is 

deOoiUoB 

which in- to imply the existence of a thing, is to select 

"^i^oc^ "" from all the properties of the thing those which 

aifains. ^g ^^^ simple, general, and obvious; and the 

piopertiM properties must be very well known to us before 

^jto^n, ^^ ^^^ decide which are the fittest for this pur- i 

pose. Hence, a thing may have many properties 

besides those which are named in the definition 

Adeiiaitioii of the word which stands for it. This second 

■npporti 

truiii. kind of definition is not only the best form of ex- 
pressing certain conceptions, but also contributes 
to the development and support of new truths. 
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•ttribotes. 



orthte 



which they name ; and the definitions of those ihii«i 
names express attributes of the things ; so that e»n««i 
DO correct definition whatever, of any mathe- 
matical term, can be devised, which shall not 
express certain attributes of the thing correspond- 
ing to the name. Every definition of this class 
is a tacit assumption of some proposition which 
is expressed by means of the definition, and pnpoittioM* 
which gives to such definition its importance. 

§ 5. All the reasonings in mathematics, which 
rest ultimately on definitions, do, in fact, rest 
oo the intuitive inference, that things corre- 
sponding to the words defined have a conceiv- iDtuiUTe 
able existence as subjects of thought, and do or 
may have proximately, an actual existence.* 



mUagoo 



* Thefe m four rules which aid ut in frmouDg defini- ^^^ 



lu. The definidoo iniut be ajequatt : that is, neither too lai niie. 
a ne iided, aor too narrow for the word defined. 

9d. The definitioo most be in itaelf plainer than the word id miik 
defined, else it woald not explain it 

3d. The definition ahoold be expreMcd in a eontenieni s^ruK 
wmwtT €f Mfpntpfvue wofvi . 

4tb. When the definition implies the existence of a thing 
eorreepoodiag to the word defined, tlie certainty of that 
must be intuitive. 



4lh 
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§ 8. Judgment is the comparing together in 
the mind two of the notions (or ideas) which 

Jodgmenl ^ 

defloed. are the objects of apprehension, whether com- 
plex or incomplex» and pronouncing that they 
agree or disagree with each other, or that one 
of them belongs or does not belong to, the other : 
for example : that a right-angled triangle and an 

iadgmeni equilateral triangle belong to the class of figures 

Is 

euiwr called triangles ; or that a square is not a circle. 
™ ^^ Judgment, therefore, is either Affirmative or iVic^- 
■^^^ ative. 



OPERATIONS OF TBS MIND CONCERNED IN REASONING. 

Three apenr ^ 5, There are three operations of the mind 
tkMMofthe which are immediately concerned in reasoning. 
1st. Simple apprehension ; 2d. Judgment ; 
3d. Reasoning or Discourse. 



Bimpieap- ^ '^' Simple apprehension is the notion (or 

preheniioa. conception) of au objcct in the mind, analogous 

to the perception of the senses. It is either* ! 

iDoompiez. Incomplex or Complex. Incomplex Apprehen- 
sion is of one object, or of several without any 
relation being perceived between them, as of a 

Oomptet triangle, a square, or a circle: Complex is of 
several with such a relation, as of a triangle 
within a circle, or a circle within a square. 
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§ 9. Reasoning (or discourse) is the act of K«Moiiii« 
proceeding from certain judgments to another 
fcmndtd upon them (or the result of them). 

§ 10. Language affords the signs by which ui«iMg« 
these operations of the mind are recorded, ex- ^^,^lt 
pressed, and communicated. It is also an in- ^^"^^^ 
stniment of thought, and one of the principal '^^^^ 
helps in all mental operations; and any imper- orthoogbL 
iectioo in the instrument, or in the mode of 
using it, will materially affect any result attained 
through its aid. 

§ 11. Every branch of knowledge has, to a 
cntain extent, its own appropriate language ; ofkaowiedgv 
and for a mind not previously versed in the 
meaning and right use of the various words and 
signs which constitute the language, to attempt 
the study of methods of philosophizing, would 
be as absurd as to attempt reading before learn- 
ing the alphabet 



II 
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ABSTRACTION. 



( 13. The faculty of abstraction is that power 
of the mind which enables us, in contemplating 
any object (or objects), to attend exclusively to 



some particular circumstance belonging to it, and 
quite withhold our attention from the rest. Thus, 

In 

coiitempia- if a persou in contemplating a rose should make 
uugaruae. ^^^ sccut a distinct object of attention, and lay 
aside all thought of the form, color, &c., he 
would draw off, or abstract that particular part ; 
ui drawing and therefore employ the faculty of abstraction. 
He would also employ the same faculty in con- 
sidering whiteness, softness, virtue, existence, as 
entirely separate from particular objects. 

§ 13. The term abstraction, is also used to 
^ denote the operation of abstracting from one or 

Tho term 

AbstTHctkm, more things the particular part under consider- 

bow used. 

ation ; and likewise to designate the state of the 
mind when occupied by abstract ideas. Hence, 
abstraction is used in three senses : 
Abstraction ^^^' "^^ denote a faculty or power of the 

mdTrtIL ^^* "^^ denote a process of the mind ; and, 
of mind. 3d^ To denote a state of the mind. 



GENERALIZATION. 



Generalizn* 



§ 14. Generalization is the process of con- 
tioo-the templating the agreement of several objects in 

prooenof 

oontempiA- Certain points (that is, abstracting the circum- 
•gniement. stauccs of agreement, disregarding the differ- 
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eDoes),«aDd giving to all and each of these ob- 
}ects a name applicable to them in respect to 
this agreement. For example ; we give the 
name of triangle, to every rectilineal figure hav- 
ing three sides: thus we abstract this property 
firom all the others (for, the triangle has three ^'^ 
angles, may be equilateral, or scalene, or right- 
angled), and name the entire class firom the prop- 
erty so abstracted. Generalization therefore 
necessarily imjdies abstraction; though abstrac- 
tion does not imply generalization. 

TIBMS — StllGULAB TBRMS^OMlfON TZSMS. 

§ 15. An act of apprehension, expressed in 
language, is called a Term. Proper names, or 
any other terms which denote each but a sin^^e 
individual, as " C«sar,'* *' the Hudson," " the | 

Conqueror of Pompey," are called Singular 
Terms. 

On the other hand, those terms which denote 
any individual of a whole class (which are form- 
ed by the process of abstraction and generaliza- 
tion), are called Common or general Terms. For 
example ; quadrilateral is a conunon term, appli- 
cable to every rectilineal plane figure having 
hfor sides ; River, to all rivers ; and Conqueror, 
tp all conquerors. The individuals for which a 

common term stands, are called its Sigi^ficates, 

8 
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CLASSIFICATION. 

o. i..^ ^16. Common terms afibrd the means of clas- 
sification ; that is, of the arrangement of objects 
into classes, with reference to some common and 
distinguishing characteristic. A collection, com- 
prehending a number of objects, so arranged, is 
^'^"^ called a Genus or Species — trenus beins the 
more extensive term, and often embracing many 
species. 
Examples ^^^ example I animal is a genus embracing 
^ every thins which is endowed with life, the pow- 

cIomUIgaUoii. . ' r 

er of voluntary motion, and sensation. It has 
many species, such as man, beast, bird, &c. If 
we say of an animal, that it is rational, it be- 
longs to the species man, for this is the charac- 
teristic of that species. If we say that it has 
wings, it belongs to the species bird, for this, in 
like manner, is the characteristic of the species 
bird. 

A species may likewise be divided into classes, 

SnbflpedM 

or or subspecies ; thus the species man, may be 
divided into the classes, male and female, and 
these classes may be again divided until we reach 
the individuals. 

'*'^*»«>p'* § 17. Now, it will appear from the principles 



of 



which govern this system of classification, that 



M 



I 



,1 



1 



CHAP. I.] 



CLAflfllFlCATION. 



S5 





the characteristic of a genus is of a more exten- cmm moro 
sive 8ignificatioD» but involves fewer particu- tiua ipiicirA, 
lars than that ot a species. In like manner, the 
characteristic of a species is more extensive, but 
less full and complete, than that of a subspecies boi i«« nui 
or class, and the characteristics of these less full wmpMe. 
than that of an individual. 

For example ; if we take as a genus the Quadri- 
laterals of Geometry, of which the characteristic 
is. that they have four sides, then every plane 
rectilineal figure, having four sides, will fall under 
this class. If, then, we divide all quadrilaterals 
into two species, viz. those whose opposite sides, 
taken two and two, are not parallel, and those 
whose opposite sides, taken two and two, arc 
parallel, we shall have in the first class, all irreg- 
ular quadrilaterals, including the trapezoid (1 and 
2) ; and in the other, the parallelogram, the rhom- 
bus, the rectangle, and the square (3,4, 5, and 6). 

If, then, we divide the first species into two 
subspecies or classes, we shall have in the one, the 
irregular quadrilaterals (1), and in the other, the 
trapezoids (2) ; and each of these classes, being 
made up of individuals having the same char- 
acterisiict, are not susceptible of further division. 

If we divide the second species into two 
classes, arranging those which have oblique an- 
^es in the one, and those which have right 
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angles in the other, we shall have in the first, 
two varieties, viz. the common parallelogram 
and the equilateral parallelogram or rhombus (3 
and 4) ; and in the second, two varieties also, 
viz. the rectangle and the square (5 and 6). 
Now, each of these six figures is a quadru 
Tidnai ftuii« lateral; and hence, possesses the characteristic 



^^^^^ of the genus ; and each variety of both species 
•n«>>« enjoys all the characteristics of the species to 
tioi. which it belongs, together with some other dis- 
tinguishing feature ; and similarly, of all classu 
fications. 



§ 18. In special classifications, it is often not 
necessary to begin with the most general char- 
acteristics; and then the genus with which we 
begin, is in fact but a species of a more extended 
classification^ and is called a Subaltern Genus. 

For example ; if we begin with the genus Par- 
allelogram, we shall at once have two species, 
viz. those parallelograms whose angles are oblique 
and those whose angles are right angles ; and in 
each species there will be two varieties, viz. in the 
first, the common parallelogram and the rhom* 
bus ; and in the second, the rectangle and square. 

§ 19. A genus which cannot be considered 
as a species, that is, which cannot be referred 
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to a more extended classification, is called the HigiMii 
highest genus; and a species which cannot be 
considered as a genus, because it contains only 
individuals having the same characteristic, is 
called the lowest species. 

HATUBX OP COMMON TXBMS. 

^ M. It should be steadily kept in mind, that 
the '^ common terms'' employed in classification, ^ 
have not, as the names of individuals have, any ^ ^^ ^. 
real existing thing in nature corresponding to «»«^<**- 
them ; but that each is merely a name denoting 
a certain inadequate notion which our minds "* 



have formed of an individual. But as this name 
does not include any thing wherein that indi- ^^"^ 
vidual difiers from others of the same class, it ihn^ta 
is applicable equally well to all or any of them. i^^iitMh 
Thus, quadrilateral denotes no reo/ thing, dis- ^**'* 
tioct firom each individual, but merely any recti- 
lineal figure of four sides, viewed inadequately; 
that is, after abstracting and omitting all that 
is peculiar to each individual of the class. By 
this means, a common term becomes applicable ■pptt«bi« lo 
alike to any one of several individuals, or, taken iviiTfdMiib 
in the plural, to several individuals together. 

Much needless difllculty has been raised re- yy,,,, „ ^^^ 
specting the results of this process : many hav- ^''"^* 
iBg contended, and perhaps more having taken 
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Diflicuityin it for granted, that there must be some really 
tationof existmg thing corresponding to each of those 
^Tmm^ common terms, and of which such term is the 
name, standing for and representing it. For ex- 
ample ; since there is a really existing thing cor- 
Noooe responding to and signified by the proper and 
corrJ^^!^ singular name "iEtna," it has been supposed 
ing to owb. ^[j^i iijg common term " Mountain" must have 

some one really existing thing corresponding to 
it» and of course distinct from each individual 
mountain, yet existing in each, since the term, 
being common, is applicable, separately, to every 
one of them. 

The fact is, the notion expressed by a common 

term is merely an inadequate (or incomplete) 

i^l^uli notion of an individual ; and from the very cir- 

"^^^ cumstance of its inadequacy, it will apply equally 

■*«'***^ well to any one of several individuals. For ex- 

the thing. 

ample ; if I omit the mention and the consider- 
ation of every circumstance which distinguishes 
iEtna from any other mountain, I then form a 
notion, that inadequately designates ^tna. This 
«« MouBiaiii** notion is expressed by the common term *' moun* 
■ppulabie ^^^^" which does not imply any of the peculiar- 
^■'> ities of the mountain iEtna, and is equally ap- 
plicable to any one of several individuals. 

In regard to classification, we should also bear 
in mind, that we may fix, arbitrarily, on the 
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chftracteristic which we choose to abstract and luyiuoa 

ittribaUm 

consider as the basis of our classification, disre- tfMtnruy 



fcr 



garding all the rest : so that the same individual cteiiacaii<m. 
may be referred to any of several difierent spe- 
cies, and the same species to several genera, as 
suits our purpose. 
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§ 21. Science, in its popular signification, 
means knowledge.* In a more restricted sense, 
it means knowledge reduced to order; that is, 
knowledge so classified and arranged as to be 
easily remembered, readily referred to, and ad- sma, 
Tsntageously applied. In a more strict and 
technical sense, it has another signification. 

** Every thing in nature, as well in the in- 
animate as in the animated world, happens or 
is done according to rules, though we do not 
always know them. Water falls according to 
the laws of gravitation, and the motion of walk- 
ing is performed by animals according to rules. 
The fish in the water, the bird in the air, move 
iccording to rules. There is nowhere any want 
of rule. When we think we find that want, we 
can only say that, in this case, the rules are un- utj want </ 
known to us. t 

Assuming that all the phenomena of nature 

• Seetion 93. f Kant 
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Bdenoe are consequences of general and immutable laws, 



in 



I 



a technics we may define Science to be the* analysis of 
Mmwddioed: ^j^^g^ laws,— Comprehending not only the con- 
anaiMiyiia ngctcd proccsscs of experiment and reasoning 
oi uaiure. which make them known to man, but also those 
processes of reasoning which make known their 
individual and concurrent operation in the de- 
velopment of individual phenomena. 



ART. 

§ 22. Art is the application of knowledge to 
j^ practice. Science is conversant about knowl- 
appiicatkxi ©jge ; \fi jg t^© usc or application of knowl- 
■etoiMe» edge, and is conversant about works. Science 
has knowledge for its object : Art has knowledge 
for its guide. A principle of science, when ap- 
plied, becomes a rule of art. The developments 
of science increase knowledge : the applications 
^^ of art add to works. Art, necessarily, presup- 
presuppoMt poses knowledge : art, in any but its infant state, 

KnowiMlfo. 

presupposes scientific knowledge ; and if every 
art does not bear the name of the science on 
which it rests, it is only because several sciences 
are often necessary to form the groundwork of 
a single art. Such is the complication of hu- 
^iJi^^ man afiairs, that to enable one thing to be done, 
^^""^ ^ it is often requisite to know the nature and prop- 

ton OM CM 

b«doM. erties of many things. 
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CHAPTER II 



Am> MEAtm or kkowibwi 



XlfOWLBODB. 



i 23. KifowLBDOB 18 a clear and certain con- kmwmi* 
oeptioD of that which is true, and implies three cBptfoaor 
things: whibimt 

Ist Finn belief; 3d. Of what is true; and, 



9d. On sufficient grounds. 



If any one, for example, is in doubt respecting m. orwk 

to tnM« 

one of Lq;endre's Demonstrations, he cannot ad. on 
be said to know the proposition proved by it. If, 
again, he is fully convinced of any thing that is 
not tme^ he is mistaken in supposing himself to 
know it ; and lastly, if two persons are e^ch fully 
tomjident, one that the moon b inhabited, and 
the other that it is not (though one of these 
opinions must be fnie), neither of them could 
properly be said to kmofw the truth, since he 
cannot have sufficient proof of it 



FACTS AND TRUTHS. 

Kuowied^eto ^ ^' ^^ knowledge is of two kinds : of facts 
oiJicuiand anj truths. A fact is any thing that has been 
or IB. That the sun rose yesterday, is a fact : 
that he gives light to-day, is a fact.* That wa- 
ter is fluid and stone solid, are facts. We de- 
rive our knowledge of facts through the medium 
of the senses. 
Truth M Truth is an exact accordance with what has 
with what BEEN, IS, or SHALL BE. ThcTC arc two mcthods 
^^^t^ of ascertaining truth : 

Two methods jgj gy comparimT known facts with each 
iMgiL Other; and, 

2dly. By comparing known truths with each 
other. 

Hence, truths are inferences either from facts 
or other truths, made by a mental process called 
Reasoning. 

§ 25. Seeing, then, that facts and truths are the 
Facta and elcmcuts of all OUT knowledge, and that knowl- 

triiiha,tha ^ ^ ^ ^ 

aiementa edge itsclf is but their clear apprehension, their 

of our 

kDowiedfa. Ann belief, and a distinct conception of their 
relations to each other, our main inquiry is. How 
are we to attain unto these facts and truths, 
which are the foundations of knowledge ? 

1st. Our knowledge of facts is derived through 
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the medium of our senses, by observation, exper- 
iment,* and experience. We see the tree, and Hoirwe 
perceive that it is shaken by the wind, and note knowledge or 
the fact that it is in motion. We decompose 
water and find its elements; and hence, learn 
from experiment the /oc/, that it is not a simple 
substance. We experience the vicissitudes of 
heat and cold ; and thus learn from experience 
that the temperature is not uniform. 

The ascertainment of facts, in any of the ways 
above indicated, does not point out any connec- iiiiedoMaoi 
tion between them. It merely exhibits them to 
the mind as separate or isolated; that is, each 
as standing for a determinate thing, whether 
simple or compound. The term facts, in the 
sense in which we shall use it, will designate 
facts of this class only. If the facts so ascer- 



have such connections with each other, wbeatiiej 
that additional facts can be inferred from them, wcuoa that 
that inference is pointed out by the reasoning ""trttlT***"* 
process, which is carried on, in all cases, by com- 
parison. 

2d]y. A result obtained by comparing facts, we 
have designated by the term Truth. Truths, 
therefore, are inferences from facts ; and every 



.1 



this term we include all the methods of inves- 
tagstioQ and processei of tnriviog at ftcta, except the pto* 
of reaaoning. 
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■ad truth has reference to all the singular facts from 
ftomtheoi. which it is inferred. Truths, therefore, are re- 
sults deduced from facts, or from classes of facts. 
Such results, when obtained, appertain to all facts 
of the same class. Facts make a genus : truths, 
a species ; with the characteristic, that they be- 
come known to us by inference or reasoning. 

How § 26. How, then, are truths to be inferred 

iafcmd from ^om facts by the reasoning process ? There 
^^^^y^ are two cases. 



1st. When the instances are so few and simple 
inoMe. that the mind can contemplate all the facts on 
which the induction rests, and to which it refers, 
and can make the induction without the aid of 
other facts ; and, 
sdoMB. 2dly. When the facts, being numerous, com- 
plicated, and remote, are brought to mind only 
by processes of investigation. 

INTgiTIVB TRUTH. 

§ 27. Truths which become known by con- 
i^iQii,^ sidering all the facts on which they depend, and 
^._. which are inferred the moment the facts are 
apprehended, are the subjects of Intuition, and 
are called Intuitive or Self-evident TVuths. The 
term Intuition is strictly applicable only to that 
mode of contemplation in which we look at 
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tacts, or classes of facts, and apprehend the 
relations of those facts at the same time, and 
by the same act by which we apprehend the 
facts theoiselyes. Hence, intuitive or self-evi- BoviniaMira 

truihtm 

dent truths are those which are conceived in 



the mind immediately; that is, which are per- 
fectly conceived by a single process of induc- 
tion« the moment the facts on which they depend 
are apprehended, without the intervention of 
other ideas. They are necessary consequences of 
conceptions respecting which they are asserted. 
The axioms of (Seoroetry afford the simplest and ^ 
most unmistakable class of such truths. 

** A whole is equal to the sum of all its parts," Awboit 
is an intuitive or self-evident truth, inferred from tuaoras 
(acts previously learned. For example ; having ^J^J^JJ, 



.1 



•I 



learned from experience and through the senses 
what a whole is, and, from experiment, the fact 
that it may be divided into parts, the mind per- 
ceives the relation between the whole and the 
sum of the parts, viz. that they are equal ; and 
then, by the reasoning process, infers that the 
same will be true of every other thing; and 
hence, pronounces the general truth, that "a 
whole is equal to the sum of all its parts." Here 
all the facts from which the induction is drawn, ^ i^J^ 
are presented to the mind, and the induction loib^MUd. 
is made without the aid of other facts ; henoe. 
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An the it is an intuitive or self-evident truth. All the 
dDduoedin Other axioms of Geometry are deduced from 
^f^^ premises and by processes of inference, entirely 
similar. We would not call these experimental 
truths, for they are not alone the results of ex- 
periment or experience. Experience and exper- 
iment furnish the requisite information, but the 
reasoning power evolves the general truth. 

" When we say, the equals of equals are equal, 

we mentally make comparisons in equal spaces, 

Then equal times, &c. ; so that these axioms, how- 

general ever self-evident, are still geqeral propositions : 

propotiiiona. ^^ ^^ ^j. ^j^^ inductivc kind, that, independently 

of experience, they would not present themselves 
to the mind. The only difference between these 
and axioms obtained from extensive induction is 
DUfcnmoe this : that, in raising the axioms of Geometry, 
uiem ud ^^^ instances offer themselves spontaneously, and 
^^^j^ without the trouble of search, and are few and 
which re- simple : in raising those of nature, they are in- 
finitely numerous, complicated, and remote; so 
that the most diligent research and the utmost 
acuteness are required to unravel their web, and 
place their meaning in evidence."* 



quire diligent 

I 

I 
I 



* Sir John Herschers Diacoane on the study of Natural 
Philosophy. 
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TEUTHS, OB LOGICAL TBUTHS. 

♦ 

i 28. Truths inferred from facts, by the process 
ofgeneralizatioD, when the instances do not offer tvuum 
themselves spontaneously to the mind, but require i^^d fkcu, 



search and acuteness to discover and point out ^g^^u^^^ ;i 
their connections, and all truths inferred from ^n**'*^" 

Unilhs. II 



'I 



truths, might be called Logical Truths. But as 
we have given the name of intuitive or self- 
evident truths to all inferences in which all the 
facts were contemplated, we shall designate all 
others by the simple term, Teutbs. 

It might appear of little consequence to dis- nj^^^. ^ 
tingttish the processes of reasoning by which •^•**«i«»* 
truths are inferred from facts, from those in which ^^ bMisor « 
we deduce truths from other truths ; but this dif- 
ference in the premises, though seemingly slight, 
is nevertheless very important, and divides the 
subject of logic, as we shall presently see, into 
two distinct and very different branches. 

LOGIC. 

$ 29. Logic takes note of and decides upon Logk 
the sufficiency of the evidence by which truths .laetencyor 
are established. Our assent to the conclusion •^f^^^'*^ 
being grounded on the truth of the premises, we 
never could arrive at any knowledge by rea- ,, 

soning, unless something were known antece- j 

dently to all reasoning. It is the province of lu 



FQinUwt Logic to furnish the tests by which all truths 
tmih. that are not intuitive may be inferred from the 
premises. It has nothing to do with ascertain- 
ing facts, nor with any proposition which claims 
to be believed on its own intrinsic evidence; 
that is, without evidence, in the proper sense of 
hmiioOiIi« the word. It has nothing to do with the original 

intoiaTT pro- ^^^^ ^^ ultimate premises of our knowledge ; 
p(Miiion,iiar ^ijjj ^gjj number or nature, the mode in which 

wtth origbHl 

date; they are obtained, or the tests by which they 
are distinguished. But, so far as our knowledge 
is founded on truths made such by evidence, 

buliiqipliiM 

autettoibr that is, derived from facts or other truths pre- 
propMitioBi. viously known, whether those truths be particu* 
lar truths, or general propositions, it is the prov- 
ince of Logic to supply the tests for ascertaining 
the validity of such evidence, and whether or 
not a belief founded on it would be well ground- 
ed. And since by far the greatest portion of 



iiicg r Mia rt our knowledge, whether of particular or general 

portion of CNir 

knowMce truths, is avowedly matter of inference, nearly i 
^^ the whole, not only of science, but of human ', 
conduct, is amenable to the authority of logic. 
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INDUCTION. 

( 30. That part of logic which infers truths 
from facts, is called Induction. Inductive rea- iMtQcUoo, 
soning is the application of the reasoning pro- '^^^^ 
cess to a given number of facts, for the purpose ■pp««t>to. 
of determining if what has been ascertained re- 
specting one or more of the individuals is true 
of the whole class. Hence, Induction is not lodudkm 
the mere sum of the facts, but a conclusion 

drawn from them. 

The logic of Induction consists in classing Lofieor 
the facts and stating the inference in such a 
manner, that the evidence of the inference shall 
be most manifest 

(31. Induction, as above defined, is a process indocUaa 
of inference. It proceeds from the known to f^iniiiM 
the unknown; and any operation involving no '■^»**>*« 
inference, any process in which the conclusion 
is a mere fact, and not a truth, does not fall 
within the meaning of the term. The conclu- "nieoMH**- 

•kmbniadcr 

sion must be broader than the premises. The umouie j 

prenuses are facts: the conclusion must be a , 

truth* 

Induction, therefore, is a process of general- induetioa, ; 
ization. It is that operation of the mind by gMMTAiin. 



which we infer that what we know to be true 
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50 



LOGIC. 



[book I. 



in which in a particular case or cases, will he true in all 

^aiwhaiis cascs which resemble the former in certain as- 

irue under giffnable resDccts. In other words, Induction is 

circunutao- the proccss by which we conclude that what 

cit} will be 

trueuniTeiw is truc of ccrtaiu individuals of a class is true 
of the whole class ; or that what is true at cer- 
tain times, will be true, under similar circum- 
stances, at all times. 



ludiMtioo § ^' Induction always presupposes, not only 
presappoflOB ^y^^^ ^^^ neccssary observations are made with 

uccuFBle and ^ 



obriervatioua. 



More is 



the necessary accuracy, but also that the results 
of these observations are, so far as practicable, 
connected together by general descriptions : ena- 
bling the mind to represent to itself as wholes, 
whatever phenomena are capable of being so 
represented. 

To suppose, however, that nothing more is 
required from the conception than that it should 
serve to connect the observations, would be to 
cunnectthe substitute hvpothesis for theory, and imacina- 
we muit tion for proof. The connecting link must be 

inftr fttm 

mem. some character which really exists in the facts 
themselves, and which would manifest itself 
therein, if the condition could be realized which 
our organs of sense require. 

For example ; Blakewell, a celebrated English 
cattle-breeder, observed, in a great number of 
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iodividual beasts, a tendency to fatten readily, xnapieor 



Blikew«lL 

and in a great number of others the absence of u^ a^iwi 



this constitution : in every individual of the for- 
mer description, he observed a certain peculiar 
wuiie, though they differed widely in size, color, 
tec. Those of the latter description difiered no 
less in various points, but agreed in being of a i 

diflerent make from the others. These /acto were uovhe 
his data; from which, combining them with the tutei.: 
general principle, that nature is steady and uni- ^ "^ 
form in her proceedings, he logically drew the 
conclusion that beasts of the specified make have 
umiversaliy a peculiar tendency to fattening. 

The principal difficulty in this case consisted inwkaniMi 
in making the observations, and so collating and 



combining them as to abstract from each of a 
multitude of cases, differing widely in many re- 
spects, the circumstances in which they all 
agreed. But neither the making of the observa- 
tions, nor their combination, nor the abstraction, 
nor the judgment employed in these processes, 
constituted the induction, though they were all 
preparatory to it. The Induction consisted in biwbaiui« 
the generalization ; that is, in inferring from all 
the data, that certain circumstances would be 
found in the whole class. j 

The mind of Newton was led to the universal 
law, that all bodies attract each other by forces 
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Newton^ 

iiUert'Dce of 

Ui« luw of 

uDiveml 

gnavllation. 



How h0 
obwnred 
Acta and 
their 

oonnectloM. 



varying directly as their masses, and inversely 
as the squares of their distances, by Induction. 
He saw an apple falling from the tree : a mere 
fact ; and asked himself the cause ; that is, if any 
inference could be drawn from that fact, which 
should point out an invariable antecedent condi- 
tion. This led him to note other facts, to prose- 
cute experiments, to observe the heavenly bodies, 
until from many facts, and their connections 
with each other, he arrived at the conclusion, 
that the motions of the heavenly bodies were gov- 
erned by general laws, applicable to all matter ; 

that the stone whirled in the sling and the earth 
rolling forward through space, are governed in 
their motions by one and the same law. He 
then brought the exact sciences to his aid, and 
demonstrated that this law accounted for all the 
phenomena, and harmonized the results of all ob- 
servations. Thus, it was ascertained that the 
laws which regulate the motions of the heav- 
enly bodies, as they circle the heavens, also 
guide the feather, as it is wafted along on the 
passing breeze. 



The way* of § 33. We have already indicated the ways in 
which the facts are ascertained from which the 
inferences are drawn. But when an inference 
can be drawn ; how many facts must enter into 



The uae 

whtch he 

made of 

exact 

■cienoe. 
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the premises ; what their exact nature must be ; bm w« 
and what their relations to each other, and to eeruiniy, 
the inferences which flow from them; are ques- *"•"«■**• 

^ wboi we can 

tioDs which do not admit of definite answers, ^^m^ 
Although no general law has yet been discov- 
ered connecting all facts with truths, yet all the ^<^ 
uniformities which exist in the succession of phe- 
nomena, and most of those which prevail in their 
coexistence, are either themselves laws of cau- 
sation or consequences resulting and corollaries 
capable of being deduced from, such laws. It 
being the main business of Induction to deter* bi 
mine the eflects of every cause, and the causes 
of all eflects, if we had for all such processes 
general and certain laws, we could determine, whaib 
in an cases, what causes are correctly assigned 
to what eflfects, and what eflfects to what causes, 
and we should thus be virtually acquainted with 
the whole course of nature. So far, then, as we 
can trace, with certainty, the connection be- 
tween cause and eflfect, or between eflfects and i 

their causes, to that extent Induction is a sci- 
ence. When this cannot be done, the conclu- . 

sions must be, to some extent, conjectural. i 
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CHAPTER III. 

DSDUOriON — VATUWK OP THK 8TLLOOI8M — IT8 USn AND APrUCATIOXS. 

DEDUCTION. 

§ 34. We have seen that all processes of 

indnou^ Reasoning, in which the premises are particular 

^^Ja^, facts, and the conclusions general truths, are 

called Inductions. All processes of Reasoning, 

in which the premises are general truths and the 
DediidiT« conclusions particular truths, are called Deduc- 
luiuoowM. ^j^jjjg^ Hence, a deduction is the process of 
Dedndioii reasoning by which a particular truth is inferred 

from other truths which are known or admitted. 
Deduouve The formula for all deductions is found in the 

Syllogism, the parts, nature, and uses of which 

we shall now proceed to explain. 

PROPOSITIONS. 

Propoituoo, § ^^' -^ proposition is a judgment expressed 
^^^!^' *■ in words. Hence, a proposition is defined logi- 
cally, " A sentence indicative :" affirming or 



"» Section 30. 
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denying; therefore, it must not be ambiguous, mimmidM 
for that which has more than one meaning is ^ unpaid* 
in reality several propositions; nor imperfect, ^^^^^^^^ 
nor ungrammaiical, for such expressions have 
no meaning at all. 



$ 36. Whatever can be an object of belief, 
or even of disbelief, must, when put into words, AptopiMittaa 
assume the form of a proposition. All truth and ** 
ail error lie in propositions. What we call a 
truth, is simply a true proposition ; and errors ^ 
are false propositions. To know the import of 
all propositions, would be to know all questions 
which can be raised, and all matters which are 
susceptible of being either believed or disbe- 
lieved. Since, then, the objects of all belief and 
all inquiry express themselves in propositions, a 
sufficient scrutiny of propositions and their va- An vumtM 
rieties will apprize us of what questions mankind prapoMUom 
have actually asked themselves, and what, in the 



■n 

tralli Mid an 



dl 



nature of answers to those questions, they have •" '^""•*" 
octually thought they had grounds to believe. 



§ 37. The first glance at a proposition shows ApmrfMitka 
that it is formed by putting together two names. *^J^J^^' 
Thus, in the proposition, " Gold is yellow," the 
property yellow is affirmed of the substance gold. 
In the proposition, ''Franklin was not bom in 
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A 

prupoftitlon 
baa three 

parts: 

Bubject, 

PredicHtei 

and 

Copula. 



Bul^eet 
defined. 



Pradkate. 



Copula 
miMbe 

U or IS NOT. 

AIlrertM 

rafolvable 

into **lobo." 



England/' the fact expressed by the words bom 
in England is denied of the man Franklin. 

§ 38. Every proposition consists of three 
parts : the Subject, the Predicate, and the Co- 
pula. The subject is the name denoting the 
person or thing of which something is affirmed 
or denied : the predicate is that which is affirm- 
ed or denied of the subject ; and these two are 
called the terms (or extremes), because, logically, 
the subject is placed ^r^^, and the predicate last. 
The copula, in the middle, indicates the act of 
judgment, and is the sign denoting that there is 
an affirmation or denial. Thus, in the proposi- 
tion, " The earth is round ;" the subject is the 
words " the earth," being that of whfch some- 
thing is affirmed : the predicate, is the word rounds 
which denotes the quality affirmed, or (as the 
phrase is) predicated : the word is, which serves 
as a connecting mark between the subject and 
the predicate, to show that one of them is af- 
firmed of the other, is called the Copula. The 
copula must be either is, or ib not, the substan- 
tive verb being the only verb recognised by 
Logic. All other verbs are resolvable, by means 
of the verb " to be," and a participle or adjective. 
For example : 

** The Romans conquered :" 
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Exanplcs 

or the 

Copula. 



the word *' conquered* is both copula and predi- 
cate« being equivalent to " were victorious" 
Hence, we might write, 

** The Romftns wers Tictorioas," 

in which were is the copula, and victorious the 
predicate. 



§ 89. A proposition being a portion of dis- Apropontioo 
course, in which something is affirmed or denied ^araiauw 
of something, all propositions may be divided "^ 
into affirmative and negative. An affirmative 
propiasiition is that in which the predicate is af- 
firmed of the subject ; as, " Caesar is dead.*' A 
negative proposition is that in which the predicate 
tt denied of the subject ; as, " Cssar is not dead.*' 
The copula, in this last species of proposition, imUmImi, 
coosi5ts of the words " is not," which is the "iTiwt. 



sign of negation ; *' »*' being the sign of affirm- 



SYLLOGISM 



§ 40. A syllogism is a form of stating the con* a igrii«i«i«n 
Dection which may exist, for the purpose of um^pniio- 
reasoning, between three propositions. Hence, ^^"^ 
to a legitimate syllogism, it is essential tluit 
there should be three, and only three, proposi- MtouiMd; 
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and um third tioDs. Of these, two are admitted to be true, 
ft^i^lm. ^^d ^^ called the premises : the third is proved 

from these two, and is called the conclusion. 

For example : 



<c 



MillorTemi 



All tynints are detestable : 

Cssar was a tyrant ; 

Therefore^ Cssar was detestable.'* 



Now, if the first two propositions be admitted^ 

the third, or conclusion, necessarily follows from 

them, and it is proved that CiSSAR was detestable. 

_ Of the two terms of the conclusion, the Predi- 

**■"***• cate (detestable) is called the major term, and 

the Subject (Csesar) the minor term ; and these 

two terms, together with the term "tyrant," 

make up the three propositions of the syllc^ism, 

MiaorTsim. ^-each term being used twice. Hence, every 

syllogism has three, and only three, different 

terms. 

■*•>* The premiss, into which the Predicate of the 

dudned. conclusion enters, is called the major premiss; 

Minor ^^ other is called the minor premiss^ and con- 

'*'*°*** tains the Subject of the conclusion; and the 

other term, common to the two premises, and 

with which both the terms of the conclusion were 

separately compared, before they were compared 

HiddieTerm. ^ith each Other, is called the middle term. In 

the syllogism above, "detestable" (in the con- 
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MlddlvTom* 



cloBion) 18 the major term, and '* C®sar" the mi« Kxampta, 

I DOblUlMt out 

nor term : hence, Miji 

** AU tyiBDU are detmuMe'' 

IS the major premiss, and 

** Cmmr was a tyrant," 

the minor premiss, and '* tyrant" the middle term. 

$41. The syllogism, therefore, is a mere for- 
mula for ascertaining what may, or what may 
not, be predicated of a subject. It accomplishes 
this end by means of two propositions, viz. by 
comparing the given predicate of the first (a How^ppUed. 
Major Premiss), and the given subject of the 
second (a Minor Premiss), respectively with one 
and the same third term (called the middle term), 
and thus — under certain conditions, or laws of 
the syllogisn) — to be hereafter stated — eliciting 
the truth (conclusion) that the given predicate 
must be predicated of that subject. It will be vmtttke 
.een that the Major Premis, always declare,. pIT. 
in a general way, such a relation between the 
Major Term and the Middle Term ; and the Mi- orikeiiiDor. 
nor Premiss declares, in a more particular way. 
such a relation between the Minor Term and 
the Middle Term, as that, in the Conclusion, orih* 
the Minor Term must be put under the Major 
Term ; or in other words, that the Major Term 
most be predicated of the Minor Term. 
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or prindidet. Logic ; viz. that men may reason very well who 
know nothing of it. The parallel instances ad- 
duced show that such an objection may be urged 
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ANALYTICAL 0T7TLINB OF DEDUCTION. I 

BeBBoabig § 42. In cvcry instance in which we reason^ ' 

^"'^"^ in the strict sense of the word, that is, make use 

of arguments, whether for the sake of refuting 

an adversary, or of conveying instruction, or of 

satisfying our own minds on any point, whatever 

I 

may be the subject we are engaged on, a certain 

process takes place in the mind, which is one 

TheproeeM, and the samc in all cases (provided it be cor- 

tiMMoT rectly conducted), whether we use the inductive 

process or the deductive formulas. 

Of course it cannot be supposed that every 
Ereiyone onc is cveu couscious of Uiis proccss in his own 
"**oftb^"*" mind ; much less, is competent to explain the 
v^^^ principles on which it proceeds. This indeed is, 
Theaami'Tor and canuot but be, the case with every other 
^^wocnaT process respecting which any system has been 
formed ; the practice not only may exist inde- 
pendently of the theory, but must have preceded 
the theory. There must have been Language 
EietneniBud bcforc a systcm of Grammar could be devised ; 
^^*«*«»<^and musical compositions, previous to the sci- 
miM pruoede eucc of Music. This, by the way, serves to ex- 

geoenilixa- 

uoo ud pose the futility of the popular objection against 
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in many other cases, where its absurdity would 
be obvious ; and that there is no ground for de- 
ciding thence, either that the system has no ten- 
dency to improve practice, or that even if it had 
not« it might not still be a dignified and inter- 
esting pursuit. 



Lofle 



^ 43. One of the chief impediments to the 

the 

attainnoent of a just view of the nature and ob- 
ject of Logic, is the not fully understanding, or kepctemiDd. 
no| sufficiently keeping in mind the sameness 
of the reasoning process in all cases. If, as the 
ordinary mode of speaking wouM seem to indi- 
cate, mathematical reasoning, and theological, AUkiadior 
and metaphysical, and political, d&c., were essen- ^"^Jj^"* 
tiaDv different from each other, that is, different i**^?*^ 
kimds of reasoning, it would follow, that suppo- 
sing there could be at all any such science as 
we have described Logic, there must be so many 
different species or at least different branches 
of Logic. And such is perhaps the most pre- 
Tsiling notion. Nor is this much to be won- RcMnoor 
dered at; since it is evident to all, that some u^it^nm. 
men converse and write, in an argumentative 
way. very justly on one subject, and very erro- 
neottriy on another, in which again others excel, 
who fail in the former. 
This error mav be at once illustrated and re- 



i 



} 



■^ 



62 LOGIC. [book I. 



The reason of moved, by Considering the parallel instance of 
uiumrated Anthmetic ; in which every one is aware that 
by eumpie, ^j^^ process of a Calculation is not affected by 

which shows '^ •' 

that the resr the nature of the objects whose numbers are 

Buniiig 

prooesBta before us; but that, for example, the multipli- 
"^J^ ^ cation of a number is the very same operation, 
whether it be a number of men, of miles, or of 
pounds ; though, nevertheless, persons may per- 
haps be found who are accurate in the results 
of their calculations relative to natural philoso- 
phy, and incorrect in those of political econo- 
my, from their different degrees of skill in the 
subjects of these two sciences ; not surely be- 
cause there are different arts of arithmetic ap- 
plicable to each of these respectively. 

§ 44. Others again, who are aware that the 
*«»*^'' simple system of Logic' may be applied to all 

Logic as a 

peculiar subjccts whatever, are yet disposed to view it 

ineiliod of 

naaoQing. as a peculiar method of reasoning, and not, as 
it is, a method of unfolding and analyzing our 
reasoning : whence many have been led to talk 
of comparing Syllogistic reasoning with Moral 
reasoning; taking it for granted that it is pos- 
sible to reason correctly without reasoning logi- 

itisthe ooiy cally ; which is, in fact, as great a blunder as if 

nuitbod of « , . 

injaauoiiis ^^Y ^"^ wcrc to mistake grammar for a pecu- 
**'*^^' liar language, and to suppose it possible to speak 
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correctly without speaking grammatically. They 
have, in short, considered Logic as an art of rea- 
sf>ning ; whereas (so far as it is an art) it is the 
art of reasoning; the logician's object being, not •*»•)• *>^ 
to lay down principles by which one may reason, which -m^ 

but which 

but by which all must reason, even though they must be 
are not distinctly aware of them : — ^to lay down •^*"**^ 
rales, not which may be followed with advan- 
tage, but which cannot possibly be departed j 
from in sound reasoning. These misapprehen- MiaRppre- ; 
sions and objections being such as lie on the objectkmt ' 
rery threshold of the subject, it would have been 
hardly possible, without noticing them, to con- 
vey any just notion of the nature and design of 
the logical system. 

( 45. Supposing it then to have been per- oporaiioa or 
ceived that the operation of reasoning is in all .i^oau be 
cases the same, the analysis of that operation "^y*** 
could not fail to strike the mind as an interesting 
matter of inquiry. And moreover, since (appa- 
rent) arguments, which are unsound and incon- 
clusive, are so often employed, either from error ii«^u«ei>iich 
or di^sign; and since even those who are not ^^^.^^ 
milled by these fallacies, are so often at a loss '^"^''^ ^ 
t<> detect and expose them in a manner satis- 
£ictory to others, or even to themselves ; it could 
Dot but appear desirable to lay down some gen- 
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rules for the eral Fules of reasoning, applicable to all cases; 
error ai^"ihe "^7 which a person might be enabled the more 
discovery of readilv and clearly to state the ^rounds of his 

truth. . 

own conviction, or of his objection to the argu- 
ments of an opponent; instead of arguing at 
random, without any fixed and acknowledged 
principles to guide his procedure. Such rules 
■^' uito!^ would be analogous to those of Arithmetic, which 
ki the rules of obviate the tediousness and uncertainty of cal- 

Arithmetic . 

culations in the head ; wherein, after much labor, 

different persons might arrive at different results, 

without any of them being able distinctly to 

point out the error of the rest. A system of 

such rules, it is obvious, must, instead of deserv- 

Thejr bring ing to be Called the art of wrangling, be more 

ar^u]nen^ 1^ J^stly characterized as the " art of cutting short 

•atasae. ^yrangling," by bringing the parties to issue at 

once, if not to agreement; and thus saving a 

waste of ingenuity. 

Emy coo- § 45^ Jn pursuing the supposed investigation, 
deducedfftmi it wiU be fouud that in all deductive processes 
uIm!*^Sm ^^^^y conclusion is deduced, in reality, from two 

Premises, other propositions (thence called Premises) ; for 
"iTJ^ though one of these may be, and commonly is, 
preyed, It Is suppressed, it must nevertheless be understood 

nevertbelesB 

undentood, as admitted ; as may easily be made evident by 
supposing the denial of the suppressed premiss, 



I' 



65 



and fai 



CBAP. III.] ANALYTICAL OUTLINE. 

which will at once invalidate the argument. For 
example ; in the following syllogism : 

* WhateTer ezbilnca nuirks of design had an intelligent author : 
Tbe world exhibits marks of design ; 
nenfvrt, the world bad an intelligent antbor :" 

if any one from perceiving that " the world ex- 
hibits marks of design," infers that " it must have 
had an intelligent author," though he may not be "^"^^ *** 
aware in his own mind of the existence of any meni.uioo«h 
other premiss, he will readily understand, if it be 
denied that ''whatever exhibits marks of design 
ma5t have had an intelligent author," that the 
affirmative of that proposition is necessary to 
the validity of the argument. 



§ 47. When one of the premises is suppressed Eiiibyme«»: 
(which for brevity's sake it usually is), the argu- wim mm 
ment is called an Enthymeme. For example : mp^iTwuii 



one nay mii 

beawuv 

of It 



* Hie world exbibits marks of design, 
Therffinr tbe world bad an intelligent aatbor," 

is an Enthymeme. And it may be worth whik* 

to remark, that, when the argument is in this olj.^-imm 

maitt* tu Umi 

state, the objections of an opponent are (or rather ^n^.,^ ^ 
appear to be) of two kinds, viz. either objections ^^^l '^[^ 
to the assertion itself, or objections to its force ^ "*♦ 
as an argument. For example: in the above tuampte. 
instance, an atheist may be conceived either de- 

5 
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Botii prem- ^y^'^g ^^^^ ^^^ world docs exhibit marks of de- 
isM nmst be sig^^ q^ denying that it follows from thence that 

tnie^ If the 

argument b it had an intelligent author. Now it is impor- , 

flound ... ' 

tant to keep in mind that the only difference in 

the two cases is, that in the one the expressed 

premiss is denied, in the other the suppressed; 

and when for the force as an argument of either premiss 

the ajada- depends on the other premiss : if both be admit- ' 

stoDfoUowB. jgj^ jjjg conclusion legitimately connected with 

them cannot be denied. 



§ 48. It is evidently immaterial to the argu- 
ment whether the conclusion be placed first or 
PremiaB last ; but it may be proper to remark, that a 
'the coMitt- premiss placed after its conclusion is called the 
tte jL^HI? ^^^^ of it, and is introduced by one of those 
conjunctions which are called causal, viz. *' since,'' 
" because," &c., which may indeed be employed 
to designate a premiss, whether it come first or 
luative Is^t. The illative conjunctions '* therefore," 4&c., 

eoi^ancUoo. ^^^^^^^^ ^h^ COnclusion. 

It is a circumstance which often occasions 
caoBeior ^rror and perplexity, that both these classes of 
perplexity, conjuuctious havc also another signification, be- 
ing employed to denote, respectively. Cause and 
Effect, as well as Premiss and Conclusion. For 
■igniflcatioiu example : if I say, ** this ground is rich, because 
coi^iuncuoM. the trees on it are flourishing;" or, " the trees are 
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flourbhing, and therefore the soil must be rich ;*' 
I employ these conjunctions to denote the con- 



nection of Premiss and Conclusion; for it is ^r!T^ 

logleiBjr. 

plain that the luxuriance of the trees is not the 
cause of the soil's fertility, but only the cause 
of my knowing it. If again I say, "the trees 
flourish, because the ground is rich ;" or *' the 
gn>und is rich, and therefore the trees flourish,'' Bupio 
I am using the very same conjunctions to denote "^^^^ ^^ 
the connection of cause and effect; for in this 
case, the luxuriance of the trees being evident 
to the eye, would hardly need to be proved^ but 
might need to be accounted for. There are, uany 
however, many cases, in which the cause is em- 
ployed to prove the existence of its e&ct ; espe- 
cially in arguments relating to future events; as, 
for example, when from favorable weather any 
one argues that the crops are likely to be abun- 
dant, the cause and the reason, in that case, co- 
incide: and this contributes to their being so 
often confounded tc^ther in other cases. 

§ 49. In an argument, such as the example b ercry 
above given, it is, as has been said, impossible 
for any one, who admits both premises, to avoid 
admitting the conclusion. But there will be fre- xtnii the 
quently an apparent connection of premises with • 

a cfinciusion which does not in reality follow i 
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AppMwit from them, though to the inattentive or unskilful 

^miMud the argument may appear to be valid ; and there 

*^"*!!^ are many other cases in which a doubt may exist 

reiiad on. whether the argument be valid or not ; that is, 

whether it be possible or not to admit the prem- 

ises and yet deny the conclusion. 

G«iieni niiM § M* It is of the highest importance, there- 
"^"""^ fore, to lay down some regular form to which 
every valid argument may be reduced, and to 
devise a rule which shall show the validity of 
every argument in that form, and consequently 
the unsoundness of any apparent argument which 
cannot be reduced to it. For example ; if such 
an argument as this be proposed : 

Bnmpie of ** Every ntioDal agent is acconntable : 

■n impevftc* Brutes tre not rational agents ; 

Therefore they are not acconntable ;'* 

or again : 

Sd g*Ti* '* All wise legislators suit their laws to the genius of their 

nation ; 
Solon did this; therefore he was a wise legislator :'* 

Diffleottyor there are some, perhaps, who would not per- 
d«iectingtha ^^jy^ j^j^y fallacy in such arguments, especially 

if enveloped in a cloud of words; and still more, 
when the conclusion is true, or (which comes to 
the same point) if they are disposed to believe 
it ; and others might perceive indeed, but might 
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be at a Ion to explain, the fallacy. Now these i^what 
(apparent) arguments exactly correspond, re- 
ipectiveiy, with the following, the absurdity of 
the conclusions from which is manifest : 

** Every bone is an animsl : A dmiiv 

Sheep ue not horses ; «iMipifc 

Tlierefora, they are not animala.** 



And 



AH Tefstablea grow ; a 

An animal grows ; «iMipi». 

Theiefore, it is a Togetable." 



These last examples, I have said, correspond 
exactly (considered as arguments) with the for- ^"^ 
mer ; the question respecting the validity of an 
argument being, not whether the conclusion be 
true, but whether it follows from the premises 
adduced. This mode of exposing a fallacy, by nb 
bringing forward a similar one whose conclusion 



is obviously absurd, is often, and very advan- ^^"^ 
tageotisly. resorted to in addressing those who 
are ignorant of Logical rules ; but to lay down 
such rules, and employ them as a test, is evi- ibi^dowa 
dently a safer and more compendious, as well ^mi 
as a naore philosophical mode of proceeding. To 
attain these, it would plainly be necessary to 
asalyxe some clear and valid arguments, and to 
observe in what their conclusiveness consists. 
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§ 51. Let us suppose, then, such an examin- 
ation to be made of the syllogism above men- 
tioned : 

Exunpie of ** Whatever exhibits marks of design had an intelligent author; 
ft perfect r£Y^ world exhibits marks of design ; 

■yllogiflm. 

Therefore, the world had an intelligent author." 

What it In the first of these premises we find it as- 
theflnt sumed universally of the class of "things which 
J*"™*** exhibit marks of design/' that they had an intel- 
intheMooDd ligent author ; and in the other premiss, "the 
'""'^ world" is referred to that class as comprehended 
What we Jq \i . qq^ j^ jg evident that whatever is said of 

maj InliBr. 

the whole of a class, may be said of any thing 
comprehended in that class ; so that we are thus 
authorized to say of the world, that " it had an 
intelligent author." 
Byoogism Again, if we examine a syllogism with a 
negftUve negative conclusion, as, for example, 

** Nothing which exhibits marks of design coold have been 
produced by chance ; 
The world exhibits, &c. ; 

Therefore, the world could not have been produced by 
chance,'* 

TbeprooeM the proccss of reasoning will be found to be the 

of rneaonlnff 

UMaame. samc; siucc it is evident that whatever is denied 
universally of any class may be denied of any 
thing that is comprehended in that class. 
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( 52. On further examination, it will be found 
that all valid arguments whatever, which are 
based on admitted premises, may be easily re- 
duced to such a form as that of the foregoing 
syllogisms; and that consequently the principle 
on which they are constructed is that of the for- 
mula of the syllogism. So elliptical, indeed, is the 
ordinary mode of expression, even of those who 
are considered as prolix writers, that is, so much 
is implied and left to be understood in the course 

of argument, in comparison of what is actually 

• 
stated (most men being impatient even, to excess, 

of any appearance of unnecessary and tedious 
formality of statement), that a single sentence 
will often be found, though perhaps considered 
as a single argument, to contain, compressed 
into a short compass, a chain of several distinct 
arguments. But if each of these be fully devel- 
oped, and the whole of what the author intended 
to imply be stated expressly, it will be found that 
all the steps, even of the longest and most com- 
plex train of reasoning, may be reduced into the 
above form. 



( 53. It is a mistake to imagine that Aristotle 
and other logicians meant to propose that this ^'*"**^**** 
prolix form of unfolding arguments should uni* tk^erwy 
versally supersede, in argumentative discourses. 
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thrown into the common forms of expression ; and that " to 

the form of a i • n » n 

byiiu^Mn. reason logically, means, to state all arguments 
nt full length in the syllogistic form ; and Aris- 
totle has even been charged with inconsistency 
for not doing so. It has been said that he " ar- 
gues like a rational creature, and never attempts 
That fonn b to bring his owu systcm into practice." As well 
ofirath.'^ might a chemist be charged with inconsistency 
for making use of any of the compound sub- 
stances that are commonly employed, without 
previously analyzing and resolving them into 
Analogy to their simple elements; as well might it be im- 
agined that, to speak grammatically, means, to 
parse every sentence we utter. The chemist 
(to pursue the illustration) keeps by him his tests 
and his method of analysis, to be employed when 
Tbeanaionr any substaucc is offered to his notice, the com- 
position of which has not been ascertained, or 
in which adulteration is suspected. Now a fal- 
Tuwhata lacy may aptly be compared to some adulterated 

ftUacy may , ^ 

beoomparad. compouud ; " it cousists of an ingenious mixture 

of truth and falsehood, so entangled, so intimate- 

. ly blended, that the falsehood is (in the chemical 

phrase) held in solution : one drop of sound logic 

How detect- *8 ^^^^ ^®s^ which immediately disunites them, 

^ makes the foreign substance visible, and precipi* 

tates it to the bottom." 



■I 
I 



J 



CHAP. III.] ANALYTICAL OUTLINE. 



73 



AKISTOTLE 8 DICTUM. 

( 54. But to resume the investigation of the 
principles of reasoning : the maxim resulting from 
the examination of a syllogism in the foregoing 
form, and of the application of which, every valid 
deduction is in reality an instance, is this : 

*' That whatever is predicated (that is, affirmed 
or denied) unicer$aUy, of any class of things, 
may be predicated, in like manner (viz. affirmed 
or denied), of any thing comprehended in that 
class." 

This is the principle commonly called the dic- 
tum de omni et nullo, for the indication of 
which we are indebted to Aristotle, and which 
is the keystone of his whole logical system. It 
is remarkable that some, otherwise judicious 
writers, should have been so carried away by 
their zeal against that philosopher, as to speak 
with scorn and ridicule of this principle, on 
account of its obviousness and simplicity ; 
though they would probably perceive at once 
in any other case, that it is the greatest tri- 
omph of philosophy to refer many, and seem* 
ingly very various phenomena to one, or a very 
few. simple principles ; and that the more simple 
and evident such a principle is, provided it be 
truly applicable to all the cases in question, the 
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Wbaftwritm 
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thli princi- 
ple; and 
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ever, where the premises are granted or known. 



oi^ecuoo: § d^- One objection against the dictum of Aris- 
^JVJ^*"^*" totle it maybe worth while to notice briefly, for 



to»«>*«*to the sake of setting in a clearer light the real 

make s dent- 

oMtratioii character and object of that principle. The ap- 
plication of the principle being, as has been 
seen, to a regular and conclusive syllogism, it 
has been urged that the dictum was intended 
to prove and make evident the conclusiveness 
of such a syllogism; and that it is unphilo- 
sophical to attempt giving a demonstration of 
a demonstration. And certainly the chaise 

toiaewMe would be just, if we could imagine the logi- 



of^ cian's object to be, to increase the certainty 
of a conclusion, which we are supposed to have 
already arrived at by the clearest possible mode 
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NoKikiob- greater is its value and scientific beauty. If, 
principle ^ i^^dccd, any principle be regarded as not thus ap- 
ever urgBd. pijcable, that is an objection to it of a different 
kind. Such an objection against Aristotle's dic- 
tum, no one has ever attempted to ^tablish by 
beeo taken ^^7 ^'^^ ^^ proof ; but it has oftcu been taken 
fiv granted, for granted ; it being (as has been stated) very 
sruogtam commonly supposed, without examination, that 

not a diadnct 'i 

kind or ap- ^1^6 syll(^ism is a distinct kind of argument^ and \\ 
^ form**"* that the rules of it accordingly do not apply, nor 
applicable to were intended to apply, to all reasoning what- 
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of proof. But it is very strange that such an thiBwitmh 
idea should ever have occurred to one who had mwsom, 
even the slightest tincture of natural philosoj^y ; 
for it might as well be imagined that a natural l a w t n itioa. 
philosopher's or a chemist's design is to strength- 
en the testimony of our senses by a prion rea- 
soning, and to convince us that a stone when 
thrown will fall to the ground, and that gunpow- 
der will explode when fired ; because they show 
according to their principles those phenomena 
must take place as they do. But it would be 
reckoned a mark of the grossest ignorance and 
Stupidity not to be aware that their object isMito|NOT«» 
not to prove the existence of an individual ^*^ 



phenomenon, which our eyes have witnessed, 
but (as the phrase is) to account for it ; that is» 
to show according to what principle it takes 
place ; to refer, in short, the individual case to 
a general law of nature. The object of Aris- ^^J^^ 
totle*s dictum is precisely analogous: he had, lopoiiiioai 
doubtless, no thought of adding to the force of 
any individual syllogism ; his design was to point 
out the general principle on which that process 
b conducted which takes place in each syllo- 
gism. And as the Laws of nature (as they are 
called) are in reality merely generalized facts, of 
which all the phenomena coming under them are 
lar instances; so, the proof drawn from 
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Th« Dieuim Aiistotle's dictum is not a distinct demonstration 
form or lU brought to confirm another demonstration, but is 
demoDsinr n^^j-^jy ^ generalized and abstract statement of 
all demonstration whatever ; and is, therefore, in 
fact, the very demonstration which, under proper 
suppositions, accommodates itself to the various 
subject-matters, and which is actually employed 
in each particular case. 

How to tnoe § 56. In ordcr to trace more distinctly the 

Che abttamc^ 

hag and different steps of the abstracting process, by 

"^f*°°|^ which any particular argument may be brought 

into the most general form, we may first take a 

syllogism, that is, an argument stated accurately 

AnargumeDt and at full length, such as the example formerly 

stated at ftiU 

length, given : 

^ Whatever exhibits marks of design had an intelligent author; 
The world exhibits marks of design ; 
Therefore, the world had an intelligent author :" 

Piupoaittou ^^^ ^ben somewhat generalize the expression, by 
"abZal**' substituting (as in Algebra) arbitrary unmean- 
ing symbols for the significant terms that were 
originally used. The syllc^ism will then stand 
thus: 

*' Every B is A ; C is B ; therefore C is A." 
TbeivMoo- The reasoning, when thus stated, is no less evi* 



^aud, dently valid, whatever terms A, B, and C respect* 
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irtly may be supposed to stand for ; such terms 
may indeed be inserted as to make all or some ^lefaL 
of the assertions /a&e; but it will still be no less 
impossiUe for any one who admits the truth of 
the premises, in an argument thus constructed, 
to deny the conclusion ; and this it is that con- 
stitutes the conclusiveness of an argument. 

Viewing, then, the syllogism thus expressed, synoffnito 
it appears clearly that ''A stands for any thing aamatmh 
whatever that is affirmed of a certain entire class" |,«tweai uw 
(riz. of every B), " which class comprehends or 
contains in it something else*' viz. C (of which B 
is, in the second premiss, affirmed) ; and that, 
consequently, the first term (A) is, in the conclu- 
sioD, predicated of the third (C). 



( 57. Now, to assert the validity of this pro- 

I ^ t , . of ^f^tq r the 

oess now before us, is to state the very dictum dictuai. 
we are treating of, with hardly even a verbal 
alteration, viz. : 

1. Any thing whatever, predicated of a whole timuiiv* 

, thingt 

2. Under which class something else is con- 
tained ; 

8. May be predicated of that which is so con- 
tained. 



11ir«9 IhfM 



The three members into which the maxim is ^nt-^potidi* 

UMthrw 

here distributed, correspond to the three propo- praposiikwi. 



sitions of the syllogism to which they are in- 
tended respectively to apply. 
AdTwttage or The advantage of substituting for the terms, 
*^^?J|^^ in a regular syllc^ism, arbitrary, unmeaning sym- 
wjmhcH for jj^jg g^^^^ ^ letters of the alphabet, is much the 

same as in geometry : the reasoning itself is then 
considered, by itself, clearly, and without any 
risk of our being misled by the truth or falsity 
of the conclusion ; which is, in fact, accidental 
and variable ; the essential point being, as far as 
^^°™****^ the argument is concerned, the connection fce- 

Ihe esMSDtial ^ ' 

point or the tioeen the premises and the conclusion. We are 
thus enabled to embrace the general principle of 
deductive reasoning, and to perceive its applica- 
bility to an indefinite number of individual cases. 
That Aristotle, therefore, should have been ac- 
Arifltoue cused of making use of these symbols for the 

these eym- purpose of darkening his demonstrations, and 

bols. 

that too by persons not unacquainted with geom- 
etry and algebra, is truly astonishing. 

8yno8««tt § 58. It belongs, then, exclusively to a syllo- 

cqtully true 

whcneb- gism, properly so called (that is, a valid argu- 
ment, so stated that its conclusiveness is evident 
from the mere form of the expression), that if 
letters, or any other unmeaning symbols, be sub- 
stituted for the several terms, the validity of the 
argument shall still be evident. Whenever this 
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is not the case, the supposed argument is either wimducmh 
ODSound and sophistical, or else may be reduced ^^^uLrai 
(without any alteration of its meaning) into the '•■■*'"**• 
syllogistic form; in which form, the test just 
mentioned may be applied to it. 



ii 



( 50. What is called an unsound or fallacious iMbiikHior 
argument, that is, an apparent argument, which uynmaoL 
k in reality, none, cannot, of course, be reduced 
into this form ; but when stated in the form most 
nearly approaching to this that is possible, its wimbiv- 

- dooad to tli« 

nllaciousness becomes more evident, from its ibrm, iim m- 
nooconformity to the foregoing rule. For ex- "*** 



ample : 

* Wboerer U captble of duliberata crime is responsible ; 
An infant is not capable of deliberate crime ; 
Therefore, an infant is not responsible." 

Here the term "responsible" is affirmed uni- Amij^ct 
versally of ** those capable of deliberate crime ;" vnogim. 
it might, therefore, according to Aristotle's dic- 
tum, have been affirmed of any thing contained 
under that class ; but, in the instance before us, 
nothing is mentioned as contained under that itadrfrctir* 
class ; only, the term " infant" is excluded from "'"'' ^''"*" 
that class; and though what is affirmed of a 
whole class may be affirmed of any thing that 
u contained under it, there is no ground for sup- 
posing that it may be denied of whatever is not 
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so contained ; for it is evidently possible that it 

thewgiuieDt ^^Y ^ applicable to a whole class and to some- 
is not good, tjiiug gisg besides. To say, for example, that all 

trees are vegetables, does not imply that nothing 

else is a vegetable. Nor, when it is said, that 

What the jjj ^|jq j^^ Capable of deliberate crime are re- 

implies, sponsible, does this imply that no others are 

responsible; for though this may be very true, 

uiiat is to it has not been asserted in the premiss before us ; 

bedooein . . ■ « • /• 

the analysis ^^d in the analysis of an argument, we are to 

arg^nL ^'^card all consideration of what might be as- 

serted ; contemplating only what actually is laid 

down in the premises. It is evident, therefore. 

The one ^^^ ^uch an apparent argument as the above 

^plywiiT ^^^ ^^^ comply with the rule laid down, nor 

the rule. Q^n be SO Stated as to comply with it, and is 

consequently invalid. 

§ 60. Again, in this instance : 

jijyoQker " F<>od is necessary to life ; 

example. Corn is food ; 

Therefore corn is necessary to life :" 

In what the the term "necessary to life" is affirmed of food, 

aiffumont is 

defective, but not Universally ; for it is not said of every 
kind of food: the meaning of the assertion be- 
ing manifestly that some food is necessary to 
life : here again, therefore, the rule has not been 
complied with, since that which has been predi- 
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cated (that is, affirmed or denied), not of the wiiyw* 
whole, but of Apart only of a certain class, can- cuimo^m 
not be. on that ground, predicated of whatever J^^]^^ 
is contained under that class. ***^ 



DISTRIBUTION AND NGN- DISTRIBUTION OP TERMS. 

( 61. The fallacy in this last case is, what is 
usually described in logical language as consist- 
ing in the " non-distribution of the middle term ;" 
that is. its not being employed to denote all the 
objects to which it is applicable. In order to 
understand this phrase, it is necessary to observe, 
that a term is said to be "distributed," when it is 
taken universally, that is, so aj to stand for all 
its significates; and consequently "undistribu- 
ted." when it stands for oilly a portion of its sig- 
nificates.* Thus, "all food," or every kind of 
Amd, are expressions which imply the distribu- 
tion of the term "food;" "some food" would 
ui\\iy its non-distribution. 

Now, it is plain, that if in each premiss a part 
only of the middle term is employed, that is, if 
it be not at all distributed, no conclusion can 
be drawn. Hence, if in the example formerly 
adduced, it had been merely stated that " some- 
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thing" (not " whatever" or " every thing") 

" which exhibits marks of design, is the work of 

an intelligent author/' it would not have foU 

wTiai it lowed, from the world's exhibiting marks of de- 

have implied, gign, that that is the work of an intelligent author. 

wordftnarfc. § 62. It is to be obscrved also, that the words 

iog diflCrlbn* , • • 1 

uonornott- "all" and "every," which mark the distribution 
" °" of a term, and " some," which marks its non- 
distribution, are not always expressed : they are 
frequently understood, and left to be supplied by 
the context; as, for example, "food is neces- 
sary ;" viz. " some food ;" " man is mortal ;" viz. 

Bocbpropo- "every man." Propositions thus expressed are 

aitiooB are 

called called by logicians " indefinite" because it is left 
undetermined by the form of the expression 
whether the subject be distributed or not. Nev- 
ertheless it is plain that in every proposition 
the subject either is or is not meant to be dis- 
tributed, though it be not declared whether 
Buterery it is or ttot ; Consequently, every proposition, 
mast be whether expressed indefinitely or not, must be 
either understood as either "universal" or "particu- 

Univerial or ^ 

Particular, lar ;" thosc being called universal, in which the 

predicate is said of the whole of the subject 

(or, in other words, where all the significates 

are included) ; and those particular, in which 

each. only a part of them is included. For example : 
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"All men are sinful/' is universal: "some men ibbdivwoa 
are sinful/' particular ; and this division of prop- "^J^ 
ositions. having reference to the distribution of 
the subject, is, in logical language, said to be ac- 
cording to their ** quantity," 

( 63. But the distribution or non-distribution DMrtbaitoa 

oTlhepradl- 

of the predicate is entirely independent of the c«te hu m 
quantity of the proposition ; nor are the signs ,,«a.it!* 
** all" and " some" ever affixed to the predicate ; 
because its distribution depends upon, and is ««"*»«» 

lo fmalitf, 

indicated by, the " quality" of the proposition ; 

that is, its being affirmative or negative ; it being 

a universal rule, that the predicate of a negative 

pmpotition is distributed, and of an affirmative, ^'**~ *• *• 

undistributed. The reason of this may easily 

be understood, by considering that a term which ^* »••■<• 

stands for a whole class may be applied to (that 

is, afrmed oQ &ny thing that is comprehended 

under that class, though the term of which it is Tbcrivdkae 

thus affirmed may be of much narrower extent *^' 



extent than "Negroes," comprehending, 
besides them, Patagonians, Esquimaux, &c. ; 
so that it would not be allowable to assert, that 



pi 
than that other, and may therefore be far from ""y »» •»»■ 

plicablf tu 

coinciding with the whole of it. Thus it may thcmi^K^ 

be said with truth, that " the Negroes are unciv- nuch wJ«r | 

ilized/' though the term " uncivilized" be of much ******* ' 
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Henomooiya all who are uncivilized are Negroes." It is ev- 

term to ii3«L ident, therefore, that it is a part only of the 

term '< uncivilized" that has been affirmed of 

'' Negroes ;" and the same reasoning applies to 

every affirmative proposition. 

Bat it may It may indeed so happen, that the subject 

extont^uh ^^^ predicate coincide, that is, are of equal 

theiubjeot: g^^g^^ . as, for example: "all men are rational 

animals ;" " all equilateral triangles are equian* 

gular ;" (it being equally true, that " all rational 

thte not im- auimals are men," and that " all equiangular tri- 

form of the angles are equilateral ;") yet this is not implied 



by the form of the expression ; since it would 
be no less true that "all men are rational ani- 
mals," even if there were other rational animals 
besides men. 
ifanrpartof It is plain, therefore, that if any part of the 
is applicable predicate is applicable to the subject, it may be 
to the sub- affirmed, and of course cannot be denied, of that 

Joct, It may 

be affirmed subjcct ; and Consequently, whcu the predicate 

of the sub- 

ject. is denied of the subject, this implies that no 
part of that predicate is applicable to that sub- 
ject ; that is, that the whole of the predicate is 
ifa predicate denied of the subject : for to say, for example, 

wbject, ute ^^^^^ " ^^ bcasts of prey ruminate," implies that 
whole piedi- jjgj^sjg Qf pj^y gj.g excluded from the whole class 

denied of of rumiuant animals, and consequently that " no 

Chesul^eot. '' 

ruminant animals are beasts of prey." And 
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hence results the above-mentioned rule, that tlie owribatkn 
distribution of the predicate is implied in nega^ iJ^im la 
tive propositions, and its non-distribution in af- "^7* ' 
firmatives. BoiMitatHbtt- 

tloQln 



§ 54. It is to be remembered, therefore, that Noi«adeni 

fur Ibemld* 

it is not sufficient for the middle term to occur die tam lo 

• ft^i ocdv ill ft 

m a universal proposition ; since if that propo- anirenai 

sition be an affirmative, and the middle term be ^'''*********' 

the predicate of it, it will not be distributed. 

For example : if in the example formerly given, 

it had been merely asserted, that " all the works 

of an intelligent author show marks of design," 

and that "the universe shows marks of design," umuitbeto 

nothing could have been proved; since, though ^J|)!||S||^ 

both these propositions are universal, the middle ^^'^ ^ ^^ 



term is made the predicate in each, and both are u^ai ><»«• 

lenm nay Im 

affirmative ; and accordingly, the rule of Aris- oompuwi lo- 
totle is not here complied with, since the term 
" work of an intelligent author," which is to be 
proved applicable to " the universe," would not 
have been affirmed of the middle term (" what 
ibows marks of design") under which " universe" 
is contained ; but the middle term, on the con- 
trary, would have been affirmed of it. 

If, however, one of the premises be negative, u om 
the middle term may then be made the predicate 
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UTe,t]iemid- of that, and will thus, according to the above 
be made the remark, be distributed. For example : 

predicate of 

be diatrtb- " ^^ ruminant animals are predacious : 

vied. The lion is predacious ; 

Therefore the lion is not ruminant :" 



this is a valid syllogism ; and the middle term 

(predacious) is distributed by being made the 

The ibnn of predicate of a negative proposition. The form, 

a^^rtoncA ^^^®®^» ^^ ^^^ syllogism is not that prescribed 

btttiiatpre- by the dictum of Aristotle, but it may easily be 

Bcrtbedbj "^ . 

uiedictimi, rcduccd to that form, by stating the first prop- 
but may be ... i^y , . . , 

reduced to it ositiou thus : " J\o prcdacious animals are ru- 
minant;" which is manifestly implied (as was 
above remarked) in the assertion that ''no ru- 
minant animals are predacious." The syllogism 
will thus appear in the form to which the dictum 
applies. 



AD v«Q- § 65. It is not every argument, indeed, that 

be reduced ^^^ ^ reduced to this form by so short and sim- 

'^^mHk * P'® ^^ alteration as in the case before us. A 

longer and more complex process will often be 

required, and rules may be laid down to facilitate 

this process in certain cases; but there is no 

sound argument but what can be reduced into 

BotaBnvo- ^^^^ foTm, without at all departing from the real 

"^ meaning and drift of it ; and the form will be 
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feond (though more prolix than is needed for tendoeed 
ordinary use) the most perspicuous in which an KrUNsd fam. 
argument can be exhibited. 

§ 66. All deductive reasoning whatever, then, AiitMwUTv 
rests on the one simple principle laid down by 
Aristotle, that 

** What is predicated, either affirmatively or 
negatively, of a term distributed, may be predi- 
cated in like manner (that is, affirmatively or neg- 
atively) of any thing contained under that term." 

So that, when our object is to prove any prop- wiimmiim 
osition, that is, to show that one term may rightly 
be affirmed or denied of another, the process 
which really takes place in our minds is, that we 
refer that term (of which the other is to be thus 
predicated) to some class (that is, middle term) 
of which that other may be affirmed, or denied, 
as the case may be. Whatever the subject-mat- 
ter of an argument may be, the reasoning itself, 
considered by itself, is in every case the same 
process; and if the writers against Logic had MMakMor 
kept this in mind, they would have been cautious li^, 
of expressing their contempt of what they call 
"syllogistic reasoning," which embraces all de- 
ductive reasoning; and instead of ridiculing Aris- 
totle's principle for its obviousness and simplicity, 
wottU have perceived that these are, in fact, its 
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simple and highest praise : the easiest, shortest, and most 
evident theory, provided it answer the purpose 
of explanation, being ever the best. 



RULES FOR EXAMINING SYLLOGISMS. 

TMtoofthe §67. The following axioms or canons serve 
■yiioKiflma. as tcsts of the Validity of that class of syllo- 
gisms which we have considered, 
lit test ls^> If two terms agree with one and the same 

thirds they agree with each other. 

ai test 2d. If one term agrees and another disagrees 

with one and the same thirds these two disagree 

with each other, 

Tiieflnithe On the former of these canons rests the va- 

•fflniuuve lidity of affirmative conclusions ; on the latter, 

xheaeoood ^* negative: for, no syllogism can be faulty 

ofnegiitiTa. ^jjj^jj ^Q^g jjqj violate thesc canons ; none cor- 

rect which does; hence, on these two canons 

are built the following rules or cautions, which 

are to be observed with respect to syllogisms, 

for the purpose of ascertaining whether those 

canons have been strictly observed or not. 

Evefytyiio- Ist. Evcry syllogism has three and only three 

thm and '^'■''** / viz. the middle term and the two terms 

ooiy three ^f j|j^ Conclusion : the terms of the Conclusion 

tenna. 

are sometimes called extremes. 
ETMyqrOo- 2d. Every syllogism has three and only three 
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propositions; viz. the major premiss; the minor Kin hat 
premiss ; and the conclusion. uitty thrve 

3d. If ike middle term u ambiguous, there p~«««^-- 

Middieienn 

are in rtality two middle terms, m sense, though mmi ou br 
but one in sound. ■■wrwi*. 



There are two cases of ambiguity: 1st. Where twocmw. 
the middle term is equivocal; that is, when used mcM. 
in different senses in the two premises. For 
example : 

" Light i» contimry to darknen ; 
Feathers are light ; therefore, 
Featben ere contiary to darkDen." 

2d. Where the middle term is not distrib- 
uted ; for as it is then used to stand for a part 
only of its significates, it may happen that one 
of the extremes is compared with one part of 
the whole term, and the other with another part 
of it For example : 



Again : 



•^ White is a color ; 
Blark is ■ color ; therefore* 
Black is white.** 

" Some tniinftls are beasts ; 
Some animsls are birds ; therefore. 
Some birds are beasts.*' 



TheMldiD* 

I 



3d. The middle term, therefore, must be dis- itm ««*!>• 
tributed, once, at least, in the premises ; that is, aiMi; 
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mdoooeto by being the subject of a universal,* or predi- 
cate of a negative ;t and once is sufficient ; 
since if one extreme has been compared with a 
part of the middle term, and another to the 
whok of it, they must have been compared with 
the same. 
NotMmmnat 4th. No term must he distributed in the con* 
ted tn the clusion which wos not distributed in one of the 
whiichra /'''^^wcs; for, that would be to employ the 
not diatribo- whoh of a term in the conclusion, when you 

t«dUift . 

pramiik had employed only a part of it in the premiss ; 
thus, in reality, to introduce a fourth term. 
This is called an illicit process either of the 
major or minor term.;]; For example : 



Baaple. 



MegiUfa 
prenltet 



liig. 



*' All quadrupeds are animals, 
A bird is not a quadruped ; therefore, 
It is not an animal." Illicit process of the major. 

5th. From negative premises you can infer 
nothing. For, in them the Middle is pronounced 
to disagree with both extremes; therefore they 
cannot be compared together : for, the extremes 
can only be compared when the middle agrees 
with both ; or, agrees with one, and disagrees 
with the other. For example : 

" A fish is not a quadruped ;** 

^ A bird is not a quadruped," proves nothing. 



* Section 62. f Section 63. X Section 40. 
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6th. If one premiss be negative, the conclu- u 
tion must be negative; for, in that premiss the iitmim 
middle term is pronounced to disagree with one ^^^^^ 
of the extremes, and in the other premiss (which <*^i 
of course is affirmative by the preceding rule), 
to agree with the other extreme ; therefore, the 
eitremes disagreeing with each other, the con- 
clusion is negative. In the same manner it may mATtdstQ- 
be shown, that to prove a negative conclusion, 
one of the premises must be a negative. 

By these six rules all Syllogisms are to be whttM- 
tried ; and from them it will be evident, 1st, thaMiu 
that nothing can be proved from two particular 
premises; (since you will then have either the 
middle term undistributed, or an t7/ict^ process. 
For example : 

** Some animab are sagacioas ; 
Some beanta are not aagacioas ; 
Some beasts are not animals.'*) 

And, for the same reason, 2dly, that if one of m 
the premises be particular, the conclusion must 
be particular. For example : 

** All who fight bravely deaeive reward ; 

" Some soldiere fight bimvely ;'* you can only infer that 

** SooM soldiere deserve reward :" 

for to infer a universal conclusion would be 
an illicit process of the minor. But from two 



OF FALLACIES. 

Deonttioii of § 68. By a fallacy is commonly understood 

ft hUacf, 

" any unsound mode of arguing, which appears 
to demand our conviction, and to be decisive 
of the question in hand, when in fairness it is 
Detecuon ot, not." In the practical detection of each indi- 
vidual fallacy, much must depend on natural 



and acquired acuteness; nor can any rules be 
given, the mere learning of which will enable 
us to apply them with mechanical certainty and 

iiinteand rcadiness ; but still we may give some hints that 
*" will lead to correct general views of the subject, 

and tend to engender such a habit of mind, as 
will lead to critical examinations. 

BttneoTLo- Indeed, the case is the same with respect to 
Logic in general; scarcely any one would, in 
ordinary practice, state to himself either his 
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Twoimivei^ Universal Premises you cannot always infer a • 
donuljlayB univcrsal Conclusion. For example : < 

give ft imi- I 

venal ooor *^ All gold 18 precious ; 

All gold ia a mineral ; therefore, 

Some mineral is precious.* i 

I, 
And even when we can infer a universal, we 

are always cU liberty to infer a particular ; since 
what is predicated of all may of course be pre- 
dicated of some. 
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own or another's reasoning, in fyil'>g:?rn5 at foil 
kneth ; yet a familiarity with logical principles 
tends very much (as all feel, who are really weQ 
acquainted with them) to beget a har^it of clear 
and sound reasoning. The truth 15. in this as 
in many other things, there are processes gc^ng '^^ 
on in the mind (when we are practising any 
thing quite familiar to us), with such rapAty 
as to leave no trace in the memorv; and we 
often apply principles which did not as far as 
we are conscious, e/en occur to us at the time. 



§ 09. Let it be remembered, that in every c 
process of reasoning, logically stated, the con- 
clusion is inferred from two antecedent prr^po- *^f^ 
sition^. called the Premises. Hence, it is man- 
ifest, that in every argument, the fault, if there rwi«7. »' 
be anv, must be either, the 



1st. In the premises; or, 

2d. In the conclusion (when it does not follow oreoMio- 

rioo, or t»4h. 

from them) ; or, 

3d. In both. 

In every fallacy, the conclusion either does or 
does not follow from ike premises. 

When the fault is in the premises ; that is, whni m tho 
when they are such as ought not to have been ''"^'*** 
assumed, and the conclusion legitimately follows 
from them, the fallacy is called a Material Fal- 
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lacy, because it lies in the matter of the argu- 
ment. 

When lo the Where the conclusion does not follow from 
the premises, it is manifest that the faalt is in 
the reasoning, and in that alone: these, there- 
fore, are called Logical Fallacies, as being prop- 
erly violations of those rules of reasoning which 
it is the province of logic to lay down. 
When in When the fault lies in both the premises and 
reasoning, the fallacy is both Material and LogicaL 



both. 



Roles for § 70. In examining a train of argumentation, 
todTofeiw* t^ ascertain if a fallacy have crept into it, the 
*^*^ following points would naturally suggest them- 
selves : 
iMRoie. 1st. What is the proposition to be proved? 
On what facts or truths, as premises, is the ar- 
gument to rest ? and, What are the marks of 
truth by which the conclusion may be known ? 
sd Rule. 2d. Are the premises both true ? If facts, are 
they substantiated by sufficient proofs ? If truths, 
were they logically inferred, and from correct 
premises ? 
ad Role. 3d. Is the middle term what it should be, and 
the conclusion logically inferred from the prem- 
ises? 
sagKeeikms Thesc general suggestions may serve as guides 

aerve m . 

gaidm, 1^ examining arguments for the purpose of de- 
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tecting fallacies; but however perfect general 
rales may be, it is quite certain that error, in 
its thousand forms, will not always be separated 
from truth, even by those who most thoroughly 
understand and carefully apply such rules. 



COIfCLnDING RBMAIKS. 

§71. The imperfect and irregular sketch which 

has here been attempted of deductive logic, may 
suffice to point out the general drift and purpose 
of the science, and to show its entire correspond- 
ence with the reasonings in Geometry. The 
analytical form, which has here been adopted, Aaiijtieii 
is, generally speaking, better suited for inirodu^ 
cing any science in the plainest and most inter- 
esting form ; though the synthetical is the more 
re^^Iar, and the more compendious form for sto- 
ring it up in the memory. 

} 72. It has been a matter about which wri- twivctiao : 
ters on logic have diflered, whether, and in con- a put or 
famiity to what principles. Induction forms a *^***^ 
part of the science ; Archbishop Whately main- wh:.u.:}'« 
taining that logic is only concerned in inferring 
truths from known and admitted premises, and 
that all reasoning, whether Inductive or Deduc- 
tive, is shown by analysis to have the syllogism 
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MiiPiTiewi. for its type ; while Mr. Mill, a writer of perhaps 
greater authority, holds that deductive logic is 
but the carrying out of what induction begins ; 
that all reasoning is founded on principles of in- 
ference ulterior to the syllogism, and that the 
syllogism is the test of deduction only. 

Without presuming at all to decide defini- 
tively a question which has been considered and 

Beuomfor passcd upou by two of the most acute minds of 

theooune 

taken, the age. It may perhaps not be out of place to 
state the reasons which induced me to adopt 
the opinions of Mr. Mill in view of the par- 
tfcular use which I wished to make of logic. 

leading Ob- § 73. It was, as stated in the general plan, 

JecUof the 

pim,. one of my leading objects to point out the cor- 
respondence between the science of logic and 
the science of mathematics : to show, in fact, 
To show that that mathematical reasoning conforms, in every 
cTi reuoning T^spect, to the strictcst Tulcs of logic, and is in- 
oonforms to j^^ J Y}\xt logic applied to the abstract quantities, 
Number and Space. In treating of space, about 
which the science of Geometry is conversant, we 
shall see that the reasoning rests mainly on the 
Axioms, how axioms, and that these are established by indue- 
Miabiished. ^j^^ proccsscs. The proccsscs of reasoning which 
relate to numbers, whether the numbers are rep- 
resented by figures or letters, consist of two parts. 
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1st. To obuin fonnolas for. ir.^i if. to exjrtrss 
is the language of science, the re:a:j<.*i^ bet veen 
the quantities, facts, truths or pniic*4*jes. mhat- ^"^^ p"^ 
erer the j may be, that form the subject of tbe 
reasoning; and, 

3dly. To deduce from these, br processes 
purely logical, all the truths mhicfa are iniplied 
in them, as premises. 

( 74. Before dismissing the subiect, it may ai 
be well to remark, that eTcry induction may 
be thrown into the form of a syllo^sm, by sup- 
plying the major premiss. If this be done, we 
ihaJ] see that something equiralent to ih^ uni- 
formity of the courte of naiure will ap{iear as 
the ultimate major premiss of all inductions ; 
and will, therefore, stand to all inductions in 
the relation in which, as has been shown, the 
major premiss of a syllogism always stands to 
the conclusion ; not contributing at all to prove 
it, but being a necessary condition of its being 
proved. This fact sustains the view taken by 
Mr. Mill, as stated above ; for, this ultimate tna- Hov tkh 
jor premiss, or any substitution for it, is an infer- 
ence by Induction, but cannot be arrived at by 
means of a syllogism. 

7 




BOOK II. 

MATHEMATICAL SCIENCE. 



CHAPTER I. 



1M9 luawoijatOAL tcoDfCB »ipx]fsi>— nmmsifT nxst or qdav- 
cr MiMDBB amnm^-^w krmMMknm a amwrif Mmnx. 

QUARTITT. 

( 75. QuANTiTT is a general tenn applicable 
to erery thing which can be increased or dimin- 
iihed, and measured. There are two kinds of 
ipuntity: 

1st Abstract Quantity, or quantity, the con- 
oeptioD of which does not involve the idea of 
matter; and, 

Sdly. Concrete Quantity, which embraces 
every thing that is material. 



( 76. Mathematics is the science of quantity ; 
that is, the science which treats of the measures 
of quantities and their relations to each other. 
It is divided into two parts : } 
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Para 1st. The Pure Mathematics, embracing the 

°^ principles of the science, and all explanations 
of the processes by which those principles are 
derived from the laws of the abstract quantities, 
Number and Space ; and, 
Mixed 2d. The Mixed Mathematics, embracing the 

applications of those principles to all investiga> 
tions and to the solution of all questions of a 
practical nature, whether they relate to abstract 
or concrete quantity. 

Maihematica, § 71. Mathematics, in its primary significa- 
the ancients : ^^^^f ^^ used by the aucicnts, embraced every 
acquired science, and was equally applicable to 
all branches of knowledge. Subsequently it was 
restricted to those branches only which were 
acquired by severe study, or discipline, and its 
embraced au votarics Were Called Disciples. Those subjects, 
which were therefore, which required patient investigation, 
ta^^°^ exact reasoning, and the aid of the mathemati- 
*«^ cal analysis, were called Disciplinal or Mathe- 
matical, because of the greater evidence in the 
arguments, the infallible certainty of the conclu- 
sions, and the mental training and development 
which such exercises produced. 



Pan § 78. It has already been observed that the 

*""***• pure Mathematics embrace all the principles of 
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the science, and that these principles are de- 
dnoed, by processes of reasoning upon the two 
abstract qoantities. Number and Space. All 
the definitions and axioms, and aD the tni*lA 
dedaced firom them, are traceable to those tvo 
•cmroes. Here, then, two important questions t«« 
present themselves : 

1st. How are we to attain a clear and tme "** 
conception of these quantities ? and, ^ 

2dly. How are we to represent them, and what ^^ 
Immguage are we to employ, so as to make their *^ 
prc^rties and relations subjects of investiga- 
tion? 

f 79. NiTMBBBs are expressions for one or 
more things of the same kind. How do we 
attain unto the significations of such expres- 
sions ? By first presenting to the mind, through *^ "* 
the eye, a single thing, and calling it obb. 
Then presenting two things, and naming them 
TWO : then three things, and naming them tbbbb ; 
and so (m for other numbers. Thus, we acquire 
primarily, in a concrete form, our elementary ^^ 
notions of ntunber, by perception, comparison, 
and reflection ; for. we must first perceive how ^ 
many things are numbered ; then compare what 
is designated by the word one, with what is 
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designated by the words two, three, &c., and 
then reflect on the results of such comparisons 
until we clearly apprehend the difference in the 
signification of the words. Having thus acquired, 
in a concrete form, our conceptions of numbers, 
we can consider numbers as separated from any 
particular objects, and thus form a conception 
of them in the abstract. We require but two 
theformatioD axioms for the formation of all numbers : 

1st. That one may be added to any number, 
and that the number which results will be great- 
er by one than the number to which the one 
was added. 

2d. That one may be divided into any num- 
ber of equal parts. 



Two 



Ibr 



IM txloiii. 



cnplojwL 



§ 80. But what language are we to employ 
as best suited to furnish instruments of thought, 
and the means of recording our ideas and ex- 
ThetM pressing them to others? The ten characters, 
JJJJI^"" called figures, are the alphabet of this langua£;e, 
and the various ways in which they are com- 
bined will be fully explained under the head 
Arithmetic, a chapter devoted to the considera- 
tion of numbers, their laws and language. 
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SPACE. 



f 8L Sfacb is indefinite extension. We 
quire our ideas of it by observing that parts of 
it are occupied by matter or bodies. This ena- 
bles OS to attach a definite idea to the word 
flace. We are then able to say, intelligibly, 
that a point is that which has place, or position 
in space, without occupying any part of it Hav- 
ing conceived a second point in space, we can 
understand the important axiom, ** A straight 
line is the shortest distance between two poinu ;" 
and this line we call length or a dimensum of 
qnce. 



f S2. If we ccmceive a second straight 
to be drawn, meeting the first, but lying in a 
direction directly from it, we shall have a second 
dimension of space, which we call hreadik. If 
these lines be prolonged, in both directions, they 
will include four portions of space, which make 
up what is called a plane surface or plane: 
hence, a plane has two dimensions, length and afoum 
breadth. If now we draw a line on either side 
of this plane, we shall have another dimension of 
space, called thickness: hence, space has three 
dimensions — length, breadth, and thickness. 



_i 
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Figun § 83. A portion of space limited by bounda- 
ries, is called a Figure, If such portion of space 
Line defined havc but ouc dimension, it is called a line, and 
may be limited by two points, one at each ex- 
Two kinds or tremity. There are two kinds of lines, straight 
■might and ^^^ curvcd. A straight Une, is one which does 
**^*'' not change its direction between any two of its 
points, and a curved line constantly changes its 
direction at every point. 

^gg^^. § 84. A portion of spac^ having two dimen- 
sions is called a surface. There are two kinds 

Plane, 

Curved, of surfaces — Plane Surfaces and Curved Sur- 
faces. With the former, a straight line, having 
two points in common, will always coincide, 
however it may be placed, while with the latter 
ofararikoe. it wiU not. The boundaries of surfaces are 
lines, straight or curved. 



§ 85. A portion of space having three dimen- 
sions, is called a solid, and solids are bounded 
either by plane or curved surfaces. 



§ 86. The definitions and axioms relating to 
space, and all the reasonings founded on them, 
or make up the science of Geometry. They will 
all be fully treated under that head. 



I 
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AN ALTSI8. 

§ 67. AifALTBis is a general term embracing AM^jiia. 
aO the operations which can be performed on 
quantities when represented by letters. In this 
branch of mathematics, all the quantities con- 
sidered, whether abstract or concrete, are rep- onuitiUM 
resented by letters of the alphabet, and the ^[y']^^ 
operati<Hi8 to be performed on them are indi- 
cated by a few arbitrary signs. The letters 
and signs are called Symbols, and by their com- sjmboiiL 
bination we form the Algebraic Notation and 
Language. 



§ 68. Analysis, in its simplest form, takes the 
name of Algebra ; Analytical Geometry, the Dif- 
ferential and Integral Calculus, extended to in- 
clude the Theory of Variations, are its higher 
and most advanced branches. 

§ 89. The term Analysis has also another sig- 
nification. It denotes the process of separating 
any complex whole into the elements of which 
it is composed. It is opposed to Synthesis, a 
term which denotes the processes of first con- 
sidering the elements separately, then combining 
them, and ascertaining the results of the combi- 
nation* 



AmiTrit, 

Aliebra; 

AMlyUcal 
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Anaiytksti The Analytical method is best adapted to in- 

vestigation, and the presentation of subjects m 

Byntbeiiaa their general outlines ; the Synthetical method 

IDflthOda 

is best adapted to instruction, because it exhib- 
its all the parts of a subject separately, and in 
their proper order and connection. Analysis 
deduces all the parts from a whole: Synthesis 
forms a whole from the separate parts. 

Artttmiede, § 90. Arithmetic, Algebra, and Geometry are 

Algebn, 

Geometiy, the elementary branches of Mathematical Sci- 
ifgt,^^ ence. Every truth which is established by 
mathematical reasoning, is developed by an 
arithmetical, geometrical, or analytical process, 
or by a combination of them. The reasoning 
in each branch is conducted on principles iden- 
tically the same. Every sign, or symbol, or 
technical word, is accurately defined, so that to 
each there is attached a definite and precise 
idea. Thus, the language is made so exact and 
certain, as to admit of no ambiguity. 



LANGTTAGB OF HATHBHATICS. 

^ § 91. The lanimaffe of Mathematics is mixed. 

mixed. Although composcd mainly of symbols, which 

are defined with reference to the uses which 

are made of them, and therefore have a pre- 



K 
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cise signification; it is also composed, in part, 
of words transferred from our common language. 
The symbols, although arbitrary signs, are, nev- symbols 
ertheless, entirely general, as signs and instru- 
ments of thought ; and when the sense in which 
they are used is once fixed, by definition, they 
preserve throughout the entire analysis precise- 
ly the same signification. The meaning of the wonbbor- 
words borrowed from our common vocabulary is ^^ 
often modified, and sometimes entirely chanced, 
when the words are transferred to the language ndundinft 
of science. They are then used in a particular 
sense, and are said to have a technical significa- 
tion. 



f 92. It is of the first importance that the 
elements of the language be clearly understood, 
*-that the signification of every word or sym- 
bol be distinctly apprehended, and that the con- 
nection between the thought and the word or 
symbol which expresses it be so well established 
that the one shall immediately suggest the other. 
It is not possible to pursue the subtle reasonings 
of Mathematics, and to carry out the trains of if^'nqain 
thought to which they give rise, without entire *'* 
familiarity with those means which the mind 
employs to aid its investigations. The child (^tioton | 

cannot read till he has learned the alphabet; | 

I 
I 
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wditfflwtt nor can the scholar feel the delicate beauties of 
Shakspeare, or be moved by the sublimity of 
Milton, before studying and learning the lan- 
guage in which their immortal thoughts are 
clothed. 

Qouittiet § 03. All Quantities, whether abstract or con- 
tra rapr»> 

aentedbj Crete, are, in mathematical science, presented 

■Jdueopei^ to the mind by arbitrary symbols. They are 

JJJ^^^ viewed and operated on through these symbols 

^*^^ which represent them; and all operations are 

indicated by another class of symbols called 

agH. signs. These, combined with the symbols 

Wb-«--. ^•»'<''' represent the quantities, make up, as 

HUM the we have stated above, the pure mathematical 

laagugia. 

language ; and this, in connection with that 
which is borrowed from our common language, 
forms the language of mathematical science. 
This language is at once comprehensive and 
iiiMtara. accurate. It is capable of stating the most 
general proposition, and presenting to the mind, 
in their proper order, every elementary princi- 
whatttM- pl^ connected with its solution. By its gener- 
**'"**"'*^ ality it reaches over the whole field of the 
pure and mixed sciences, and gathers into con- 
densed forms all the conditions and relations 
necessary to the development of particular facts 
and universal truths; and thus, the skill of the 



CHAP. I.] 



QUANTITY MEASUIED. 



analyst deduces from the same equation the ve- 
locitT of an apple falling to the ground, and the 
verification of the law of universal gravitation. 
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QUINTITT HEASUIBD. 

( 94. Quantity has been defined, " any thing 
which can be increased or diminished, and meas- 
ured/' The terms increased or diminished, are ^ 
easily understood, implying merely the property di 
of being made larger or smaller. The term 
measured is not so easily explained* because it 
has only a relative meaning. 

The term "* measured/' applied to a quantity, m 
implies the existence of some known quantity 
of the same kind, which is regarded as a stand- 
ard, and with which the quantity to be meas- 
ured is compared with respect to its extent or 
magnitude. To such standard, whatever it may 
be, we give the name of unity, or unit of meas- 
ure ; and the number of times which any quan- 
tity contains its unit of measure, is the numerical 
value of the quantity measured. The extent 
or magnitude of a quantity is, therefore, merely HamUud*: 
relative, and hence, we can form no idea of it, 
except by the aid of comparison. Space, for 
example, is entirely indefinite, and we measure 0pM»: 
partA of it by means of certain standards, called 



boded 
vBltjr. 
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MeMoroment measures ; and after any measurement is com- 

u^yon: pleted, we have only ascertained the relation or 

proportion which exists between the standard we 

a prooea of adopted and the thing measured. Hence, measure- 

oompwiaon. 

ment is, after all, but a mere process of comparison. 



Weight and § 95. The abstract quantities, Weight and 
kmwDbj Velocity, are but vague and indefinite concep- 
oompariaoD. tious, uutil Compared with their units of meas- 
ure, and even these are arrived at only by pro- 
compariaon cesscs of comparisou. Indeed, most of our 
nieihocL knowlcdgc of all subjects is obtained in the 
same way. We compare together, very care- 
fully, all the facts which form the basis of an 
induction; and we rely on the comparison of 
the terms in the major a;nd minor premises for 
every conclusion by a deductive process. 

Qunnuty. § 96. Quantity, as we have seen, is divided 
into Abstract and Concrete — the abstract quan- 
Abatract. tity bciug a mere mental conception, having 
for its sign a number, a letter, or a geometrical 
auieretab figure. A concrete quantity is a physical ob- 
ject, or a collection of such objects, and may 
uowrepre- likewise be represented by numbers, letters, or 
^'^^'^ by the geometrical magnitudes regarded as ma- 
Exampie of tcrial. The number " three" is entirely abstract, 

the :tbalract. 

expressing an idea having no connection with 



=i^ i 
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an idea .c' zn- 



whxh are cciaIj cj^^ — : ^.^ * irr---^ ..: 
It ciT« rje t- 



J 97. Tae Fur* ?tii::rr:_;':j ir» —■ *» 

vh)ch are :iitrr« i^ m - «trr- .;: • j:.. ^t - 
heooe. ti^ a ic^r^t.. 1 i^: -rr»-^-, > _j, 
nisli the -' '-r^^*. c it— -r-s-ir^ «-. - ^ ^ -^ 
iDdiict.ocs.* Frci -:r7«t '^::r\ ii ._: _- 

•f premiwt. a^ "ise trir.-^ »' tir r.*-- .* ^'-- -rr 

lished by frxen» r u^'jw.-'-t T>ii* ' c r.: 
there is d^<, tm :«.» r-u s^ ''tnz" ' tr.-rntrc- »-^f 
ical Mciemce «aj -:r'-'t. v.j' .r :-_:.j t^ ., ^ 
comforwutf of Vke £:iir.'ir..«u *i :•*- ir- .. •. •* "^ 
oa^ mxioms, or r» f%:i ^•r.i.-:;«u c. i.^ ■» «^^ 
tsiabHsked frfitm ti»rm H'O'^ -vt* p^ • • • -^ ^ 
the science of P*ir* M u-ui-ni*;:.-. r*: .-; \ -^ *TL^^ 
nsts merdj m ir.icrr.-z :7 ii^ft r-^nt. i^ :^ 
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Is purely truths which can be deduced from given prem- 
ises, is purely a Deductive Science. The pre- 
cision and accuracy of the definitions ; the cer- 
tainty which is felt in the truth of the axioms ; 
rreciskmoT the obvious and fixed relation between the sign 
and the thing signified; and the certain for- 
mulas to which the reasoning processes are re- 
duced, have given to mathematics the name of 
" Exact Science." 



All reaaooing 

baaed on def- 

inlUona and 

azioma. 



Belationa not 
obvioui. 



DedocliTe 
Scienoe, 

TrdioaoT 
reaaooing: 

what they 
■eoompUah. 



§ 98. We have remarked that all the reason- 
ings of mathematical science, and all the truths 
which they establish, are based on the defini- 
tions and axioms, which correspond to the major 
premiss of the syllogism. If the resemblance 
which the minor premiss asserts to the middle 
term were obvious to the senses, as it is in the 
proposition, " Socrates was a man," or were 
at once ascertainable by direct observation, or 
were as evident as the intuitive truth, " A whole 
is equal to the sum of all its parts;" there 
would be no necessity for trains of reasoning, 
and Deductive Science would not exist. Trains 
of reasoning are necessary only for the sake of 
extending the definitions and axioms to other 
cases in which we not only cannot directly ob- 
serve what is to be proved, but cannot directly 
observe even the mark which is to prove it. 
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§ 99. Although the syllogism is the ultimate 
test in all deductive reasoning (and indeed in or<Mneiioii. 
all inductive, if we admit the uniformi^ of the 
course of nature), still we do not find it con> 
venient or necessary, in mathematics, to throw 
every proposition into the form of a syllogism. 

The definitions and axioms, and the propo- AjdoMind 
sitions established from them, are our tests of ^gg^^og^g^Q^. 
truth; and whenever any new proposition can 
be brought to conform to any one of these Aproport- 
tests, it is regarded as proved, and declared to pg^rmL 
be true. 



why 



rtMlollM 

or 



I 
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§ 100. When general formulas have been ^"^^ * 

priodple ,1 

framed, determining the limits within which the flMy be i^ 

deductions may be drawn (that is, what shall proved. 

be the tests of truth), as often as a new case 

can be at once seen to come within one of the 

tormulas, the principle applies to the new case, 

and the business is ended. But new cases are lymiMar 

continually arising, which do not obviously come 

within any formula that will settle the questions 

we want solved in regard to them, and it is 

necessary to reduce them to such formulas. 

This gives rise to the existence of the science Tiwy«iw 

of mathematics, requiring the highest scientific 

senius in those who contributed to its creation, 

and calling for a most continued and vigorous 

.... . ' . J 
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exertion of intellect, in order to appropriate it i 
when created. I 



COMPARISON OF QUANTITIES. 



Maihemttict ^ jqj \yg ^g^^^ g^^^ ^^at the purc mathe- 

oinocmed 

with Number matics are concerned with the two abstract 

aiid Space, quantities, Number and Space. We have also 

Reasooiiig Seen that reasoning necessarily involves com- 

oomporiflon. parison ! hence, mathematical reasoning must 

consist in comparing the quantities which come 

from Number and Space with each other. 



Twoquanti- § 102. Any two quantities, compared with 

ties can sua- 

tain but two each Other, must necessarily sustain one of two 
""** relations : they must be equal or unequal. What 
axioms or formulas have we for inferring the 
one or the other ? 



Forraolaa 

for 
Eqoalllj. 



AXIOMS Oa FORMULAS FOE INFERRING EQUALITF. 

1. Things which being applied to each other 
coincide, are equal to one another. 

2. Things which are equal to the same thing 
are equal to* one another. 

3. A whole is equal to the sum of all its parts. 

4. If equals be added to equals, the sums are 
equal. 



ti 
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5. If equals be taken from equals, the remain- 
ders are equal. 



AXIOMS OB POEX0LA8 POB DfFSlRniG XHSQUALtTT. 

1. A whole b greater than any of its parts. 

2. If equals be added to unequals, the sums 
are unequal. J^^ 

3. If equals be taken from unequals, the re> 
mainders are unequal. 

§ 103. We have thus completed a very brief oaiHMor 
and general analytical view of Mathematical ^i^^i^,,^ 
Science. We have endeavored to point out 
the character of the definitions, and the sources 
a5 well as the nature of the elementary and in* 
tuitive propositions on which the science rests; whatte- 

tons h%y9 

the kind of reasoning employed in its creation, tccn 
and its divisions resulting firom the use of dif- 
f^rvui symbols and differences of language. We 
»hall now proceed to treat the subjects separ- 
ately. 
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CHAPTER II. 



AAITHMSTIO— HK;IK«CB AND AST OF N0MBBM. 



8BCTI0N I. 

IVTB0BB UBITI. 



FIB8T NOTIONS OP NUMBBBS. 

i 104. TuotB is but a single elementary idea Bat 
ID the science of numbers : it is the idea of the id 
rvrr onb. There is but one way of imprsssing bow 
this idea on the mind. It is by presenting to ^ 
the senses a single object; as, one apple, one 
pesch, one pear, 6lc. 



i 105. There are three signs by means of TbrwiiiM 

Sir mpn" 

which the idea of one is expressed and coounu- i^ u. 
tticated. They are, 

1st. The word onb. a 

9d. The Roman character I. 

3d. The figure 1. 
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Newidess § 106. If one be added to one, the idea thus 

by adding arising is difierent from the idea of one, and is 

^"^ complex. This new idea has also three signs; , 

'I 
viz. TWO, II., and 2. If one be again added, , 

that is, added to two, the new idea has likewise 

* I 

three signs; viz. three, III., and 3. The ex- 

Theexpiw- prcssions for these, and similar ideas, are called 

numben. numbers: hence, ii 

Nmnben NuMBERs are cxpressious for one or more ; 

********* things of the same kind, ,1 



IDEAS OF lOTMBERS GENERALIZED. 

Ideas or § 107. If we begin with the idea of the num> 

graanOlzed. ^^ 0^^> ^^^ ^^^ ^^ ^^ ^^ ^^^i m^lHg tWO ; 

and then add it to two, making three ; add then 

to three, making four ; and then to four, making 

How formed, five, and SO ou ; it is plain that we shall form a 

series of numbers, each of which will be greater 

Unity the by ouc than that which precedes it. Now, one 

^'^^ or unity, is the basis of this aeries of numbers, 

QfexpreaBing and cach number may be expressed in three 

ttaeoL 

ways: 
lat way. 1st. By the words one, two, three, &c., of our 

common language ; 
uway. 2d. By the Roman characters; and, 
sd way. 8d. By figures. 
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1 108. Since all uumbers, whether integer or ao aaabm 
fractional, must come from, and hence be con- oae?^ 
nected with, the unit one, it follows that there 
is but one purely elementary idea in the science 
of numbers. Hence, the idea of every number, b«w» bat 

<^1A fa^^ llkfli 

regarded as made up of units (and all numbers u^anty*:!*- 
except one must be so regarded when we ana- 
lyze them), is necessarily complex. For, since ab 
the number arises from the addition of ones, the 
apprehension of it is incomplete until we under- 
stand how those additions were made ; and there* 
fore, a full idea of the number is necessarily 
complex. 

^109. But if we regard a number as an en- 
tirety, that is, as an entire or whole thing, as an 
entire two, or three, or four, without pausing to wbeoa 
analyze the units of which it is made up, it may ^^^^J^ 
xh^n be regarded as a simple or incomplex idea ; ■•*«««"**»«- 
though, as we have seen, such idea may always 
be traced to that of the unit one, which forms 
the basis of the number. 



UNITT AND A UNIT DXriNBD. 

^ 110. When we name a number, as twenty whmiitiM^ 
feel, two things are necessary to its clear appre- **]~3'"*^' 
hension. vt ■ Dumber 



I 
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71 



ThelMMiaof 

the aumber 

\m unity. 



Fim. 1st. A distinct apprehension of the single 

thing Mrhich forms the basis of the number ; and, 
^«^ond- 2d. A distinct apprehension of the number of 
times which that thing is taken. 

The single thing, which forms the basis of the 
number, is called unitt, or a unit. It is called 
When it la ^^^^7' whcu it is regarded as the primary basis 
called uMTT, ^f ^j^^ number ; that is, when it is the final stand- 
ard to which all the numbers that come from it 
■Bd when ft are referred. It is called a unit when it is re- 
garded as one of the collection of several equal 
things which form a number. Thus, in the ex- 
ample, one foot, regarded as a standard and the 
basis of the number, is called unity ; but, con- 
sidered as one of the twenty equal feet which 
make up the number, it is called a unit. 



UMT. 



OF SIMPLE AND DENOMINATE NUMBERS. 



Abelnel 



PenotnlMte 
unit 



§ 111. A simple or abstract unit, is one, with- 
out regard to the kind of thing to which the term 
one may be applied. 

A denominate or concrete unit, is one thing 
named or denominated ; as, one apple, one peach, 
one pear, one horse, &c. 



Number hue 
norBfensnee 



§ 112. Number, as such, has no reference 
to the particular things numbered. But to dis- 
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niimben which are applied to particular iottietiiii«s 
units from those which are purely abstract, we 
call the latter Abstract or Simple Numbers, sinpio 

■ad 

and the former Concrete or Denominate Num- DsDomiiMte. 
ben. Thus, fifteen is an abstract or simple 
number, because the unit is one; and fifteen snnia«. 
pounds is a concrete or denominate number, 
because its unit, one pound, is denominated or 
named. 

ALPHABBT — WOBDS — GBAMIIAB. 

I 113. The term alphabet, in its most general AipiMb«i. 
sense, denotes a set of characters which form 
the elements of a written language. 

When any one of these characters, or any wofd^ 
combination of them, is used as the sign of a 
distinct notion or idea, it is called a word ; and 
the naming of the characters of which the word 
is composed, is called its spelling. 

Grammar, as a science, treats of the estab- 
lished connection between words as the signs of 
ideas. 

ABITHMaTlCAL ALPHABBT. 

f 114. The arithmetical alphabet consists of 
ten characters, called figures. They are. 



Twm Tkra*! Poor, fXf, Six, Sv^to, Eifht, Nlnvi 

012 3456780 
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and each may be regarded as a word, since it 
stands for a distinct idea. 



WORDS — ^SPELLING AND READING IN ADDITION. 

oneoumoi § 115. The idea of one, being elementary, the 
^ character 1 which represents it, is also element- 
ary, and hence, cannot be spelled by the other 
characters of the Arithmetical Alphabet (§ 1 14). 
But the idea which is expressed by 2 comes from 

speuing bjr the addition of 1 and 1 : hence, the word repre- 

the 

■rithmeucai scntcd by the character 2, may be spelled by 
dianctcn. j ^^^ ^ Thus, 1 and 1 are 2, is the arithmet- 
ical spelling of the word two. 

Three is spelled thus: 1 and 2 are 3; and 
also, 2 and 1 are 3. 
^"^p"*- Four is spelled, 1 and 3 are 4 ; 3 and 1 are 4 ; 
2 and 2 are 4. 

Five is spelled, 1 and 4 are 5 ; 4 and 1 are 5 ; 
2 and 3 are 5 ; 3 and 2 are 5. 

Six is spelled, 1 and 5 are 6 ; 5 and 1 are 6 ; 
2 and 4 are 6 ; 4 and 2 are 6 ; 3 and 3 are 6. 



An Bumbm § 116. In a similar manner, any number in 

■p^tna arithmetic may be spelled; and hence we see 

■*«»«» ''■y- that the process of spelling in addition consists 

simply, in naming any two elements which will 

make up the number. All the numbers in ad* 



^^^^J 
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ditioD mre therefore speDed with two syL^b 
The reading consists in namins: orJj the word 
which expresses the final idea. Thus, 






1 


2 


3 


4 


5 


6 


7 


6 


9 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 



r 



123456749 10 



We may now read the words ^Llch cxf<v«» 
^ first hundred coinbinatic»ns. 

BB ADIVCf. 

123456769 10 
1 1 1 1 1 1 1 I 1 1 



123456799 10 n-^w, 
2 2 2 2 2 2 2 2 2 2 *** 

1 2 3 4 5 6 7 9 9 10 r^ p^ 
3333333333 ^ 

123456789 10 r-^^m.^ 
4444444444 



123456789 10 
555555555 



1 2 3 4 5 6 7 8 9 10 iw.^ 

6 6 6 6 6 6 6 6 6 6 ^ 

1 2 3 4 5 6 7 8 9 10 i^. 

7777777777 ^ 



««»>«. 44. 
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6 


7 


8 


9 


10 


JM. 


9 


9 


9 


9 


9 


9 


9 


9 


9 


9 


Ekimnt 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


twelTa, Jfce. 


10 


10 


10 


10 


10 


10 


10 


10 


10 


10 



Example for 

reading in 
Addition. 



AU 
■oiolved. 



§ 117. In this example, beginning 878 

at the right hand, we say, 8, 17, 18, ^^^ 

679 
26 : setting down the 6 and carry- 

ing the 2, we say, 8, 13, 20, 22, 29 : 754 

setting down the 9 and carrying 3096 

the 2, we say, 9, 12, 18, 22, 30: 

and setting down the 30, we have the entire sum 

3096. All the examples in addition may be done 

in a similar manner. 



Advmtages 
of reading. 



ad.atalad. 



§ 118. The advantages of this method of read- 
ing over spelling are very great. 

1st. The mind acquires ideas more readily 
through the eye than through either of the other 
senses. Hence, if the. mind be taught to appre- 
hend the result of a combination, by merely see- 
ing its elements, the process of arriving at it is 
much shorter than when those elements are pre- 
sented through the instrumentality of sound. 
Thus, to see 4 and 4, and think 8, is a very dif- 
ferent thing from saying, four and four are eight. 

2d. The mind operates with greater rapidity 
and certainty, the nearer it is brought to the 



I! 
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ideas which it is to apprehend and combine. 
Therefore, all unnecessary words load it and 
impede its operations. Hence, to spell when 
we can read, is to fill the mind with words 
and sounds, instead of ideas. 

8d. All the operations of arithmetic, beyond 
the elementary combinations, are performed on 
paper ; and if rapidly and accurately done, must 
be done through the eye and by reading. Hence 
the great importance of beginning early with a 
method which must be acquired before any con> 
liderable skiU can be attained in the use of 
figures. 

^ 1 19. It must not be supposed that the read- 
ing can be accomplished until the spelling has 
first been learned. 

In our common language, we first learn the 
alphabet, then we pronounce each letter in a 
word, and finally, we pronounce the word. We 
should do the same in the arithmetical reading. 



Mta 




WOSnS — SPELLllVG AND BKAOUfO IN SUBTBACTION. 

\ 120. The processes of spelling and reading sm* prtad- 
which we have explained in the addition of iBmibmo- 
numbers, may, with slight modifications, be ap- 
plied in subtraction. Thus, if we are to subtract 



126 MATHEMATICAL SCIENCE. [bOOK II. 



2 from 5, we say, ordinarily, 2 from 5 leaves 3 ; 
or 2 from 5 three remains. Now, the word, 
three, is suggested by the relation in which 2 
and 5 stand to each other, and this word may be 
Raadings in read at once. Hence, the reading, in subtract 

Subtraction ^. . . , • ^t » » • t 

explained. ^^^^i ^^ Simply naming the word, which expresses 
the difference between the subtrahend and min- 
uend. Thus, we may read each word of the 
following one hundred combinations. 



READIHGS. 



Oneftom 123456789 10 
«»*«• 1111111111 



Two from 
twoilce. 



Three from 
three, Ice. 



Foot from 
four, ice. 



Five from 
fire, 4ec 



2 
2 


3 
2 


4 
2 


5 
2 


6 
2 


7 
2 


8 
2 


9 
2 


10 
2 


11 
2 


3 
3 


4 
3 


5 
3 


6 
3 


7 
3 


8 
3 


9 
3 


10 
3 


11 
3 


12 
3 


4 
4 


5 
4 


6 
4 


7 
4 


8 
4 


9 
4 


10 
4 


11 
4 


12 
4 


13 

4 


5 
5 


6 
5 


7 
5 


8 
5 


9 
5 


10 
5 


11 
5 


12 
5 


13 
5 


14 
5 



Bixfromsix, 6 7 8 9 10 11 12 13 14 15 
6666666666 



fcc 



'i 



I 



II 



I 



I 

ll 

I 



SeTenfrom 7 8 9 10 11 12 13 14 15 16 

■evoo, ke, nr »jr "jr "jr ijr nr »jr 77 7 



I 
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8 9 10 11 12 13 14 15 16 17 EicbUhMn 
8888888888 •*«»»•»*«• 

9 10 11 12 13 14 15 16 17 18 mnafWHii 
9999999999 Bi»N^«. 

10 11 12 13 14 15 16 17 18 19 TnfromUm, 

10 10 10 10 10 10 10 10 10 10 ^"^ 



§ 121. It should be remarked, that in subtrac- 
tion, as well as in addition, the spelling of the Bpeniog pm- 
words must necessarily precede their reading, losuixrao- 



The spelling consists in naming the figures with 
which the operation is performed, the steps of 
the operation, and the final result. The reading BaMtiof. 
consists in naming the final result only. 



SFBLLllVO AND READING IN MULTIPLICATION. 

^ 122. Spelling in multiplication is similar to Hp»nii«iB 
the corresponding process in addition or subtrac- uoo. 
tion. It is simply naming the two elements 
which produce the product ; whilst the reading Rc«dii«. 
consists in naming only the word which ex- 
presses the final result. 

In multiplying each number from 1 to 10 by Ezampi««tii 
2. we usually say, two times 1 are 2 ; two times •**"^' 
2 are 4 ; two times 3 are 6 ; two times 4 are 8 ; 
two times 5 are 10; two times 6 arc 12; two 



r? 
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times 7 are 14; two times 8 are 16; two times 
inraKUng. 9 are 18; two times 10 are 20. Whereas, we 
should merely read, and say, 2, 4, 6, 8, 10, 12, 
14, 16, 18, 20. 

In a similar manner we read the entire mul- 
tiplication table. 



READINGS. 



TwottmM 1 



lliree tlDMi 1 
•re 3, Ace 



12 


11 


10 987654321 

2 


12 


11 


10 987654321 

3 



oooeooeto 12 11 10 9 8 7 6 5 4 3 2 1 , 

l,fcc 1 



l^mrttme.! 12 11 10 987654321 
•re4,lce. 4 



nTettmeti 12 11 10 9 8 7 6 5 4 3 2 1 



sixtim«i 12 11 10 9 8 7 6 5 4 3 ^ 1 

■raaixtlce. 5 



Seven tfmM 
lira?, lusL 



12 11 10 9 8 7 6 5 4 3 2 1 

7 



BghtttoMtl 
•re8»Ac 



12 11 10 9 8 7 6 5 4 3 2 1 

8 
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12 11 10 9 8 7 6 A 4 3 2 1 Nine Um«. l 



9 



»n9^kc 



12 11 10 987654321 TeoUmoii 

12 11 10 9 8 7 6 5 4 3 2 1 DevenUmei 

12 11 10 9 8 7 6 5 4 3 2 1 TwclTeUmet 

12 l«rel2,Ji«. 



SPELLING AND READING IN DIVISION. 

( 123. In all the cases of short division, the lo short oivi. 
quotient may be read immediately without nam- 
ing the process by which it is obtained. Thus, 
b dividing the following numbers by 2, we 
merely read the words below. 

2)4 6 8 10 12 16 18 22 



tout Sre tix. tA^t alae eteveo. 

In a similar manner, all the words, expressing in hU 
the results in short division, may be read. 



KEADIHOS. 

2 )2 4 6 8 10 12 14 16 18 20 22 24 Two i,, «. 

3)3 6 9 12 15 18 21 24J27 30 33 36 thn^taa. 

4)4 8 12 16 20 21 _28 32 36 40 44 48 Four mi. 
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Five in 5, 


5)5 


10 


15 


20 


25 


30 


35 


40 


45 


50 


55 


60 


ODoe, Ac«, 


























Six in 6, 


6)6 


12 


18 


24 


30 


36 


42 


48 


54 


60 


66 


72 


oDoe,fcc. 


























SeTwn in 7, 


7)7 


14 


21 


28 


35 


42 


49 


56 


63 


70 


77 


84 


odce,ac«. 
























Eight in 8, 
oooe,lbc. 


8)8 


16 


24 


32 


40 


48 


56 


64 


72 


80 


88 


96 



Nine in 9. ^) 9 1 8 27 36 45 54 63 72 81 90 99 108 

once, ttc 

Ten in 10, 10)10 20 30 40 50 60 70 80 90 100 110 120 

once,&c 

Eieren in 11, 11)11 22 33 44 55 66 77 88 99 110 121 132 

0000, ttCm 

Twelve in 12, 12)12 24 36 48 60 72 84 96 108 120 132 1 44 

once, Acc> 

UNITS INCREASING BT THE SCALE OF TENS. 

The idea of a § 124. The idea of a particular number is ne- 
^I^J^ cessarily complex ; for, the mind naturally asks : 
"^^^ 1st. What is the unit or basis of the number ? 
and, 

2d. How many times is the unit or basis 
taken? 

wtaataflg- § 125. A figure indicates how many times a 

"^ unit is taken. Each of the ten figures, however 

written, or however placed, always expresses as 

many units as its name imports, and no more ; 

nor does the^^re itself at all indicate the kind 
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forte 



of unit. Still, every number expressed by one or HamtarhM 
more figures, has for its basis either the abstract 
aiiit one, or a denominate unit.* If a denomi- 
nate unit, its value or kind is pointed out either 
by our common language, or as we shall present- 
ly see, by the plcLce where the figure is written. 

The number of units which may be expressed 
by either of the ten figures, is indicated by the h 
name of the figure. If the figure stands alone, 
and the unit is not denominated, the basis of the 
number is the abstract unit 1. 

( 126. If we write on the riirht of 

° { 10, Bowlcoto 

1. we have 



bcrex- 
bra 



which is read one ten. Here 1 still expresses 
oxB, but it is owB ten ; that is, a unit ten times 
as great as the unit 1 ; and this is called a unit uouoruM 
of the second order. 
Aeain ; if we write two O's on the ) „ _^ 

#1 00 now to wTua 

right of 1, we have ) ' owhimdmL 

which is read one hundred. Here again, 1 still 
expresses one, but it is one hundred ; that is, a 
unit ten times as great as the unit one ten, and Aimuorihe 
a hundred times as great as the unit 1. 

( 127. If three Ts are written by i u-— 1..„ 

* fill fl«^«mi w 

the side of each other, thus . - . . ) * ^""** »>> 

the ilite g« 



• Sectioa 111. 



il 

I 
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FlnL 



Seoond. 



Third. 



the ideas, expressed in our common language, 
are these : 

1st. That the 1 on the right, loiU either express 
a single thing denominated, or the abstract unit 



one. 



What the 
language 



2d. That the 1 next to the left expresses 1 ten ; 
that is, a unit ten times as great as the first 

3d. That the 1 still further to the left expresses 
1 hundred ; that is, a unit ten times as great as 
the second, and one hundred times as great as the 
first ; and similarly if there were other places. 
When figures are thus written by the side of 
Muibiub^ ^^^^ other, the arithmetical language establishes 
when flgira ^ relation between the units of their places : that 

ATBao writ- ^ 

<^ is, the unit of each place, as we pass from the 
right hand towards the left, increases according 
to the scale of tens. Therefore, by a law of the 
arithmetical language, the place of a figure fixes 
its unit. 

If, then, we write a row of O's as a scale, 
thus : 



Scale for 
Nameretlon. 



ii 



i 



o 

V3 



i 



§ 



•si ^ -Si 



1 



s 

e 



i 



I 



f 



« 73 ef tt Q 9 P 

•6 S ^ -o ^ g »9 



Themillaor 00 0, 00 0, 00 0, 000 

plaee deier- 

niaed. the Unit of each place is determined, as well 
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as the law of change in passing from one place 
to another. If then, it were required to express Hofwanj 
a given number of units, of any order, we first tnum wmj im 
select from the arithmetical alphabet the char- ***""*' 
acter which designates the number, and then 
write it in the place corresponding to the order. 
Thus, to express three millions, we write 

8000000; 
and similariy for all numbers. 

( 128. It should be observed, that a figure ASpmha 
being a character which represents value, can 



have no value in and of itself. The number of i 

things, which any figure expresses, is determined 
by its name, as given in the arithmetical alpha- 
bet. The kind of thing, or unit of the figure, is uowiheutt 
fixed either by naming it, as in the case of a de- ^u^ 
nominate number, or by the place which the 
figure occupies, when written by the side of or 
over* other figures. 

The phrase ** local value of a figure," so long n^an, hm 
in use, is, therefore, without signification when ^^^ 
applied to a figure : the term " local value," 
being applicable to the unit of the place, and nmappii- 
not to the figure which occupies the place. mIT^/k-c* 

} 129. Federal Money affords an example of a rNi«r>i 

Mtinty. 

* Section 199. 
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itsdeiMftiiiiui- series of denominate units, increasing according 



tiooa. 



to the scale of tens : thus, 

«" tf qT ^ 

^ii If 

» Q Q (3 ;i9 
11111 

iiowraad. may be read 11 thousand 1 hundred and 11 
mills; or, 1111 cents and 1 mill; or, 111 dimes 
1 cent and 1 mill; or, 11 dollars 1 dime 1 cent 
and 1 mill; or, 1 eagle 1 dollar 1 dime 1 cent 
vartoukuidB and 1 mill. Thus, we may read the number 
with either of its units as a basis, or we may 
name them all : thus, 1 eagle, 1 dollar, 1 dime, 
1 cent, 1 mill. Generally, in Federal Money, 
we read in the denominations of dollars, cents, 
and mills; and should say, 11 dollars 11 cents 
and 1 mill. 

FxampiMin § 130. Examples in reading figures : — 
latEzampto. If we havc the figures - - - . 89 

we may read them by their smallest 

unit, and say eighty-nine; or, we may say 8 

tens and 9 units, 
sd. Bmnide. Again, the figures - 567 

may be read by the smallest unit; 

viz. five hundred and sixty-seven; or we may 

say, 56 tens and 7 units ; or, 5 hundreds 6 tens 

and 7 units. 
ad. Enmpie. Again, the number expressed by • 74896 



I 
I 






'i 
I 
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rnrrs imcrbasing accosdinq to varying scales. 

( ISl. If we write the well-known signs of mhi.<»i. .r 
the English money, and place 1 under each de- arllh]!«uur 
nomination, we shall have 



£. t. dL / 
1111 



diiTt n lit 

di*tMHtiiii «lr 

UIUU. 



Now, the signs £,$, d, and/, fix the value of Nuw ui« 
the unit 1 in each denomination ; and they also «^| i. i^cd. 






mav be read. scvc:*:v-fuur thousand eitrht hun- van^wrMd 

« • ^ 

dred and ninety-six. Or, it may be read, 7489 mambet 
tens and 6 units ; or, 748 hundreds 9 tens and 

6 units ; or, 74 thousands 8 hundreds 9 tens 

I 

and 6 units ; or, 7 ten thousands 4 thousands 8 I 

hundreds 9 tens and 6 units ; and we may read 

in a similar way all other numbers. { 

Although we should teach all the correct read- ik« bm 
ings of a number, w^e should not fail to remark .,^,^ i 

that it is generally most convenient in practice ! 

to read by the lowest unit of a number. Thus, 
in the numeration table, we read each period by emii period 

nMit Ikv lis 

the lowest unit of that period. For example, in 1^^^^^^^ 
the number 

974,967,847,047, Enmpii*. 

we read 874 billions 967 millions 847 thousands 
and 47. 



. J 
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u hat the determine the relations which subsist between 
expreaws. the different units. For example, this simple ! 
language expresses these ideas : i 

The unite of Ist. That the unit of the right-hand place is I 
e p «»o»- 2 farthing— of the place next to the left, 1 penny 
—of the next place, 1 shilling— of the next place, 
1 pound ; and I 

How the 2d. That 4 units of the lowest denomination 
i^^caae, Hiake OHO unit of the next higher; 12 of the 
second, one of the third ; and 20 of the third, 
one of the fourth. ^ 

Hie unite in If wc take the denominate numbers of the 
weightT Avoirdupois weight, we have ' 

Ton, ewt. qr. Iff. ox, dr, 

111111; 

Changes In in which the units increase in the following 

ihJonite. ro^mner : viz. the second unit, counting from 

the right, is sixteen times as great as the first ; 

the third, sixteen times as great as the second ; 

the fourth, twenty-five times as great as the 

third ; the fifth, four times as great as the fourth ; \ 

and the sixth, twenty times as great as the fifth. 

HowtbeKiie The scalc, therefore, for this class of denominate 

numbers varies according to the above laws. 
AdiDeient If we take any other class of denominate 
•ystem. uumbcrs, as the Troy weight, or any of the : 
systems of measures, we shall have different 
scales for the formation of the different units. 



U: 
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Bat in all the formatioDS, we shall recognise tw ■ut^.«f 

of Cvm.uf 



v<r 



*4 



the application .of the same general princif^. 

There are, therefore, two general methods of 
f<trming the different systems of integer num- 
htrs from the unit one. The first consists in ortx^ 
preserving a constant law of relation between 
the different unities ; viz. that their values shall 
change according to the scale of tens. This 
giv«^ the system of common numbers. 

The second method consists in the application 
of known, though varying laws of change in the 
unities. These changes in the unities produce 
the entire system of denominate numbers, each 
cla»s of which has its appropriate scale, and the 
changes among the units of the same class are 
indicated by the different degrees of its scale. 



UfTBOEB UNITS OF AaiTHMETIC. 

\ 132. There are four principal classes of units p. 
in arithmetic : 

1st. Abstract, or simple units ; i«.riM. 

Sd. Units of Currency ; ^^ h^^ 

8d. Units of Weight ; and ad. dam 

4th. Units of Measure. 4Ui.d«* 
First among the Units of arithmetic standst 

the simple or abstract unit 1. This is the basis Ai«ir»ci mu 
of all simple numbers, and becomes the basis. 
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The bub of also, of all denominate numbers, by merely na- 
Dumbera; mmg, m succession, the particular thmgs to 

which it is applied. 
Atoo, the ha- It is also the basis of all fractions. Merely as 
ttoiu, the unit 1, it is a whole which may be divided 

whether dm- ,. ^ i r • • ^ r 

pieordeDom- accordmg to any law, formmg every variety of 

*"*'*• fraction ; and if wq apply it to a particular thing, 

the fraction becomes denominate, and we have 

expressions for all conceivable parts of that thing. 



Moat^tppre- 

hendthe 

unit. 



Let Ita nature 
sndkindbe 
AiUy explain- 
ed; 



Hov for a 
Doraberex- 
piesHiog cur* 
reucx. 



Exhibit the 
unitifitbe 
of weight; 



§ 133. It has been remarked* that we can 
form no distinct apprehension of a number, un- 
til we have a clear notion of its unit, and the 
number of times the unit is taken. The unit is 
the great basis. The utmost care, therefore, 
should be taken to impress on the minds of 
learners, a clear and distinct idea of the actual 
value of the unit of every number with which 
they have to do. If it be a number expressing 
currency, one or more of the coins should be 
exhibited, and the value dwelt upon; after which, 
distinct notions of the other units can be ac- 
quired by comparison. 

If the number be one of weight, some unit 
should be exhibited, as one pound, or one ounce, 
and an idea of its weight acquired by actually 



* Section 110. 
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lifting it. This is the only way in which we 
can learn the true signification of the terms. 

If the number be one of measure, either AMiiiM>,ffu 
linear, superficial, liquid, or solid, its unit should nMMora. 
also be exhibited, and the signification of the 
term expressing it, kamed in the only way in 
which it can he kamed, through the senses, and 
by the aid of a sensibk object. 

FEDERAL MONET. 

§ 134. The currency of the United States is conmeyor 
called Federal Money. Its units are all denomi- 
nate, being 1 mill, 1 cent, 1 dime, 1 dollar, 1 
eagle. The law of change, in passing from one i^w or 
unit to another, is according to the scale of tens. 



Hence, this system of numbers may be treated, ^^ 
in all respects, as simple numbers ; and indeed iwmb«miiMy 
they are such, with the single exception that 
their units have diflferent names. 

They are generally read in the units of dollars. Bow ^m- 
cents, and mills — a comma being placed after 



the figure denoting dollars. Thus, 

• 804,849 

is read eight hundred and sixty-four dollars, 
eighty-four cents, and nine mills; and if there 
were a figure after the 9, it would be read in ^' 
decimals of the mill. The number mav, how- 
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Thenomber ever, be read in any other unit; as, 864649 
variouB wajB. mills ; or, 86484 cents and 9 mills ; or, 8648 
dimes, 4 cents, and 9 mills ; or, 86 eagles, 4 dol- 
lars, 84 cents, and 9 mills; and there are yet 
several other readings. 

ENGLISH HONEY. 

fiteUngMb- § 135. The units of English, or Sterling Mo- 

"^* ney, are 1 farthing, 1 penny, 1 shilling, and 1 

pound. 

Scale of the The scale of this class of numbers is a varying 

scale. Its degrees, in passing from the unit of 

the lowest denomination to the highest, are four. 

How it twelve, and twenty. For, four farthings make 

one penny, twelve pence one shilling, and twenty 

shillings one pound. 



AVOIRDUPOIS WEIGHT. 

Unite in § 136. The units of the Avoirdupois Weight 
" are 1 dram, 1 ounce, 1 pound, 1 quarter, 1 hun- 
dred-weight, and 1 ton. 
soaie. The scale of this class of numbers is a vary- 

ing scale. Its degrees, in passing from the unit 
of the lowest denomination to the highest, are 
sixteen, sixteen, twenty-five, four, and twenty. 
Vulatkmin ^^^» sixtcen dfams make one ounce, sixteen 
itedesroes. quuccs One pouud, twcnty-fivc jiounds one quar- 
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ter, four quarters one hundred, and twenty hun- 
dreds one tosu 



TBOT WEIGHT. 



5 137. The units of the Troy Weight are, 1 ^"i,^ 
grain, 1 pennyweight, 1 ounce, and 1 pound. 

The scale is a varying scale, and its degrees, 
in passing from the unit of the lowest denomina- |^, 
tion to the highest, are twenty-four, twenty, and 
twelve. 

APOTHBCAaiBS' WEIGHT. 

( 138. The units of this weight are, 1 grain, 1 ubIm la 
•cniple, 1 dram, 1 ounce, and 1 pound. Wcisu. 

The scale is a var}'ing scale. Its degrees, in 
passing from the unit of the lowest denomina- ^ 
tion to the highest, are twenty, three, eight, and 
twelve. 

UNITS OP MEASUEE. 

§ 130. There are three units of measure, each ^w»«>«» 

of neiMura. 

differing in kind from the other two. They are, 

Uniu of Length, Units of Surface, and Units of 
Solidity. 

I 

UNITS OP LENGTH. | 

I 

§ 140. The unit of length is used for measur* ^^!^ 
mg lines, either straight or curved. It is a 



I 



I 
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Whatontta 
■ra taken. 



Theitand- straight line of a given length, and is often called 

■rd. 

the standard of the measurement. 

The units of length, generally used as stand- 
ards, are 1 inch, 1 foot, 1 yard, 1 rod, 1 furlong, 
and 1 mile. The number of times which the 
unit, used as a standard, is taken, considered in 
connection with its value, gives the idea of the 
length of the line measured. 



UmoT 
Iflogth. 



UNITS OF SURFACE. 

Unitaor ^ 141. Units of surface are used for the meas- 

urement of the area or contents of whatever has 

the two dimensions of length and breadth. The 

What the unit of surfacc is a square de- 

^^^^ scribed on the unit of length 



1 ftquare foot 



as a side. Thus, if the unit 
of length be 1 foot, the corre- 
sponding unit of surface will 
be 1 square foot ; that is, a square constructed on 
1 foot of length as a side. 

itaoonnoctioa If the linear unit be 1 yard, 
with the uDtt ^|j^ corresponding unit of sur- 

oriength. ^ o 

face wUl be 1 square yard. It 

will be seen from the figure. 
Square fbet that, although the linear yard 
square jani. contaiiis tho linear foot but 

three times, the square yard 



1 yard 
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contains the square foot nine times. The square square rod 

and 

rod or square mile may also be used as the unit sqoare miie. 
of surface. 

The number of times which a surface contains Area or 
Its unit of measure, is its area or contents ; and 
this number, taken in connection with the value 
of the unit, gives the idea of its extent. 

Besides the units of surface already considered, 
there b another kind, called, 



DUODECIMAL UNITS. 

( 142. The duodecimal units are generally Duod«diui 
used in board measure, though they may be used ""''*' 
in all superficial measurements, and also in solid. 

The square foot is the basis of this clnss of iiMirb^ 
tusits, and the others are deduced from it, by a 
descending scale of twelve. 

( 143. It is proved in Geometry, that if the u-htt priori- 
Dumber of linear units in the base of a rectan- ^^J^^J^ 
gte be multiplied by the number of linear units 
in the height, the numerical value of the pro- 
duct will be equal to the number of superficial 
units in the figure. 

Knowing this fact, we often express it by say- ii„^|, ^ 
ing, that "feet multiplied by feet give squaiv ^"^^ 
feet,'* and *'yards multiplied by yards give square 



«x> 



Tzr^r^ 
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Thtancondse yards." But Bs fcct cannot be taken /ce< times, 
expreaBon. ^^^ yards yard times, this language, rightly un- 
derstood, is but a concise form of expression for 
the principle stated above, 
ooociurioib With this understanding of the language, we 
say, that 1 foot in length multiplied by I foot in 
height, gives a square foot ; and 4 feet in length 
multiplied by 3 feet in height, gives 12 square 
feet. 



Examplnln $ 144. If nOW, 1 foOt iu 

cation of feet length be multiplied by 1 inch 

'ia^ea. =A ^f ^ ^^>^^ ^^ height, the 
product will be one-twelfth 
of a square foot ; that is, one- 
twelfth of the first unit: if it 
be multiplied by 3 inches, the product will be 
three-twelfths of a square foot; and similarly 
for a multiplier of any number of inches. 

Inches by If, now, wc multiply 1 inch by 1 inch, the 

product may be represented by 1 square inch: 

HuwtheunitB that is, by one-twelfth of the last unit. Hence, 

what ihey ^he units of this measure decrease according to 



GenenUxa- 



■ro. 



the scale, of 12. The units are, 

Fint 1st. Square feet — arising from multiplying feet 

by feet. 

Boeond. 2d. Twelfths of square feet — arising from mul- 
tiplying feet by inches. 



_ — ^ 
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3d. Twelfths of twelfths — arising from multi- Third, 
plying inches by inches. 

The same remarks apply to the smaller di- amdiMioo 
visions of the foot, according to the scale of 
twelve. 

The difficulty of computing in this measure Dtoedty. 
arises from the changes in the units. 



rNITS OP SOLIDITY. 

( 145. It has already been stated, that if rmtt or wii- 

illtW 

length be multiplied by breadth, the product 

may be represented by units of surface. It is wimi is 

also proved, in Geometry, that if the length, omHiy in n- 

breadth, and height of any regular solid body, ■^•^"'•^ 

of a square form, be multiplied together, the 

product may 1>e represented by solid units whose 

number is equal to this product. Each solid soHdanita. 

unit is a cube constructed on the linear unit as 

an edge. Thus, if the linear unit be 1 foot, the Exampiaa. 

solid unit will be 1 cubic or solid foot ; that is, 

a cube constructed on 1 foot as an edge; and 

if it be 1 yard, the unit will be 1 solid yard. 

The three -units, viz. the unit of length, the Tb«un^ 
unit of surface, and the unit of solidity, are es* ^',, *^Z 
Niitially different in kind. The first is a line *^ 
of a known length ; the second, a square of a u*bai ii,<7 
known side: and the third, a solid, called a *^ 

10 



1 



I 
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GeneraQy cube, of a knowD base and height. These are 
the units used in all kinds of measurement — 

Duodecimal excepting Only the duodecimal system, which 
has already been explained. 

LIQUID MEASURE. 

Unite or Li< § 146. The units of Liquid Measure are, 1 

quldM«M> 

uie. gill, 1 pint, 1 quart, 1 gallon, 1 barrel, 1 hogs- 
head, 1 pipe, 1 tun. The scale is a varying 
scale. Its degrees, in passing from the unit of 
HowitT«- the lowest denomination, are, four, two, four, 
thirty-one and a half, sixty-three, two, and two. 



DRY MEASURE. 



Unite of Di7 § 147. The units of this measure are, 1 pint, 

Menmre. • 

1 quart, 1 peck, 1 bushel, and 1 chaldron. The 
Degrees of degrees of the scale, in passing from units of the 

tho Kile. , , k . 

lowest denomination, are two, eight, four, and 
thirty-six. 

TIME. 

Unite of § 146. The units of Time are, 1 second, 1 
minute, 1 hour, 1 day, 1 week, 1 month, 1 year, 
Desreeeor and 1 ccntury. The degrees of the scale, in 
passing from units of the lowest denomination to 
the highest, are sixty, sixty, twenty-four, seven, 
four, twelve, and one hundred. 



the 



- I 



CBAP. II.] AEITHMBTIC ADTANTAOB8. 147 



CIBCVLAB MBA8VBB. 

§ 149. The units of this measure are, 1 sec- tJnfuorciiw 

enlvMM*- 

ODd» 1 minute, 1 degree, 1 sign, 1 circle. The nn. 
degrees of the scale, in passing from units of the D«s>Msof 
lowest denomination to those of the higher, are 
sixty, sixty, thirty, and twelve. 



ADVANTAGBS OF THB STSTBM OP ITNITIBS. 

(150. It may well be asked, if the method AdTnti«w 

ofthesjileB. 

here adopted, of presenting the elementary prin- 
ciples of arithmetic, has any advantages over 
those now in general use. It is supposed to pos- 
sess the following : 

1st. The system of unities teaches an exact ul 
analysis of all numbers, and unfolds to the mind or 
the difierent ways in which they are formed from 
the unit one, as a basis. 

3d. Such an analysis enables the mind to form «.Pofa»to 
a definite and distinct idea of every number, by muiou 
pointing out the relation between it and the unit 
from which it was derived. 



:! 



Sd. By presenting constantly to the mind the m. 
idea of the unit one, as the basis of all numbers, OMUMor 
the mind is insensibly led to compare this unit ^^' ;. 

with all the numbers which flow from it, and ' 

^1 
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then it can the more easily compare those num- 
bers with each other. 
4Ui.Expiaini 4th. It afTords a more satisfactory analysis, 
fi^fy^ and a better understanding of the four ground 
^1^ rules, and indeed of all the operations of arith- 
metic, than any other method of presenting the 
subject. 

FOUR GROUND RULES. 

Bystem § 151. Let US take the two following examples 
^^jim^^ in Addition, the one in simple and the other in 
denominate numbers, and then analyze the pro- 
cess of finding the sum in each. 



StlfPLB NUMBEB& 

874198 

36984 

3641 



DnrOMTNATB IfUXBEBS 

cwL qr, lb. oe. tbr. 

3 3 24 15 14 
6 3 23 14 8 



914823 



10 3 23 14 6 



Proceaof 

performing 

addition. 



But one 
principle. 



In both examples we begin by adding the units 
of the lowest denomination, and then, we divide 
their sum by so many as make one of the denomi- 
nation next higher. We then set down the 
remainder, and add the quotient to the units 
of that denomination. Having done this, we 
apply a similar process to all the other denomina- 
tions — the principle being precisely the same in 
both examples. We see, in these examples, an 
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I 



iOostration of a general principle of addition, unteorfk* 
Tiz. thai units of the same kind are always added « 
together. 



§ 152. Let us take two similar examples in 
Subtraction. 



8403 
3298 

5105 


£ iL <£ /or. , ^ ' 

6 9 7 2 ■— 1*» 

3 10 8 4 

2 18 10 2 




■" ■ ~ t 

1 



In both examples we begin with the units of tim 
the lowest denomination, and as the number in &• 



the subtrahend is greater than in the place di* 
rectly above, we suppose so many to be added 
in the minuend as make one unit of the next 
higher denomination. We then make the sub- 
traction, and add 1 to the units of the subtrahend 
next higher, and proceed in a similar manner, 
through all the denominations. It is plain that 
the principle employed is the same in both exam- PHDdpte ihm 
plea. Also, that units of any denomination in aiexampte. 
the subtrahend are taken from those of the same 
denomination in the minuend. 

^153. Let us now take similar examples in Moipite' 
Multiplication. 
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SniPLI NUmXBH. DBNOMDCATI NUMBSBfi. 

87464 ft 5 3 3 gr. 

? 9 7 6 2 15 

437320 5 

48 3 2 1 15 



Method of III these examples we see, that we multiply, in 
"^^^toT*^ succession, each order of units in the multipli- 
wMmptoB. cand by the multiplier, and that we carry from 
one product to another, one for every so many as 
«.__.-* make one unit of the next higher denomination, 
pietheaame xhc principk of the proccss is therefore the 



IbraU 



examples, same in both examples. 



DiTlilOO. 



§ 154. Finally, let us take two similar exam- 
ples in Division. 



SIMPLE NUMBSBfl. 

8 )874911 
291637 



PrindpiM in- We begin, in both examples, by dividing the 

'*'*'**• units of the highest denomination. The unit of 

the quotient figure is the same as that of the 

dividend. We write this figure in its place, and 

then reduce the remainder to units of the next 

lower denomination. We then add in that de- 

in the nomination, and continue the division throu^ 

*"***^ all the denominations to the last — the principle 

being precisely the same in both examples. 



DKCOMINATB HUXBEBa. 

£ ». d far. 
3)8 4 2 1 


2 


14 


8 


3 
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■ I 



8XCTI0N II. 



FBAOTIOlfAL UVITl, 



FKACnONAL UNITS.— 8C ALB OF TENS. 



t 
I! 



Om 



III. 



(155. Ip the unit 1 be divided into ten equal 
parts, each part is called one tenth. If one of 
these tenths be divided into ten equal parts, 
each part is called one hundredth. If one qf the kwdmiih ; 
hundredths be divided into ten equal parts, each 
part is called one thousandth ; and corresponding 
naroes are given to similar parts, how far soever GeDctiOLa. 
the divisions may be carried. 

Now, although the tenths which arise from 
dividing the unit 1, are but equal parts of 1, 
they are, nevertheless, whole tenths, and in this 
li'jtht may be regarded as units. 

To avoid confusion, in the use of terms, we 
»hall call every equal part of 1 a fractional unit. 
Hence, tenths, hundredths, thousandths, tenths 
of thottsandths, 6lc., are fractional units, each 
hating a fixed relation to the unit 1, from which 
it was derived. 



whote 
Ihiap. 



rkvrttuoBl 

QDlU. 



1 1 
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Fractional § 156. Adopting a similar language to that 

units of the 

flnt order; used in integer numbers, we call the tenths, frac- 
der, &r" ^^onal units of the first order ; the hundredths, 
fractional units of the second order; the thou- 
sandths, fractional units of the third order ; and 
so on for the subsequent divisions. 
Langaage tor ^^ there any arithmetical language by which 
"■"^^jj*^ these fractional units may be expressed ? The 
decimal point, which is merely a dot, or period, 
whatitozea. indicates the division of the unit 1, according to 
the scale of tens. By the arithmetical language, 
Namee oTthe the unit of the placc next the point, on the right, 
is 1 tenth ; that of the second plade, 1 hun- 
dredth ; that of the thirds 1 thousandth ; that of 
the fourth, 1 ten thousandth; and so on for 
places still to the right. 
Scale. The scale for decimals, therefore, is 

.000000000, &c. ; 

in which the unit of each place is known as 
soon as we have learned the signification of the 
language. 

If, therefore, we wish to express any of the 

parts into which the unit 1 may be divided, ac- 

* ^ ^ . cording to the scale of tens, we have simply to 

Any decunal ^^ * * 

number may selcct from the alphabet, the figure that will 

beexpraaod 

bythiaacaia. exprcss the number of parts, and then write it in 
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the place corresponding to the order of the unit when any 

Thuii, to express four tenths, three thousandths, wiioon. 

e:;;hl ten-thousandths, and six millionths, we 

write 

.403806; ^»»m^ 

and similarly, for any decimal which can be 
named. 

§ 157. It should be observed that while the 
units of place decrease^ according to the scale of 
tens, from left to right, they increase according 'niamiitoiB- 
to the same scale, from right to left. This is the right to mu 
same law of increase as that which connects the 
units of place in simple numbers. Hence, simple oxMeqi 
numbers and decimals being formed according to 
the same law, may' be HTitten by the side of each 
other and treated as a single number, by merely 
preserving the separating or decimal point. 
Thus, 8974 and .67046 may be written 



:l 

1 1 
1 1 



8074.67046 ; 

since ten units, in the place of tenths, make the 
unit one in the place next to the left. 

PBACTXONAL UNITS IN OBNBBAL. 

J 158. If the unit 1 be dividod into two equal Ahrft 
parts, each part is called a half. If it be divided 



I GeneraQy. 

i 
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A third, into three equal parts, each part is called a third : 

if it be divided into four equal parts, each part is 

A fourth, called a fourth : if into five equal parts, each 

A fliih. part is called a fifth ; and if into any number of 

equal parts, a name is given corresponding to the 

number of parts. 

TbewuDiti Now, although these halves, thirds, fourths, 

■re whole 

thingk fifths, &c., are each but parts of the unit 1, they 
are, nevertheless, in themselves, whole things. 

Enonpifli. That is, a half is a whole half; a third, a whole 
third ; a fourth, a whole fourth ; and the same 
for any other equal part of 1. In this sense, 
therefore, they are unitSt and we call them frac- 

HtTBtrehk- tioual uuits. Each is an exact part of the unit 
1, and has a fixed relation to it. 

« 

§ 159. Is there any arithmetical language by 
which these fractional units can be expressed ? 

Lugvage for The bar, written at the right, is the 
9ign which denotes the division of the 
unit 1 into any number of equal parts. 

ToexpraM If wc wish to cxprcss the number of equal 
of eqiai parts iuto which it is divided, as 9, for — 
gxample, we simply write the 9 under 
the bar, and then the phrase means, that some 
thing regarded as a whole, has been divided into 
9 equal parts. 
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To rinow how 
7 manjan 



If, now, we wish to express any 
namber of these fractional units, as 7, 
for example, we place the 7 above the 
line, and read, seven ninths. 



^ 160. It was observed,* that two things are Twoihiofi 
necessary to the clear apprehension of an inte- •|>preh6iid • 
ger number. 

1st. A distinct apprehension of the unit which nni. 
forms the basis of the number ; and, 

2dly. A distinct apprehension of the number seeoad. 
of times which that unit is taken. 

Three things are necessary to the distinct ap- Thm tbiofi 

iMoeairy to 

prehension of the value of any fraction, either apprebeodA 
decimal or vulgar. 

1st. We must know the unit, or whole thing, nni. 
from which the fraction was derived ; 

2d. We must know into how many equal parts SeeoBd. 
that unit is divided ; and, 

3dly. We must know how many such parts ihhd. 
are taken in the expression. 

The unit frx>m which the fraction is derived, uniiorihe 
is called the unit of the fraction ; and one of t^ 
the equal parts is called, the unit of the expres- 
rion. 

For example, to apprehend the value of the 



Section 110. 



.!j 



156 MATHEMATICAL SCIENCE. [bOOK IL 

What wo fraction f of a pound avoirdupois, or fft. ; we 

miut know. 

must know, 
FinL 1st. What is meant by a pound ; 

Second. 2d. That it has been divided into seven equal 

parts; and, 
Third. 8d. That three of those parts are taken. 

In the above fraction, 1 pound is the unit of 
the fraction; one-seventh of a pound, the unit 
of the expression ; and 3 denotes that three frac- 
tional units are taken. 
Unit when If the Unit of a fraction be not named, it is 
taken to be the abstract unit 1. 



ADVANTAGES OP FRACTIONAL TTNITS. 

Every eqoai § 161. By Considering every equal part of uni- 

part of one, t 

uniL ty as a unit of itself, having a certain relation to 
the unit 1, the mind is led to analyze a frac- 
tion, and thus to apprehend its precise significa- 
tion. 
AdvintagM Under this searching analysis, the mind at 
■uuvriL ^^^® seizes on the unit of the fraction as the 
principal basis. It then looks at the value of 
each part. It then inquires how many such parts 
are taken. 
Equal onita, It having bccu shown that equal integer units 
iflgraiorftae- Can aloue be added, it is readily seen that the 
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same principle is equdiy applicable to frac- ttooaUcaa 

tional units ; and then the inquiry is made : .ditod. 
What is necessary in order to make such units 
equal? 

It is seen at once, that two things are neces- '^^ ^^'^'^ 



sarr: 
Ist. That they be parts of the same unit ; and, '^^ 
2d. That they be like parts ; in other wordtf, 
they must be of the same denomination, and 
have a common denominator. 

In regard to Decimal Fractions, all that is dwibmi 
necessary, is to observe that units of the same 
Talue are added to each other, and when the 
fissures expressing them are written down, they 
should always be placed in the same column. 



§ 182. The great difficulty in the management w«c^»n 
of fractions, consists in comparing them with bmo^ or frw- 
each other, instead of constantly comparing them 
with the unity from which they are derived. 
By considering them as entire things, having a 
filed relation to the unity which is their basis, 
they can be compared as readily as integer num- 
bers ; for, the mind is never at a loss when it 
apprehends the unit, the parts into which it is 
divided, and the number of parts which are gi^t.f«im- 
taken. The only reasons why we apprehend and ^Jl^|!J^ 



How 
obvialrd. 



i! 



.1 
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handle integer numbers more readily than frac- 
tions, are, 
FinL 1st. Because the unity forming the basis is 

always kept in view ; and, 
ewood. 2d. Because, in integer numbers, we have 

been taught to trace constantly the connection 
between the unity and the numbers which come 

from it ; while in the methods of treating frac- 
tions, these important considerations have been 
neglected. 



SECTION III. 



PROPORTION AND RATIO. 



Propomon 5 163. Proportion expresses the relation which 
one number bears to another, with respect to its 
being greater or less. 
Twow«yiof XwQ numbers may be compared, the one witii 

oonqMring. 

the other, in two ways : 
lAmeihod. 1st. With rcspcct to their difference, called 

Arithmetical Proportion ; and, 
Mmettiod. 2d. With respect to their quotient, called 

Geometrical Proportion. 
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( 164. The two numbers which are thus com- 
pared, are called terms. The first is called the 
antecedent, and the second the consequent. 

In comparing numbers with respect to their 
diflerence» the question is, how much is one 
greater than the other ? Their difference aflbrds 
the true answer, and is the measure of their pro- 
portion. 

In comparing numbers with respect to their 
quotient, the question is, how many times is one 
greater or less than the other? Their quotient 
or ratio, is the true answer, and is the measure 



* The term rtiio, as now generallj used, mevia the quo- 
tient ahviiig from dividing one number by anocber. We 
•faaU nee it only in thu aenae. 






Thus, if we compare the numbers 1 and 8, 
by their diflSsrence, we find that the 8ec<Hid ex- 
ceeds the first by 7: hence, their diflference 7, 
is the measure of their arithmetical proportion, 
and is called, in the old books, their arithmetical 
ratio. 

If we compare the same numbers by their 
quotient, we find that the second contains the 
first 8 times : hence, 8 is the measure of their 
geometrical proportion^ and is called their geo- **** I 

metrical ratio.^ \ 



1 1 
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Example by of their propoition. Ten, for example, is 9 

greater than 1, if we compare the numbers one 

and ten by their difference. But if we compare 

Byquouent them by their quotient, ten is said to be ten 

**TentimoB.'' times as great — the language "ten times" having 

reference to the quotient, which is always taken 

as the measure of the relative value of two 

ExampiMof numbers so compared. Thus, when we say, 

this use ofthe ^^^^^^ ^^ ^^^j^ of our common system of numbers 

increase in a tenfold ratio, we mean that they so 
increase that each succeeding unit shall contain 
the preceding one ten times. This is a conven- 
ooDTenieDt i^ut language to express a particular relation of 
'■'^"■^' two numbers, and is perfectly correct, when 
used in conformity to an accurate definition. 

In what § 165. All authors agree, that the measure of 
the geometrical proportion, between two num- 



bers, is their ratio ; but they are by no means 

In what dia^ unanimous, nor does each always agree with 

""•^ himself, in the manner of determining this ratio. 

Some determine it, by dividing the first term by 
DUfcrent me- the sccond ; Others, by dividing the second term 

by the first.* All agree, that the standard, what- 

Btandard the '' ^^ 

divisar. ever it may be, should be made the divisor. 

* The Encyclopedia MetropoHtana, a work distinguished 
by the excellence of its scientific articles, adopts the latter 
method. 
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This leads us to inquire, whether the mind what la the 
fixes most readily on the first or second number 
as a standard ; that is, whether its tendency is 
to regard the second number as arising from the 
first, or the first as arising from the second. 

( 166. All our ideas of numbers begin at origiBor 
one.* This is the starting-point. We con- 
ceive of • number only by measuring it with how we ooa 
one, as a standard. One is primarily in the *^^5^* 
mind before we acquire an idea of any other 
number. Hence, then, the comparison begins whmtbe 
at one, which is the standard or unit, and all **^JJ?[^ 
other numbers are measured by it. When, there- 
fore, we inquire what is the relation of one to 
anv other number, as eight, the idea presented ^^ ^^ 
is, how many times does eight contain the stand- i*««««>. 
ard? 

We measure by this standard, and the ratio is Himdani. 
the result of the measurement. In this view of 
the castN the standard should be the first number *^'**^ •****' 

iKottUbr. 

named, and the ratio, the quotient of the second 
number divided bv the first. Thus, the ratio of 
2 to 6 would be expressed by 3, three being the K»nij.>. 
number of times which 6 contains 2. 



I 

1 1 

(. 
i: 



* Section 104. 
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otherreaaora § 167. The reason for adopting this method 

for this infr * 

thodoroom- of coiiiparison will appear still stronger, if we 
pariaon. ^^^ fractional numbers. Thus, if we seek the 

relation between one and one-half, the mind im- 
mediately looks to the part which one-half is of 
cumpariaon one, and this is determined by dividing one-half 

of unity with '' ° 

froctioDB. by 1 ; that is, by dividing the second by the 
first: whereas, if we adopt the other method, 
we divide our standard, and find a quMient 2. 



Geometrical 
proportion. 



§ 168. It may be proper here to observe, that 
while the term " geometrical proportion" is used 
to express the relation of two numbers, com- 
A geometri- pared by their ratio, the term, " a geometrical 

calpropoi^ 

lion deflned. proportion," is applied to four numbers, in which 
the ratio of the first to the second is the same as 
that of the third. to the fourth. Thus, 

Example. 2 : 4 :: 6 : 12, 

is a geometrical proportion, of which the ratio 
is 2. 



Further ad- § 169. We wiU uow State some further ad- 

vantsiiea. 

vantages which result from regarding the ratio 
as the quotient of the second term divided by 
the first. 
Questions in Every question in the Rule of Three is a 

theRulior 

Three: geometrical proportion, excepting only, that the 



ii 
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last term is wanting. When that term is found, 
the geometrical proportion becomes complete. 
In all such proportions, the first term is used as 
the divisor. Further, for every question in the 
Rule of Three, we have this clear and simple 
solution : viz. that, the unknown term or an- bov 
swer, is equal to the third term multiplied by 
the ratio of the first two. This simple rule, for 
finding the fourth term, cannot be given, unless ™J! "*" *" 
we define ratio to be the quotient of the second tutowooor 
term divided by the first. Convenience, there- 
fore, as well as general analogy, indicates this as 
the |nx)per definition of the term ratio. 

^ 170. Again, all authors, so far as I have iiiit 
consulted them, are uniform in their definition ^Md by aa 
of the ratio of a geometrical progression : viz. 
that it is the quotient which arises from divid- 
ing the second term by the first, or any other 
term by the preceding one. For example, in 
the progression 



It 



I 



II 



2 : 4 : 8 : 16 : 32 : 64, &c.. 



Exsmplr; 



aU concur that the ratio is 2 ; that is, that it is !• whtrh 
the quotient which arises from dividing the sec- 



ond term by the first : or any other term by the 

preceding term. But a geometrical progression !• 

diflers from a geometrical proportion only in 
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Thenme this .' in the former, the ratio of any two terms 

place in every IS the Same; while in the latter, the ratio of the 

foTti^OTwe ^^^ ^^^ second is diflferent from that of the sec- 

au the nme. ^^^ ^^^ third. There is, therefore, no essential 

difference in the two proportions. 

Why, then, should we say that in the propor- 
tion 

2 : 4 :: 6 : 12, 



Eumptofc 



the ratio is the quotient of the first term divided 
by the second ; while in the progression 

2 : 4 : 8 : 16 : 32 : 64, &c., 

the ratio is defined to be the quotient of the sec- 
ond term divided by the first, or of any term di- 
vided by the preceding term ? 
Wherein As far as I have examined, all the authors 
hJJ^deJLt- who have defined the ratio of two numbers to 
ed nrom their y^Q the quoticut of the first divided by the sec- 

deflnitlons: ^ "^ 

ond, have departed from that definition in the 

case of a geometrical progression. They have 

How used there used the word ratio, to express the quo- 

******* tient of the second term divided by the first, 

and this without any explanation of a change 

in the definition, 
other in- Most of them have also departed from their 
JJJJ^J^ definition, in informing us that, "numbers in- 
'^'^^ o' crease from right to left in a tenfold ratio," in 
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which the term ratio is used to denote the quo- 
tient of the second number divided by the fint 
The definition of ratio is thos departed from, 
and the idea <^ it becomes confused. Such 
discrepancies cannot but introduce <;oniusion 
into the minds of learners. The same term 
should always be used in the same sense, and 
have but a single signification. Science does 
not permit the slightest departure from this rule. 
I have, therefore, adopted but a siogle significa- 
tion of ratio, and have chosen that one to which 
all authors, so far as I know, have given their 
sanction ; although some, it is true, have aUo 
used it in a diflerent sense. 



toaol 




t* «r 



( 171. One important remark on the subject 
of proportion is yet to be made. It is tlils : 

Any two numbers which are com p a red iog^th* 
er, either by their difference or qmotienX, must 
be of the same kind: that is, they must either 
hate the same unit, as a basis, or be susceptdle 
of reduction to the same unit. 

For example, we can compare 2 pfniitds with 
6 pounds : their difierence is 4 pr^nds, and th«rir a 
ratio tf the abstract number 3. We can alv# ^^^,^ 
compare 2 feet with 8 yards : for, althou;rh tf»f 
unit 1 foot is diflferent from the unit 1 yard, tuil 
8 yards are equal to 24 feet Hence, the difier- 
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ence of the numbers is 22 feet, and their ratio 
the abstract number 12. 
Namben On the Other hand, we cannot compare 2 dol- 

with dUferent 

unite cannot lars with 2 yards of cloth, for they are quantities 

beoompared* 

of different kinds, not being susceptible of reduc- 
tion to a common unit. 
Abfltnct Simple or abstract numbers may always be 

numben may 

be compared. Compared, siucc they have a common unit 1. 



I 
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SECTION lY. 



APFUCATIOirS OF THE SCIENCE OF AKITHKSTIC. 



§ 172. Abithmetic is both a science and a0 
Arithnieiio: art. It is a sciencc in all that relates to the 

Inwbata 

properties, laws, and proportions of numbers. 



The science is a collection of those connected 
otia»M6»' processes which develop and make known the 
laws that regulate and govern all the operations 
performed on numbers. 



What the § 173. Arithmetic is an art, in this : the sci* 
ence lays open the properties and laws of num- 
bers, and furnishes certain principles from which 



^ 
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practical and useful rules are icvmeicL aj<^<Lrft.:*> 

in the mechanic arts and in buF.iies trkii^'dC' 

tions. The art of Arithmetic cof^f^fts ii: Uie ibv^jcs^ 

judicious and skilful apphcatioo c*f the pr.Lci- 

pies of the science; and the ruies coi^Uun the 

directions for such applicatioo. 



§ 174. In explaining the science c( Ah:hirjet«c. u 
great care should be taken that the a&aJysls o[ ^, 
every question, and the reasoning by mhich the 
principles are proved, be made according to the 
strictest rules of mathematical I<^ic. 

Every principle should be laid dijwn aiid ex- 
plained, not only with reference to it^ subsequent 
use and application in arithmetic, but aJ>ri. tcUk 
reference to its connection with the entire muUhe^ 
wuttical science— of which, arithmetic is the ele- 
mentary branch. 



( 175. That analysis of questions, therefore, 
where cost is compared with quantity, or quan- 
tity with cost, and which leads the mind of the 
learner to suppose that a ratio exists between 
quantities that have not- a common unit, is, with- 
out explanation, certainly faulty as a process of 
science. 

For example : if two yards of cloth cost 4 dol- 
lars, what will 6 yards cost at the same rate ? 



»■■ 



tktslX}. 
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Anniysu: AnalyHs. — Two yards of cloth will cost twice 
as much as 1 yard : therefore, if two yards of 
cloth cost 4 dollars, 1 yard will cost 2 dollars. 
Again : if 1 yard of cloth cost 2 dollars, 6 yards, 
being six times as much, will cost six times two 
dollars, or IS dollars. 

Satisfactory Now, this analysis is perfectly satisfactory to 
a child. He perceives a certain relation between 
2 yards and 4 dollars, and between 6 yards and 
12 dollars : indeed, in his mind, he compares 
these numbers together, and is perfectly satisfied 
with the result of the comparison. 

Advancing in his mathematical course, how- 
ever, he soon comes to the subject of propor- 
tions, treated as a science. He there finds. 

Reason why greatly to his surprise, that he cannot compare 

U la defective. , _, 

together numbers which have dinerent units; 
and that his antecedent and consequent must be 
of the same kind. He thus learns that the whole 
system of analysis, based on the above method of 
comparison, is not in accordance with the prin- 
ciples of science. 
True What, then, is the true analysis ? It is this : 

■oalyaia i 

6 yards of cloth being 3 times as great as 2 

yards, will cost three times as much : but 2 yar Js 

cost 4 dollars ; hence, 6 yards will cost 3 times 

„ ^ 4, or 12 dollars. If this last analysis be not 

Hon acten- * 

'^^ as simple as the first, it is certainly moie strictly 
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scientific ; and when once learned, can be ap- ii* 
plied through the whole range of mathematical 
science. 



( 176. There is yet another view of this ques- tLemam\a 
tion which removes, to a great degree, if not m^ -^ij^ 
entirely, the objections to the first analysis. It is 
this: 

The proportion between 1 yard of cloth and 
its cost, two dollars, cannot, it is true, as the 
units are now expressed, be measured by a ratio, 
according to the mathematical definition of a 
ratio. Still, however, between 1 and 2, regard- 
ed as abstract numbers^ there is the same relation Kanbrn 
existing as between the numbers 6 and 12, also "TV* ^ 
regarded as abstract. Now, by leaving out of •*"«*• 
view, for a moment, the units of the numbers, 
and finding 12 as an abstract niunber, and then nMaiMiytto 
assigning to it its proper unit, we have a correct 
analysis, as well as a correct result. 

§ 177. It should be borne in mind, that practi- ««» ib« 

nikr«of«rith* 

cal arithmetic, or arithmetic as an art, selects meucuv 
from all the principles of the science, the mate- 
rials for the construction of its rules and the 
proofs of its methods. As a mere branch of ^^^^ 
practical knowledge, it cares nothing about the ^^^^^^ 
forms or methods of investigation — it demands 



.1 



!t 
.i 



_. J 



170 MATHEMATICAL SCIENCE. [bOOK II. 



the fruits of them all, in the most concentrated 
Bortroieof ^^d practical form. Hence, the best rule of art, 
which is the one most easily applied, and which 
reaches the result by the shortest process, is not 
always constructed after those methods which 
science employs in the development of its prin- 
ciples. 
Defloiuaaor For example, the definition of multiplication is, 
^ tJL ^^^^ ^^ ^ ^^^ process of taking one number, called 
the multiplicand, as many times as there are 
What it de- ^^^^^s in another Called the multiplier. This defi- 



nition, as one of science, requires two things. 

nnL 1st. That the multiplier be an abstract num- 

ber; and, 

Beoond. 2dly. That the product be of the same kind as 
the multiplicand. 

These two principles are certainly correct, 

Uufbe And relating to arithmetic as a science, are uni- 

^jgjji^^aenAtm ^®^*^y ^"*®* ^^^ ^® ^^^Y Universally true, in 
ftwntahing a the scusc in which they would be understood by 

rate of art. "^ ^ 

learners, when applied to arithmetic as a mixed 
subject, that is, a science and an art ? Such an 
application would certainly exclude a large class 
of practical rules, which are used in the appli- 
cations of arithmetic, without reference to par- 
ticular units. 
EnmpiMor Pqj. example, if we have feet in length to be. 

such 

appucatioiii. multiplied by feet in height, we must exclude the 
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question as one to which arithmetic is not appli- 
cable ; or else we must multiply, as indeed we 
do, without reference to the unit, and then assign 
a proper unit to the product. 

If we have a product arising from the three ^"^^'^ <^ 
factors of length, breadth, and thickness, the ai* 
unit of the first product and the unit of the final 
product, will not only be difierent from each 
other, but both of them will be different from 
the unit of the given numbers. The unit of the n* 
given numbers will be a unit of length, the unit 
of the first product Mrill be a square, and that of 
the final product, a cube. 



§ 178. Again, if we wish to find, by the best 
practical rule, the cost of 467 feet of boards at 
30 cents per foot, we should multiply 407 by 
30, and declare the cost to be 14010 cents, or 
•140,10. 

Now, as a question of science, if you ask, can 
we multiply feet by cents ? we answer, certainly " 
not. If you again ask, is the result obtained 
right ? we answer, yes. If you ask for the analy- 
sys, we give you the following : 

1 ibol of boards : 467 feet :: 30 oeats : Answer. 

Now, the ratio of 1 foot to 407 feet, is the ab- 
stract number 467; and 30 cents being multi- 
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plied by this number, gives for the product 14010 

cents. But as the product of two numbers is 

two numerically the same, whichever number be used 

nmnbera. 

as the multiplier, we know that 467 multiplied by 

30, gives the same number of units as 30 multi- 

The flrat role pljed by 467 : hence, the first rule for finding the 

oomd. 

amount is correct. 



scientucin- § 179. I have given these illustrations to pomt 
out the difierence between a process of scientific 
P^ investigation and a practical rule. 

The first should always present the ideas of 
iiieirdiiRsr- the subjcct in their natural order and connection, 

6D06 * In 

whatitooD- while the other should point out the best way of 
obtaining a desired result. In the latter, the 
steps of the process may not conform to the or- 
der necessary for the investigation of principles; 
but the correctness of the result must be suscepti- 
ble of rigorous proof. Much needless and un- 
profitable discussion has arisen on many of the 
processes of arithmetic, from confounding a princi- 
ple of science with a rule of mere application. 



GsoMiof 
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8BCTI0N V. 



OF ISACHIKO AKimiRIO OOmVKMMD* 



OEDBE OF THE 8UBISCT8. 



( 180. It has been well remarked by Cousin, 
the great French philosopher, that " As is the 
method of a philosopher, so will be his system ; 
and the adoption of a method decides the destiny 
of a philosophy/' 

What is said here of philosophy in general, is 
eminently true of the philosophy of mathematical 
science ; and there is no branch of it to which 
the remark applies, with greater force, than to 
that of arithmetic. It is here, that the first no- 
tions of mathematical science are acquired. It 
i^ here, that the mind wakes up, as it were, to 
the consciousness of its reasoning powers. Here, 
it acquires the first knowledge of the abstract — 
si^parates, for the first time, the pure ideal from 
the actual, and begins to reflect and reason on 
pure mental conceptions. It is, therefore, of the 
highest importance that these first thoughts be 
impressed on the mind in their natural and proper 



UtHhod 



Ihwla 



Wbf 
taDportanlla 



Ibouffhtt 
■bouMlM 

rUhily 



174 MATHEMATICAL BCIENCE. [bOOK II. 

fkoium to order, so as to strengthen and cultivate, at the 

be enlflvaled. 

same time, the faculties of apprehension, discrim- 
ination, and comparison, and also improve the 
yet higher faculty of logical deduction. 

Fintpoini: § 181. The first point, then, in framing a 
course of arithmetical instruction, is to deter- 
method of mine the method of presenting the subject. Is 
thetabject. there any thing in the nature of the subject it- 
self, or the connection of its parts, that points 
out the order in which these parts should be 
Laws or studied? Do the laws of science demand a 
What do particular order; or are the parts so loosely 
th^ require T connected, as to render it a matter of indifler- 
ence where we begin and where we end ? A 
review of the analysis of the subject will aid us 
in this inquiry. 



Bwtoorthe § 182. We have seen* that the science of 

nambem numbers is based on the unit 1. Indeed, the 

In what the whole scicuce cousists in developing, explain- 

■cieiioe 

ooDfliata. ing, and illustrating the laws by which, and 

through which, we operate on this unit. There 

Three daaea are three classes of operations performed on the 

ofoporatiooa. 

unit one. 
iM. To jgj rj»^ increase it according to certain scales, 

Increaae the ^ * 

vniL 



t 



I 



I 



* Section 104. 



CBAP. II.] AEITHM BTIC INTEOEB UNITS. 175 



forming the classes of simple and denominate 
nombere; 

2d. To divide it in any way we please, form- M.Ta 
ing the decimal and vulgar fractions ; and, 

Sd. To compare it with all the numbers which atLTaooni 
come from it ; and then those numbers with each 
other. This embraces proportions, of which the 
Rule of Three is the principal branch. 

There is yet a fourth branch of arithmetic ; Fourth 
viz. the application of the principles and of the 
rules drawn from them, in the mechanic arts Pncttai 
and in the ordinary transactions of business. 
This is called the Art, or practical part, of ummUm 
Arithmetic. (See Arithmetical Diagram facing 
page 117.) 

Now, if this analysis be correct, it establishes *—•--- ' 

the order in which the subjects of arithmetic ^ 
ihouid be taught. 



INTBOBB UNITS. 

( 183. We begin first with the unit 1, and in- 



UnttoM 



crease it according to the scale of tens, forming 

^ ^ aooofdinK lo 



InrmiMd 
lOOOfditiK U 

ihe common system of integer numbers. We UM»iriii.-of 

then perform on these numbers the operations 

of the five ground rules; viz. numerate them, DpmttaM 

adil them, subtract them, multiply and divide 

them. 



---\ 
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Next increase We next increase the unit 1 according to the 

it accofding 

to varying Varying scales of the denominate numbers, and 
thus produce the system, called Denominate or 
Concrete Numbers ; after which we perform 
upon this class all the operations of the five 
ground rules. 

What Older § 184. It may be well to observe here, that 

exa^adenoe ^^^ '^^ ^^ cxact scicncc rcquircs us to treat the 

"^"*'*^ denominate numbers first, and the numbers of 

the common system afterwards; for, the com- 

for mon system is but a variety of the class qf de- 



nominate numbers ; viz. that variety, in which 

the scale is the scale of tens, and unvarying. 

Reaaoo for But as 501716 knowledge of a subject must precede 

from it ^^^ generalization, we are obliged to begin the 

subject of arithmetic with the simplest element 



FRACTIONAL UNITS. 

Divisionaor § 185. We now pass to the second class of 
operations on the unit 1 ; viz. the divisions of 

General me- it. Here wc pursuc the most general method, 
and divide it arbitrarily ; that is, into any num- 
ber of equal parts. We then observe that the 

Method no- division of it, according to the scale of tens, is 

■ateortau. ^^^ ^ particular case of the general law of di- 
vision. We then perform, on the fractional 
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units which thus arise, all the operations of the operation 
five ground rules. 



1 1 

I 

M 

I 
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EATIO,— Om BULB OF THBEB. 

§ 186. Having considered the two subjects of sn^ects 
integer and fractional units, we come next to 
the comparison of numbers with each other. 

This branch of arithmetic develops all the whatihit 
relative properties of numbers, resulting from ^eioiM. '. 

their inequality. 

The method of arrangement, indicated above, Yrhu ih« w 
presents all the operations of arithmetic in con- dM». 
nection with the unit 1, which certainly forms 
the basis of the arithmetical science. 

Besides, this arrangement draws a broad line wbaiudoM 
between the science of arithmetic and its ap- 
I'lications; a distinction which it is very im- 
{lurtant to make. The separation of the prin- Tb<»i7UKi ' 
ciples of a science from their applications, so ahuukibc | 
that the learner shall clearly perceive what is •**p*™**'^ 
tli*.^ory and what practice, is of the highest im* 
purtance. Teaching things separately, teaching r.on.nrui.^ 
them well, and pointing out their connections, 
are the golden rules of all successful instruc- 
tion. 

$ 187. I had supposed, that the place of the 

12 
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Rule of Three, among the branches of arith- 
metic, had been fixed long since. But several 

Diobrenoeein authors of late, have placed mbst of the practi- 

' cal subjects before this rule — giving precedence, 

for example, to the subjects of Percentage, In- 

in what they tcrest, Discount, Insurancc, &c. It is not easy 
to discover the motive of this change. It is 

Rjtiopartor certain that the proportion and ratio of num- 

theieianoe. 

bers are parts of the science of arithmetic ; and 
shooidpre- the properties of numbers which they unfold, 

cede applJcA- 

uoQs. are indispensably necessary to a clear apprehen- 
sion of the principles from which the practical 
rules are constructed. 

We may, it is true, explain each example in 

Percentage, Interest, Discount, Insurance, &c., 

Cannot wen by a Separate analysis. But this is a matter 

change the 

order, of much labor ; and besides, does not conduct 

the mind to any general principle, on which 

all the operations depend. Whereas, if the Rule 

of Three be explained, before entering on the 

Advantage! practical subjects, it is a great aid and a pow- 

piaining^^e ®'"^^' auxiliary in explaining and establishing 

^^"^ all the practical rules. If the Rule of Three 

Three. * 

is to be learned at all, should it not rather 

precede than follow its applicajtions ? It is a 

great point, in instruction, to lay down a gen- 

The great gj-gj principle, as early as possible, and then con- 

prlncipleof .^ * 

iMtractioD. ncct with it, and with each other, all the subor- 
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dinate principles, wjth their apjdications, which 
flow from it. 



PBACTICAL PABT. 

4 188. We come next to the 4th division; Api*e"«« 
viz. the applications of arithmetic. 

Under the classification which we have indi- J^ ^^ 
cated, all the principles of the science will have 
been mastered, when the pupil reaches this stage 
of his progress. His business will now be with ^^^^^ 
the application of principles, and no longer in ^ooe. 
the study and development of the principles 
themselves. The unity and simplicity of this V°|^^?^^ 
method of classification, may be made more ap- 
parent, by the aid of the arithmetical diagram 
which faces page 117. 

May we not then conclude that the subjects "«»«»•■>>»- 



of arithmetic should be presented in the follow- be 
ing order : 

1st. All the methods of treating integer num- ^ '"'""^ 
bers, whether formed from the unit 1 according 
to the scale of tens, or according to varying 
scales; 

2d. All the methods of treating fractional uni- m. mMs- 
tief, whether derived from the unit 1 according 
to the scale of tens, or according to varying 
scales; 



•i 
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3(LRiiieor 3d. The proportion and ratios of numbers; 

Tbree. • 

and, 

m 

4th. Appiuxr 4th. The applications of the science of num- 



tlODS. 



bers to practical and useful objects. 



OBJECTIONS TO THIS CLASSIFICATION ANSWERED. 

Twootjeo- § 18^- I^ ^^ \)GQii urged that Common or Vul- 
^^^ g^r Fractions should be placed ''immediately 
after Division, for two reasons** 



FtaiL 



Bsoood. 



" First, they arise from division, being in fact 
unexecuted division." 

"Second, in Reduction and the Compound 
Rules, it is often necessary to multiply and divide 
fractions, to add and subtract them, also to carry 
for them, unless perchance the examples are con- 
structed for the occasion, and with special refer- 
ence to avoiding these difficulties." 

Tbenareao. Thcsc, I belicvc, are all the objections that 
have been, or can be urged against the classifi- 
cation which I have suggested. I give them in 

GiTeninAiiL ^^^l bccausc I wish the subject of arrangement 

to be fully considered and discussed. It should 

What be our main object to get at the best possible 

owobject. system of classification, and not to waste our 
efforts in ingenious arguments in the support of 

To be con- a favorite one. We will consider these objec- 

rideredfle> * 

pwateir. tions separately. 
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It is certainly true, that fractions ** arise from 
diTision," but it is as certainly not true, that they twoo. 
are " unezecuted divisions ;" and this last idea 
has involved the subject in much perplexity and 
difficulty. 

The most elementary idea of a fraction, arises iiMeiemeiii» 

By Idfltt to 

from the division of a single thing into two equal ottained by 
parts, each of which is called a half Now, we OM^^^liM: 
get no idea of this half unless we consider the 
division perfected. And indeed, the method of 
teaching shows this. For, we cannot impress 
the idea of a half on the mind of a child, until Ennpie; 
we have actually divided in his presence the 
apple (or something else regarded as a unit), 
and exhibited the parts separately to his senses ; 
and all other fractions must be learned by a like 
reference to the unit 1. Hence, we can form no And mi 

olbflrwte. 

notion of a fraction^ except on the supposition of 
a perfected division. 

If the term, " unexecuted division," applies to ^^t'nncreiiiad 

<U>i«iuii**due« 

the numerator of the expression, and not to the not apply to 
unit of the fraction, the idea is still more in- I^JT^ 
volved. For, nothing is plainer than that we 
can form no distinct notion of a result, so long 
as the process on which it depends cannot be 
executed. The vairue impression that there is 
something hanging about a fraction that cannot u.« omuk* 
be quite reached, has involved the subject in a 
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difflenttj. 



oooMioned mysterious terror; and the boy approaches it 
with the same feeling which a mariner does a 
rocky and dangerous coast, of which he has 
neither map nor chart to guide him. But pre- 
sent to t}ie mind of the pupil the distinct idea» 
that a fraction is one or more equal parts of 
unity, and that every such part is a perfect whole, 
having a certain relation to the thing froth which 



ETeryflrao- 

tloDhaaa 

flxed relalkm 

to xuiitj. 

it was derived, and all the mist is cleared away, 



and his mind divides the unit in^o any number 
of equal parts, with the same facility as the knife 
divides the apple. 
Form the The form of expression for a fraction, and for 

MOM as Ibr 

annnexectt- ^^ Unexecuted division, is indeed the same, but 

teddiTWoo. ^1^^ interpretation of this expression, as used for 

one or the other, is entirely different. In our 

ArigBinqr common language, the same word is not al- 

expraas diA 

ferent thinflpk ways the sign of the same i^ea ; and in science, 

the same symbol often expresses very different 

things. 

Exampia For example, |, as an expression in fractions, 

beaeprinei- means, that something regarded as a whole has 

^^^ been divided in 7 equal parts, and that 3 of those 

parts are taken. Asa result of division, it means 

that the integer number 3 is to be divided into 

What cannot 7 equal parts. Now, it cannot be assumed, as a 

DO aaaimifsd* 

self-evident fact, that three of the parts of the 
first division are equal to 1 part of the second; 
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and if this fact be made the basis of a system 

of fractions, the mind of i| child will go through '^ •^•^ "^ 

that system in the dark. TA« basis of every sys- •>»«" u? m 

demfnuirjr 

tern should he an elementary idea, mim. 



§ 190. The second objection, as far as it goes, secoodobjec. 

ttoavilkl; 

is valid. In all the tables of denominate num- 
bers, fractions occur five times; viz. twice in 
Long Measure, where 5^ yards make 1 rod, and 
09} statute miles 1 degree ; once in Cloth Mea- 
sure, where i{ inches make 1 nail; once in But or no 
2S<|uare Measure, where 30^ square yards make 
1 square rod ; and once in Wine Measure, where 
31 1 gallons make 1 barrel. Now, it were a little 
better, if these tables had been constructed with 
integer units. But it should be borne in mind, bmnm. 
that the first notions of fractions are given either 
by oral instruction, or learned from elementary 
arithmetics. Most of the leading arithmetics 
are. I believe, preceded by smaller works. These 
arc designed to impart elementary ideas of num- i^ix„ ^ 
bers, so as not to embarrass the classification of "^J 
subjects when the scholar is able to enter on a 
system. Now, the most elementary of these 
works conducts the pupil, in fractions, far be- 
yond the point necessary to understand and '^*^*'']^"* 
manage all the fractions which appear in the iat«itii m ib« 
tables of denominate numbers; and hence, there work*; 
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May then be is DO reason, OD that account, to depart from a 
classification otherwise desirable. 



OfcifecUoiiBto 



OBJECTIONS TO THE NEW METHOD. 

§ 191. Having examined the objections that 
have been urged against that system of classifi- 
cation of the subjects of arithmetic, which has 
the new me- appeared to me most in accordance with the 

th 9^ OODSidr 

ered. principles of science, I shall now point out some 
of the difficulties to be met with in the adoption 
of the method proposed as a substitute. 

Fiiftobjeo- 1st. That method separates the simple and de- 
nominate numbers, which, in their general form- 
ation, differ from each other only in the scale 
by which we pass from one unit of value to an- 
other. 

Beooodobjeo- 2d. By thus Separating these numbers, it be- 
comes more difficult to point out their connec- 
tion and teach the important fact, that in all 
their general properties, and in all the opera- 
tions to be performed upon them, they, differ 
from each other in no important particular. 

Thiid objoo- 3d. By placing the denominate nimibers after 
Vulgar Fractions, all the principles and rules in 

umiuuioDor Fractions are limited in their application to a 
the ruiee. ^^'^^/g ^/^^ of fractions ; viz. to those fractions 
which have the same unit. 
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For example, the common rule for addition Eumpiet: 

ihowlng tbifl* 

of fractions, under this classification, is, in sub- 
stance, the following : " Reduce the fractions to 
a common denominator; add their numerators, Riii«:doi 
and place the sum over the common denomU 
nator." 

As the subject of denominate numbers has lUTe noi yM 
not yet been reached, no allusion can be made frMtioM 
to fractions having different units. If the learn- ^^^^^^^T 
er should happen to understand the rule literally, 
he would conclude that, the sum of all fractions 
having a common denominator is found by sim- 
ply adding their numerators and placing the ThemiM 
sum over the common denominator. But this piyto 



cannot, of course, be so, since ^ of a £ and f '"uoLooiy. 
of a shilling make neither one pound nor one 
shilling. 

What appears to me most objectionable in Gimienob^ 
this method, is this : it fails to present the im- 
|H>rlant fact, that no two fractions can be blend- 
ed into one, either by addition or subtraction, 
unless 'they are parts of the same unit^ as wel 
as like parts. 

By this method of classification most of the This meihud 
difficult questions which arise in fractions are tkm»Tuiiu 
avoided, or else the subject must be resumed ^^^^^^ 
aiVr denominate numbers, and that class of 
questions treated separately. 



I 
.J 
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Whattiwf The class of questions to which I refer, em- 
braces examples like the following : 

Add f of a day, ^ of an hour, and f of a sec- 
ond together. 

It is certainly true that a boy will make mar- 
vellous progress in the text-book, if you limit 
TberabjMt him to thosc examples in which the fractions 

aaallydi*' 

poaedoi; but have a common unit. But, will he ever un- 
derstand the science of fractions unless his mind 
be steadily and always turned to the unit of the 
fraction, as the basis ? Will he understand the 
value of one equal part, so as to compare and 
unite it with another equal part, unless he first 
apprehends, clearly, the units from which those 
parts were derived ? 

Last o^90' 4th. By placing the Denominate Numbers be- 
tween Vulgar and Decimal Fractions, the gen- 
eral subject of fractional arithmetic is broken 
into fragments. This arrangement makes it dif- 

Difflcaitgror ficult to realize that these two systems of num- 

coanectkm of bcrs difier from each other in no essential par- 
ticular ; that they are both formed from the unit 
one by the same process, with only a slight mod- 
ification of the scale of division. 
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ARITHM BTICAL LANGUA6B. 

§ 192. We have seen that the arithmetical al* AnthiMUcu 
phabet contains ten characters.* From these 
elements the entire language is formed ; and we 
now propose to show in how simple a manner. 

The names of the ten characters are the first Nametortiw 
ten words of the language. If the unit 1 be 
added to each of the numbers from 1 to 10 in- Fintteo 
elusive, we find the first ten combinations in tiooa. 
arithmeticf If 2 be added, in like manner, 
we have the second ten combinations; adding SMoodtMi. 

Mid to OOfiV 

8, gives US the third ten combinations ; and so oUMn. 
on, until we have reached one hundred com- 
binations (page 123). 

Now, as we progressed, each set of combina- EMb ■ecgiv- 

ingaDe addi- 
tions .introduced one additional word, and the ttontwoid. 

results of all the combinations are expressed by 

the words from two to twenty inclusive. 

$ 103. These one hundred elementary com- ao ibat dmu 
binations, are all that need be committed to itdio 
memory ; for, every other is deduced from them. 
They are, in fact, but difllerent spellings of the 
first nineteen words which follow one. If we ex- 
tend the words to one hundred, and recollect that 



IIM«- 



* Section 114. f Section 116. 
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at one hundred, we begin to repeat the numbers, 

Words to be we see that we have but one hundred words to 

foradditton. be remembered for addition; and of these, aU 

Only ten abovc ten are derivative. To this number, 

words prlmft- 

uto. must of course be added the few words which 
express the sums of the hundreds, thousands, &c. 

sobtTMiioD: § 194. In Subtraction, we also find one hun- 
dred elementary combinations; the results of 
which are to be read.* These results, and all 

Number of the numbcrs employed in obtaining them, are 
expressed by twenty words. 



wonk. 



MnltlpUc 
tkm: 



§ 195. In Multiplication (the table being car- 
ried to twelve), we have one hundred and forty- 
four elementary combinations,! and fifty-nine 
Number of Separate words (already known) to express the 

words. 

results of these combinations. 



DlylsioD: 

Number of 
words. 

Four hun- 
dred and 
Igfaty-eight 
elementaiy 
oomblnsp 

tiOM. 

Words used: 
19 In sddl- 

tkM, 
10 In sabtrao* 

Uoo, 
flBlnmulti- 



§ 196. In Division, also, we have one hundred 
and forty-four elementary combinations,!]; but 
use only twelve words to express their results. 

§ 197. Thus, we have four hundred and eigh- 
ty-eight elementary combinations. The results 
of these combinations are expressed by one hun- 
dred words ; viz. nineteen in addition, ten in sub- 
traction, fifty-nine in multiplication, and twelve 



• Section 120. f Section 122. t Section 123. 
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in division. Of the nineteen words which are istBdiTWoo. 
employed to express the results of the combina- 
tions in addition, eight are again used to express 
similar results in subtraction. Of the fifty-nine 
which express the results of the combinations 
in multiplication, sixteen had been used to ex- 
press similar results in addition, and one in 
subtraction; and the entire twelve, which ex- 
press the results of the combinations in division, 
had been used to express results of previous 
combinations. Hence, the results of all the ele- 
mentary combinations, in the four ground rules, 
are expressed by sixty-three different words ; and sutTmirae 
they are the only words employed to translate vonuiDao. 
these results from the arithmetical into our com- 
mon language. 

The language for fractional units is similar i^atsmc 
in every particular. By means of a language Action, 
thus formed we deduce every principle in the 
science of numbers. 

^ 198. Expressing these ideas and their com- 
binations by figures, gives rise to the language Lamnimp^of 
of arithmetic. By the aid of this language we 
not only unfold the principles of the science, ito«aiiM 
but are enabled to apply these principles to 
every question of a practical nature, involving 
the use of figures. 



li 
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But few § 199. There is but one further idea to be 
which presented : it is this, — ^that there are very few 
^^^H^^^ combinations made among the figures, which 
ortheflguRM. change, at all, their signification. 

Selecting any two of the figures, as 3 and 5, 
jjjy^^^ for example, we see at once that there are but 
three ways of writing them, that will at aD 
change their signification. 

nnt: First, write them by the side of each ) 3 5, 
other ) 5 3. 



Beoond: Second, write them, the one over ) f, 
the other ) f- 

TbinL Third, place a decimal point before i .3, 
each*- ) .5. 

• 

Now, each manner of writing gives a differ- 
ent signification to both the figures. Use, how- 
Lean the ever, has established that signification, and we 
^'^^ ^ know it, as soon as we have learned the Ian- 

« 

guage. 

We have thus explained what we mean by 
the arithmetical language. Its grammar em- 
itagTBmmar: braces the names of its elementary signs, or 
Alphabet— Alphabet, — the formation and number of its 
their uaes. words, — and the laws by which figures are con- 
nected for the purpose of expressing ideas. Wc 
feel that there is simplicity and l)eauty in this 
system, and hope it may be useful. 
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NBCBSSITT OF EXACT DEFINITIONS AND TERMS. 

§ 200. The principles of every science are rrtndpiMoi 
a collection of mental processes, having estab- 
lished connections with each other. . In every 
liranch of mathematics, the Definitions and DefeUk« 
Terms give form to, and are the signs of, cer- 
tain elementary ideas, which are the basis of 
the science. Between any term and the idea 
which it is employed to express, the connection 
sh<mld be so intimate, that the one will always 
sugi^est the other. 

These definitions and terms, when their sig- wimb 
nifications are once fixed, must always be used always b« 
in the same sense. The necessity of this is most 
urgent. For, ''tn the whole range of arithmetic^ 
science there is no logical test of truth, but in 
a conformity of the reasoning to the definitions 
and terms, or to such principles as have been 
established from them" 



IbUm 



IdmI. 



§ 201. With these principles, as guides, we DcAiitkiM 
[irr»pose to examine some of the definitions and 
t«*rms which have, heretofore, formed the buj^is 
of the arithmetical science. We shall not con- 
fine our quotations to a single author, and shall 
make only those which fairly exhibit the gen- 
eral use of the terms. 



J 
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It is said, 
Number d» "Number signifies a unit, or a collection of 

fined. . I, 

units. 
How " The common method of expressing numbers 

** is by the Arabic Notation. The Arabic method 

employs the following ten characters, or figures," 
&c. 
Names or the "The first nine are called significant figures, 
because each one always has a value, or denotes 
some number." 

And a little further on we have, 
Figuraa hxn " The different values which figures have, are 
called simple and local values.' 

The definition of Number is clear and cor- 
Number rcct. It is a general term, comprehending all 
iin^. the phrases which are used, to express, either 
separately or in connection, one or more things 
Aifloflgnraa. of the same kind. So, likewise, the definition 
of figures, that they are characters, is also right. 
Deflnitionde- But mark how soou thcsc definitions are de- 
'*'**^ "' parted from. The reason given why nine of the 
figures are called significant is, because "each 
one always has a value, or denotes some num- 
ber." This brings us directly to the question, 
Hub a figure whether a figure has a value ; or, whether it is 
a mere representative of value. Is it a number 
or a character to represent number? Is it a 
aehanKter: quantity Or st/mbol? It is defined to be a char- 
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acter which stands for, or expresses a number. 
Has it any other signification ? How then can 
we say that it has a value — and how is it possi- b« no rdna 
Ue that it can have a simple and a local value ? 
The things which the figures stand for, may 
change their value, but not the figures them- 
selves. Indeed, it is very difficult for John to 
perceive how the figure 2, standing in the sec- b^ 
ond place, is ten times as great as the same fig- 
ure 2 standing in the first place on the right! 
although he will readily understand, when the 
arithmetical language is explained to him, that 
the uwiT of one of these places is ten times as una 
great as that of the other. 



i' 



ii 



§ 202. Let us now examine the leading defi- 
nition or principle which forms the basis of the 
arithmetical language. It is in these words : 

*• y umbers increase from right to left in a or 
tenfold ratio ; that is, each removal of a figure 
one place towards the left, increases its value 
ten times** 

Now, it must be remembered, that number dom 
has been defined as signifying ''a unit, or a msMiiT 



with 



collection of units." How, then, can it have a 
right hand, or a left ? and how can it increase 
from right to left in a tenfold ratio f** The 
explanation given \s, that **each removal of a 

13 
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Explanation, figure otie place towards the left, increases its 
value ten times" 

Number, signifying a collection of units, must 
Increase of necessaiily increase according to the law by 

niunben baa 

no connection which thcse uuits are combined ; and that law 

withiignraa. ^^ increase, whatever it may be, has not the 

slightest connection with the figures which are 

used to express the numbers. 

Ratia Bcsidcs, is the term ratio (yet undefined), 

one which expresses an elementary idea ? And 

•"Tenfold is the term, a " tenfold ratio," one of sufficient 

raiio *" 

simplicity for the basis of a system ? 

Does, then, this definition, which in substance 

is used by most authors, involve and carry to 

Four leading the mind of the young learner, the four leading 

numben. ^^^^ which form the basis of the arithmetical 

notation ? viz. : 
FinL 1st. That numbers are expressions for one or 

more things of the same kind, 
seoond. 2d. That numbers are expressed by certain 

characters called figures ; and of which there 

are ten. 
Third. 3d. That each figure always expresses as 

many units as its name imports, and no more. 
Fourth. 4th. That the kind of thing which a figure 

expresses depends on the place which the figure 

occupies, or on the value of the units, indicated 

in some other way. 
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Placb is merely one of the forms of language 
by which we designate the unit of a number, in 
expressed by a figure. The definition attributes 
this property of place both to number and fig- 
ures, while it belongs to neither. 

§ 208. Having considered the definitions and 
terms in the first division of Arithmetic, viz. in 
notation and numeration, we will now pass to iMBitiuni in 
the second, viz. Addition. 

The following are the definitions of Addition, 
taken from three standard works before me : 

** The putting together of two or more num- 
bers (as in the foregoing examples), so as to 
make one tohole number, is called Addition, and 
the whole number is called the sum, or amount.*' 

"Addition is the collecting of numbers to- 
gether to find their sum." 

** The process of uniting two or more num- nM. 
hers together, so as to form one single number, 
is called Addition." 

" The answer, or the number thus found, is 
called the sum, or amount. 

Now, is there in either of these definitions 
any test, or means of determining when the 
pupil gets the thing he seeks for, viz. *' the sum 
of two or more numbers?" No previous defi- 
nition has been given, in either work, of the 
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No prin- 
ciple as a 
atandard. 



term sum. How is the learner to know what 
he is seeking for, unless that thing be defined ? 

Suppose that John be required to find the sum 
of the numbers 3 and 5, and pronounces it to 
be 10. How y^ill you correct him, by showing 
that he has not conformed to the definitions and 
rules ? You certainly cannot, because you have 
established no test of a correct process. 

But, if you have previously defined bum to be 
a number which contains as many units as there 
are in all the numbers added : or, if you say, 

"Addition is the process of uniting two or 
more numbers, in such a way, that all the units 
which they contain may be expressed by a sin- 
gle number, called the sum, or sum total ;" you 
will then have a test for the correctness of the 
Givwatait. proccss of Addition; viz. Does the number, 
which you call the sum, contain as many units 
as there are in all the numbers added ? The 
answer to this question will show that John is 
wrong. 



Oorrecidea- 
nftioD; 



Deflnitkxia of 
fractiooai 



Flnt 



§ 204. I will now quote the definitions of 
Fractions from the same authors, and in the 
same order of reference. 

" We have seen, that numbers expressing wkok 
things, are called integers, or wfiok numbers; 
but that, in division, it is often necessary to 
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or break a whole thing into paris^ and 
that these parts are called fractions, or broken 
numbers." 

" Fractions are parts of an integer." 

" When a number or thing is divided into 
equal parts, these parts are called Fa actions." 

Now, will either of these definitions convey 
to the mind of a learner, a distinct and exact 
idea of a fraction ? 

The term " fraction/' as used in Arithmetic, 
means one or more equal parts of something 
regarded as a whole : the parts to be expressed 
in terms of the thing divided coirsiDEaED as a 
cviT. There are three prominent ideas which 
the mind must embrace : 

1st. That the thing divided be regarded as a 
standard, or unity ; 

2d. That it be divided into equal parts ; 

3d. That the parts be expressed in terms of niinL 
the thing divided, regarded as a unit. 

These ideas are referred to in the latter part The 
of the first definition. Indeed, the definition ^^, 
would suggest them to any one acquainted with 
the subject, but not, we think, to a learner. 

In the second definition, neither of them is be 



I 

I 



hinted at. Take, for example, the integer num- MiBiccvrt 
ber 12, and no one would say that any one part 
of this number, as 2, 4, or 6, is a fraction. 
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Third The third definition would be perfectly accu- 

rate, by inserting after the word "thing, the 
words, " regarded as a whole." It very clearly 
expresses the idea of equal parts, but does not 
In what de- present the idea strongly enough, that the thing 
divided must be regarded as unity, and that the 
parts must be expressed in terms of this unity. 

§ 205. I have thus given a few examples, illus- 
Necenity of trating the necessity of accurate definitions and 
terms. Nothing further need be added, except 
the remark, that terms should always be used in 
the same sense, precisely, in which they are de- 
fined. 
oi]t)ectioo To some, perhaps, these distinctions may ap- 
of thought P®^ over-nice, and matters of little moment, 
aadianguage. j^ ^^^ y^^ supposcd that a general impression, 

imparted by a language reasonably accurate, 
will suflice very well; and that it is hardly 
worth while to pause and weigh words on a 
nicely-adjusted balance. 

Any such notions, permit me to say, will lead 
to fatal errors in education. 
DeflnitioDsiii It is in mathematical science alone that words 
are the signs of exact and clearly-defined ideas. 
It is here only that we can see, as it were, the 
very thoughts through the transparent words by 
which they are expressed. If the words of the 
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definitions are not such as convey to the mind Man be 

•xaci lo 

of the learner, the fundamental ideas of the muodcoi^ 
science, he cannot reason upon these ideas; '* 

for, he does not apprehend them ; and the great 
reasoning faculty, by which all the subsequent 
principles of mathematics are developed, is en- 
tirely unexercised.* 
It is not possible to cultivate the habit of omioiaoiei^ 

wise cultlTito 

accurate thinking, without the aid and use of habiuor 
exact language. No mental habit is more use- 
ful than that of tracing out the connection be- 
tween ideas and language. In Arithmetic, that 
connection can be made strikingly apparent, comwctioo 
Clear, distinct ideas— diamond thoughts — ^may word* and 
be strung through the mind on the thread of ^I^JI^^ 
science, and each have its word or phrase by 
which it can be transferred to the minds of 
others. 



I 
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HOW SHOULD THE SUaiECTS BE PRESENTED? 



§ 206. Having considered the natural connec- \^*imi 
tion of the subjects of arithmetic with each cuautu-rod. 
other, as branches of a single science, based on 
a single unit; and having also explained the 
necessity of a perspicuous and accurate lan- 



I. 



• SectioD 300. 
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How o««far guage ; we come now to that important inquiry, ' 
to be pre- How ought those subjects to be presented to the 
*"**** mind of a learner ? Before answering this ques- 
Twooi^ecn tion, wc should reflect, that two important ob- 
arithmeik: j^cts should be sought after in the study of arith- 
metic : 

r 

Fint 1st. To train the mind to habits of clear, 

* 

quick, and accurate thought — to teach it to 
apprehend distinctly — ^to discriminate closely — 
to judge truly — and to reason correctly ; and, 
BeooBd. 2d. To give, in abundance, that practical i 
knowledge of the use of figures, in their va- 
rious applications, which shall illustrate the stri- 
AitoTuitii- king fact, that the art of arithmetic is the most 
important art of civilized life — being, in fact, 
the foundation of nearly all the others. 

Howflntim- § 207. It is Certainly true, that most, if not 

pfunjoni are ■ i v 

all the elementary notions, whether abstract or 



practical — that is, whether they relate to the 
science or to the art of arithmetic, must be 
made on the mind by means of sensible objects. 
Because of this fact, many have supposed that 
the processes of reasoning are all to be con* 
dueled tj^ ducted by the same sensible objects; and that 
every abstract principle of science is to be de- 
veloped and established by means of sofas, 
chairs, apples, and horses. There seems to be 
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of ewrying 

them 

mjoikL 



Hi 



aa impression that because blocks are useful senriMe 
aids in teaching the alphabet, that, therefore tmoqairiog 
they can be used advantageously in reading *^J,^^^|^ 
Milton and Shakspeare. This error is akin to 
that of attempting to teach practically, Geog- 
raphy and Surveying in connection with Geom- 
etry, by calling the angles of a rectangle, north, 
south, east, and west, instead of simply designa- 
tiug them by the letters A, B, C, and D. 

This false idea, that every principle of sci- fUnidM 
ence must be kamed practically^ instead of 
being rendered practical by its applications, has 
been highly detrimental both to science and art. 

A mechanic, for example, knowing the height 
o( his roof and the width of his building, wishes 
to cut his rafters to the proper length. If he 
calls to his aid the established, though abstract 
principles of science, he finds the length of his 
rafter, by the well-known relation between the 
hypothenuse and the two sides of a right-angled 
triangle. If, however, he will learn nothing ex- 
cept practically, he must raise his rafter to the or imnim 
roof, measure it, and if it be too long cut it ofi) 
if too short, splice it. This is the practical way 
of learning things. 

The truly practical way, is that in which skill 
is guided by science. 

Do the principles above stated find any appli- 



oTlbeapptt- 
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cation in considering the question, How should 
Can arithmetic be taught? Certainly they do. If 

be MppUeda 

arithmetic be both a science and an art, it 
should be so taught and so learned. 



Principles § 208. The principles of every science are gen- 

of (iCteD06S 

eral and abstract truths. They are mere ideas, 
What primarily acquired through the senses by experi- 
ence, and generalized by processes of reflection 
wtoe and reasoning; and when understood, are certain 
guides in every case to which they are applicable. 
If we choose to do without them, we may. But 
is it wise to turn our heads from the guide-boaids 
and explore every road that opens before us ? 

Now, in the study of arithmetic those princi- 
ples of science, applicable to classes of cases, 
When should always be taught at the earliest possible 

and how 

theyahonid momcut. The mind should never be forced 

through a long series of examples, without ex- 

The mettioda plauatiou. One or two examples should always 

pointed ont 

precede the statement of an abstract principle, 
or the laying down of a rule, so as to make the 
language of the principle or rule intelligible. 
But to carry the learner forward through a 
Prtndpiea scrics of them, before the principle on which 

to be impra** j t i 

led. they depend has been examined and stated, is 
forcing the mind to advance mechanically — ^it 
is lifting up the rafter to measure it, when its 
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exact length could be easily determined by a 
role of science. 

As most of the instruction in arithmetic must 
be given with the aid of books, we feel unable 
to do justice to this branch of the subject with- 
out submitting a few observations on the nature 
o( text-books and the objects which they are in- 
tended to answer. 



Booki: 



tortimtlaf 



WbaiB 



TBXT-BOOKS. 

§ 209. A text-book should be an aid to the TtaMm*: 
teacher in imparting instruction, and to the 
learner in acquiring knowledge. 

It should present the subjects of knowledge 
in their proi)er order, with the branches of each 
subject classified, and the parts rightly arranged. 
No text-book, on a subject of general knowledge, 
can contain all that is known of the subject on 
which it treats; and ordinarilv, it can contain 
but a very small part. Hence, the subjects to 
be presented, and the extent to which they are DUBcoiiioi 
to \te treated, are matters of nice discrimination 
and judgment, about which there must always 
be a diversity of opinion. 



of wibjecti 
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(210. The subjects selected should be leading 
ones, and those best calculated to unfold, ex- 
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plain, and illustrate the principles of the science. 
Hofw They should be so presented as to lead the mind 
lo analyze, discriminate, and classify ; to see 
each principle separately, each in its combina- 
tion with others, and all, as forming an harmo- 
nious whole. Too much care cannot be be- 
BaggwttTe stowed in forming the suggestive method of 
arrangement: that is, to place the ideas and 
principles in such a connection, that each step 
for. shall prepare the mind of the learner for the next 
in order. 



oi^ect §211. A text-book should be constructed for 

of ft tex^ 

book: the purpose of furnishing the learner with the 
keys of knowledge. It should point out, explain, 

Nature; and illustrate by examples, the methods of in- 
vestigating and examining subjects, but should 
leave the mind of the learner free from the re- 

uwiMi straints of minute detail. To fill a book with 
the analysis of simple questions, which any child 
can solve in his own way, is to constrain and 
force the mind at the very point where it is ca^ 
pable of self-action. To do that for a pupil, 
which he can do for himself, is most unwise. 

Should § 212. A text-book on a subject of science 

loricaL should not be historical. At first, the minds of 

children are averse to whatever is abstract, be- 



- '^ 
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cause what is abstract demands thought, and 
thinking is mental labor from which untrained 
minds turn away. If the thread of science be 
broken by the presentation of facts, having no 
connection with the argument, the mind will 
leave the more nigged path of the reasoning, 
and employ itself with what requires less eflfort 
and labor. 

The optician, in his delicate experiments, ex- 
cludes all light except the beam which he uses : 
so, the skilful teacher excludes all thoughts 
excepting those which he is most anxious to 
impress. 

As a general rule, subject of course to some 
exceptions, but one method for each process om 
should be given. The minds of learners should 
not be confused. If several methods are given, 
it becomes difficult to distinguish the reasonings 
applicable to each, and it requires much knowl- 
edge of a subject to compare different methods 
with each other. 



( 213. It seems to be a settled opinion, both How om 
among authors and teachers, that the subject of di\Mi««L 
arithmetic can be best presented by means of 
three separate works. For the sake of distinc- 
tion, we will designate them the First, Second, 
and Third Arithmetics. 



_ J 
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We will now explain what we suppose to be 
the proper construction of each book, and the 
object for which each should be designed. 



FIRST AEITHMBTIC. 

Fint § 214. This book should give to the mind 

AiiUim«tte: 

its first direction in mathematical science, and 

its first impulse in intellectual development 

tti Hence, it is the most important book of the 

t]npoitno6. 

series. Here, the faculties of apprehension, dis- 
crimination, abstraction, classification and com- 
parison, are brought first into activity. Now, 
How to cultivate and develop these faculties rightly, 

the mbJeetB . , i 

miHtiM we must, at first, present every new idea by 
'*™™ means of a sensible object, and then immedi- 
ately drop the object and pass to the abstract 
thought. 
Order We must also present the ideas consecutively; 

oTUieklBM. 

that is, in their proper order ; and by the mere 
method of presentation awaken the comparative 
and reasoning faculties. Hence, every lesson 
should contain a given number of ideas. The 
cnofltracuon idcas of cach Icssou, beginning with the first. 



should advance in regular gradation, and the 
lessons themselves should be regular steps in 
the progress and development of the arithmeti- 
cal science. 
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§ 215. The first lesson should merely contain Fini 
representations of sensible objects, placed oppo- 
site names of numbers, to give the impression 
of the meanings of these names : thus, 

One * vThMiH 

Two * * 

Three * * * 

6ic. &c. 



One - - 


- - 1 


Four - - 


. - 4 


Two - - 


. . 2 


Five - - 


. - 5 


Three - 


. . 8 


Six . . 


- - 6 


&c. 


&c. 


&c. 


&c. 



The Roman method of representing numbers 
should next be taught, making the fourth lesson : 
vix., 



And with young pupils, more striking objects j 

should be substituted for the stars. ' 

In the second lesson, the words should be re- 
placed by the figures : thus, 

1 ♦ 

2 *♦ 

3 ♦♦* 

&c. &c. 

In the third lesson, I would combine the ideas 
of the first two, by placing the words and fig- 
ures opposite each other : thus, 



mrd 
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I' 



.1 



l! 



I' 



I ■ 
I 

I. 
,1 



One - - - - I. 
Two - - . - n. 
Three - - lU. 



Four ... IV. 
Five . - - V. 
Six - - - VI. 



I! 

I 



Ftan § 216. We come now to the first ten com- 

■ihm: bi nations of numbers, which should be given in 

a separate lesson. In teaching them, we must, 

of course, have the aid of sensible objects. We 

teach them thus : 

One and one are how many? 

Bom ^ 

a^g, ^ One and two are how many? 

One and three are how many? 

* ♦ ♦ ♦ 

&c. &c. &c., 

through all the combinations: after which, we 
Bow In pass to the abstract combinations, and ask, one 
and one are now many r one and two, how 
many ? one and three, &c. ; after which we 
express the results in figures. 

We would then teach in the same manner, in 
a separate lesson, the second ten combinations ; 
then the third, fourth, fifth, sixth, seventh, eighth, 
ninth, and tenth. In the teaching of these com* 
woidsiMd. binations, only the words from one to twenty 
will have been used. We must then teach the 
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combinations of which the results are expressed Porther 

omnbUM* 

by the words from twenty to one hundred. 



^ 217. Having done this, in the way indi- 
cated, the learner sees at a glance, the basis on 
which the system of common numbers is con- 
structed. He distinguishes readily, the unit one bov 

I 

from the unit ten, apprehends clearly how the 
second is derived from the first, and by com- 
paring them together, comprehends their mutual 
relation. 

Having sufficiently impressed on the mind oi 
the learner, the important fact, that numbers are 
but expressions for one or more things of the 
same kind, the unit mark may be omitted in the nntt 
combinations which follow. 



■MChodtai 
llMoUMr 



( 218. With the single diflference of the omis- 
sion of the unit mark, the very same method 
should be used in teaching the one hundred 
combinations in subtraction, the one hundred 
and forty-four in multiplication, and the one 
hundred and forty-four in division. 

When the elementary combinations of the four 

trround rules are thus taught, the learner looks KMuibior 

back through a series of regular progression, in 

which every lesson forms an advancing step, 

and where all the ideas of each lesson have a 

14 
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mutual and intimate connection with each other. 

Arethej Will not such a system of teaching train the 

mind to the habit of regarding each idea sepa- 

The rately — of tracing the connection between each 

give. new idea and those previously acquired — and of 

comparing thoughts with each other ? — and are 

not these among the great ends to be attained, 

by instruction ? 



§ 219. It has seemed to me of great import- 
Fignrea ance to use figures in the very first exercises of 
QflodMrij. sirithmetic. Unless this be done, the operations 
must all be conducted by means of sounds, and 
bmsoob. the pupil is thus taught to regard sounds as the 
proper symbols of the arithmetical language. 
coiu»- This habit of mind, once firmly fixed, cannot 
naiogwonk be easily eradicated; and when the figures are 
^^' learned afterwards, they will not be regarded 
as the representatives of as many things as 
their names respectively import, but as the rep- 
resentatives merely of familiar sounds which 
have been before learned. 

This would seem to account for the fact, 
about which, I believe, there is no difference of 
oni opinion; that a course of oral arithmetic, ex- 
tending over the whole subject, without the aid 
and use of figures, is but a poor preparation 
for operations on the slate. It may, it is true, 
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sharpen and strengthen the mind, and give it wbat 

development: but does it give it that language 

and those habits of thought, which turn it into whatu 

dOM DOtdOb 

the pathways of science? The language of a 



science aflbrds the tools by which the mind 

ofailUunette: 

pries into its mysteries and digs up its hidden 
treasures. The language of arithmetic is formed 
from the ten figures. By the aid of this Ian- its 
guage we measure the diameter of a spider's 
web, or the distance to the remotest planet wbai 
which circles the heavens ; by its aid, we cal- 
culate the size of a grain of sand and the mag- 
nitude of the sun himself: should we then aban- 
don a language so potent, and attempt to teach iHTdM. 
arithmetic in one which is unknown in the 
higher departments of the science ? 






^ 220. We next come to the question, how 
the subject of fractions should be presented in 
an elementary work. 

The simplest idea of a fraction comes from 
dividing the unit one into two equal parts. To 
ascertain if this idea is clearly apprehended, put bqw 
the question. How many halves are there in 
one? The next question, and it is an import- Next 
ant one, is this : How many halves are there in 
one and one-half? The next, How many halves \ 

in two? How many in two and a half? In 
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three ? Three and a half? and so on to twelye. 
BetaOiM. You wiU thus evoIve all the halves from the 
units of the numbers from one to twelve, in- 
clusive. We stop here, because the multipli- 
cation table goes no further. These combina- 

FintiMMn. tions should be embraced in the first lesson on 
fractions. That lesson, therefore, will teach the 

Its extent relation between the unit 1 and the halves, and 
point out how the latter are obtained from the 
former. 

Second § 221. The second lesson should be the first, 

*""°°' reversed. The first question is, how many 

ondet whole things are there in two halves ? Sec- 

**" ond. How many whole things in four halves? 

How many in eight ? and so on to twenty-four 

halves, when we reach the extent of the division 
EztootoT table. In this lesson you will have taught the 

pupil to pass back from the fractions to the unit 

from which they are derived. 

Fundamental § 222. You havc thus taught the two funda^ 
^ mental principles of all the operations in firac- 

tions: viz. 
FinL 1st. To deduce the fractional units from in- 

teger units ; and, 
Beeond. 2dly. To deducc integer units from fractional 
units. 



4 



r 
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orik« 



§ 223. The next lesson should explain the law 
by which the thirds are derived from the units ^ih^i 
from 1 to 12 inclusive ; and the following lesson 
the manner of changing the thirds into integer 
units. 

The next two lessons should exhibit the same Foortiw 

■BdollMr 

operations performed on the fourth, the next 
two on the fifth, and so on to include the 
twelfth. 

^ 224. This method of treating the subject of 
fractions has many advantages : 

1st. It points out, most distinctly, the relations 
between the unit 1 and the fractions which are 
derived from it. 

2d. It points out clearly the methods of pass- 
ing from the fractional to the integer units. 

3d. It teaches the pupil to handle and com- tuid. 
bine the fractional units, as entire things. 

4th. It reviews the pupil, thoroughly, through rvuih. 
the multiplication and division tables. 

5th. It awakens and stimulates the faculties mik. 
of apprehension, comparison, and classification. 

§ 225. Besides the subjects already named, ^'ha^ 
the Furst Arithmetic should also contain the Aiiibmrtic 
tables of denominate numbers, and collections ■'■*^*^ 
of simple examples, to be worked on the slate, 



1 
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Exunpiea, under the direction of the teacher. It is not 

how taught. 

supposed that the mind of the pupil is suffi- 
ciently matured at this stage of his progress to 
understand and work by rules. 

What § 226. In the First Arithmetic, therefore, 

taught in t*^® P^pil should be taught, 
^^^ 1st. The language of figures ; 

2d. The four hundred and eighty-eight ele- 
seooDd. mentary combinations, and the words by which 

they are expressed ; 
Thiid. 3d. The main principles of Fractions ; 
Fourth. 4th. The tables of Denominate Numbers ; and, 
Fifth. 5th. To perform, upon the slate, the element- 

ary operations in the four ground rules. 



SECOND ABITHMETIC. 

seooDd § 227. This arithmetic occupies a large space 
in the school education of the country. Many 
study it, who study no other. It should, there- 

whatit fore, be complete in itself. It should also be 
eminently practical; but it cannot be made so 
either by giving it the name, or by multiplying 
the examples. 



pnctioai § 228. The truly practical cannot be the ante- 

•ppUeattonof 

principle, cedent, but must be the consequent of science. 
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Hence, that general arrangement of subjects Ainn««iMiii 

of miUmIl 

demanded by science, and abready explained, 
n)ust be rigorously followed. 

But in the treatment of the subjects them- 
selves, we are obliged, on account of the limited 
information of the learners, to adopt methods of 
teaching less general than we could desire. 



( 2t20. We must here, again, begin with the 
unit one, and explain the general formation of 
the arithmetical language, and must also ad* 
here rigidly to the method of introducing new 
principles or rules by means of sensible objects. 
This is most easily and successfully done either ^o^ 
by an example or question, so constructed as to 
fhow the application of the principle or rule. 
Such questions or examples being used merely 
lor the purpose of illustration, one or two will p«w 
answer the purpose much better than twenty : 
for, if a large number be employed, they are R« 
regarded as examples for practice, and are lost 
si'jht of as illustrations. Besides, it confuses 
the mind to drag it through a long series of 
examples, before explaining the principles by 
which they are solved. One example, wrought owrxMnpi^ 

■nderftnila. 

under a principle or rule clearly apprehended, 

ccMiveys to the mind more practical informa- * 

tion, than a dozen wrought out as inde|K^ndeut 



216 



MATHEMATICAL SCIENCE. [ BOOK II. 



Principle, exercises. Let the principle precede the prac- 
Practice, tice, in all cases, as soon as the information 

acquired will permit. This is the golden rule 

both of art and morals. 



Jta Talue 
faiAddlUoo: 



subjecia § 230. The Second Arithmetic should em- 
brace all the subjects necessary to a full view 
of the science of numbers ; and should contain 
an abundance of examples to illustrate their 

BeMiiog: practical applications. The reading of numbers, 
so much (though not too much) dwelt upon, is 
an invaluable aid in all practical operations. 

By its aid, in addition, the eye runs up the 
columns and collects, in a moment, the sum of 
Babtncuon: all the numbcrs. In subtraction, it glances at 
the figures, and the result is immediately sug- 
gested. In multiplication, also, the sight of the 
figures brings to mind the result, and it is 
reached and expressed by one word instead of 
five. In short division, likewise, there is a cor- 
responding saving of time by reading the results 
of the operations instead of spelling them. The 
method of reading should, therefore, be con- 
stantly practised, and none other allowed. 



Mohl- 
pUcatkm: 



DMaiaa. 
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THIRD ARITHMETIC. 

§ 231. We have now reached the place where Thni 
anthmetic may be taught as a science. The 
pupil, before entering on the subject as treated p>«pftniioQ 
here, should be able to perform, at least mechan- 
ically, the operations of the five ground rules. 

Arithmetic is now to be looked at from an 
entirely different point of view. The great vicworu. 
principles of generalization are now to be ex- 
plained and applied. 

Primarily, the general language of figures wbn 
must be taught, and the striking fact must then primarily. •> 
be explained, that the construction of all integer 
numbers involves but a single principle, viz. 
the law of change in passing from one unit to c^Mnikw: 
another. The basis of all subsequent operations 
will thus have been laid. 

§ 232. Taking advantage of this general law 
which controls the formation of numbers, we ontroit i 

imithiii of 

bring all the operations of reduction under one mimbcn 
single principle, viz. this law of change in the 
unities. 
Passing to addition, we are equally surprised lo v«im 

tn Atidhtnm. 

and delighted to find the same principle con- 
trolling all its operations, and that integer num- 
bers of all kinds, whether simple or denominate, 
ouy be added under a single rule. 
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Adraotages This view opciis to the mind of the pupil a 
^neraitow* wide field of thought. It is the first illustra- 
tion of the great advantage which arises from 
looking into the laws by which numbers are 
BubtnctioD. constructed. In subtraction, also, the same 
principle finds a simUar application, and a sim- 
ple rule containing but a few words is found 
applicable to all the classes of integer numbers. 

In multiplication and division, the same stri- 
king results flow from the same cause; and 
Geneni thus this simple principle, viz. the law of change 
^benT^ in passing from one unit of value to another, is 
the key to all the operations in the four ground 
rules, whether performed on simple or denomi- 
nate numbers. Thus, all the elementary opera- 
controii tions of arithmetic are linked to a single prin- 
"'^^'Zod!^ ciple, and that one a mere principle of arith- 
metical language. Who can calculate the la- 
bor, intellectual and mechanical, which may 
be saved by a right application of this lumin- 
ous principle ? 



Dedgn § 233. It should be the design of a higher 

thehighfl 
artthmetic: 



,. arithmetic to expand the mind of the learner 



over the whole science of numbers; to illus- 
trate the most important applications, and to 
make manifest the connection between the sci- 
ence and the art. 
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It will not answer these objects if the methods in 
of treating the subject are the same as in the 
elementary works, where science has to com- 
promise with a want of intelligence. An ele- 
mentary is not made a higher arithmetic, by MnnbaTO 
merely transferring its definitions, its principles, 
and its rules into a larger book, in the same 
order and connection, and arranging under them 
an apparently new set of examples, though in fact 
constructed on precisely the same principles. 



( 234. In the four ground rules, particularly connnio- 

tkmotcsMM 

(where, in the elementary works, simple exam- piMintho 
pies must necessarily be given, because here 
they are used both for illustration and practice), 
the examples should take a wide range, and be 
so selected and combined as to show thei' com- 
mon dependence on the same principle. 

i 235. It being the leading design of t series Dnicn 
of arithmetics to explain Hcd illustrate the sci- 
ence and art of numbers, great care nhould be 
taken to treat all the subjects, as far as their 
different natures will permit, according to the 
same general methods. In passing from one 
bcK>k to another, every subject which has been Bnh^fHB 

to b* imn^ 

fully and satisfactorily treated in the one, should ibrrvdwhco 
be transferred to the other with the fewest po«- ^^ 



I 



I 



i 

I 
J 
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Howoom- sible alterations; so that a pupil shall not have 
majbe to leam under a new dress that which he has 
already fully acquired. They who have studied 
the elementary work should, in the higher one, 
either omit the common subjects or pass them 
over rapidly in review. 

The more enlarged and comprehensive views 

BflMOM. which should be given in the higher work will 
thus be acquired with the least possible labor, and 
the connection of the series clearly pointed oat. 
This use of those subjects, which have been 
fully treated in the elementary work, is greatly 
preferable to the method of attempting to teach 

Addittoaai cvcry thing anew : for there must necessarily be 
much that is common ; and that which teaches 
no new principle, or indicates no new method of 
application, should be precisely the same in the 
higher work as in that which precedes it. 



■tated. 



§ 236. To vary the examples, in form, without 

changing in the least the principles on which 

A oontmy they are worked, and to arrange a thousand such 

method toads 

tooooftirioo: collcctions Under the same set of rules and sub- 
ject to the same laws of solution, may give a 
little more mechanical facility in the use of 
figures, but will add nothing to the stores of 
arithmetical knowledge. Besides, it deludes the 
learner with the hope of advancement, and when 
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he reaches the end of his higher arithmetic, he it 
finds, to his amazement, that he has been con- 
ducted by the same guides over the same ground 
through a winding and devious way, made 
strange by fantastic drapery : whereas, if what 
was new had been classed by itself, and what 
was known clothed in its familiar dress, the sub- 
ject would have been presented in an entirely 
diflerent and brighter light* 



COlfCLITDINO KBMABXS. 

We have thus completed a full analysis of the 
language of figures, and of the construction of 
numbers. 

We have traced from the unit one, all the 
numbers of arithmetic, whether integer or frac- 
tional, whether simple or denominate. We have 
developed the laws by which they are derived 
from this common source, and perceived the 
connections of each class with all the others. 

We have examined that concise and beautiful 
language, by means of which numbers are made 
available in rendering the results of science 
practically useful ; and we have also considered 
the best methods of teaching this great subject 
— the foundation of all mathematical science — 
and the first among the useful arts. 



ttM|Nipil: 



tt 
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AiMklyite 

OrilMlM» 
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CHAPTER III. 



mmtmr uaimm lum ot or wbiob it tebat^— ooMPABnox ahd nop> 
KftTiw OP piouan — DxxoimmATioif — pbopobtiom — tuoounoxt pob 



OBOMBTRT. 

( 237. Geometry treats of space, and com- 
pares portions of space with each other, for the 
purpose of pointing out their properties and mu- 
tual relations. The science consists in the de- iik 
velopment of all the laws relating to space, and 
is made up of the processes and rules, by means 
of which portions of space can be best compared 
with each other. The truths of Geometry are a ^ 
series of dependent propositions, and may be di- ^ ^"* 
Tided into three classes : 

Ist. Truths impUed in the definitions, viz. that ^^ tvm 
things do exist, or may exist, corresponding to UM^dHini- 
the words defined. For example : when we say, 
** A quadrilateral is a rectilinear figure having four 
sides,** we imply the existence of such a figure. 

2d. Self-evident, or intuitive truths, embodied ^ 
in the axioms ; and, 

3d. Truths inferred from the definitions and ^ 



1 1 
1 1 

I 
I, 



;l 
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sinUTo axioms, called Demonstrative Truths. We say 
that a truth or proposition is proved or demon- 

moosirated. strated, when, by a course of reasoning, it is 
shown to be included under some other truth or 
proposition, previously known, and from which 
is said toyb//oi&; hence, 

Demonoim- A DEMONSTRATION is a sciies of logical argtt- 

tion. 

ments. brought to a conclusion, in which the 
major premises are definitions, axioms, or prop- 
ositions already established. 

Ba\4edM of § 238. Before we can understand the proofa 
or demonstrations of Geometry, we must under- 
stand what that is to which demonstration is 
applicable: hence, the first thing necessary is 
to form a clear conception of space, the subject 
of all geometrical reasoning.* 
Names of ^^^^ Q^^t stcp is to give names to particular 
**™* forms or limited portions of space, and to define 
these names accurately. The definitions of these 
names are the definitions of Geometry, and the 
portions of space corresponding to them are 
Fignrat. called Figures, or Geometrical Magnitudes; of 
Three kinda. which there are three general classes : 
Fim. 1st. Lines; 

Beoood. 2d. Surfaces; 
niird. 9d. Solids. 



* Sections 81 to 86. 



_ 



I 
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§ 239. Lines embrace only one dimension of uam, 
space, viz. length, without breadth or thickness. 
The extremities, or limits of a line, are called 
points. 

There are two general classes of lines — straight Two dmm: 
lines and curved lines. A straight line is one gottml 
which lies in the same direction between any 
two of its points ; and a curved line is one which 
constantly changes its direction at every point. 
There is but one kind of straight line, and that is om kind or 
fiilly characterized by the definition. From the , 

definition we may infer the following axiom : " A 
straight line is the shortest distance between two 
points." There are many kinds of curves, of 
which the circumference of the circle is the sim- 
plest and the most easily described. 



!■ 

I 
I 



^ 240. Surfaces embrace two dimensions of 
space, viz. length and breadth, but not thickness. 
Surfaces, like Unes, are also divided into two piaMani 
genera] classes, viz. plane surfaces and curved 
surfaces. 

A plane surface is that with which a straight a piuM 
iirie, any how placed, and having two points "^^ 
common with the surface, will coincide through- 
out its entire extent. Such a surface is per- 
fectly even, and is commonly designated by the 

torm '* A plane." A large class of the figures 

15 
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Plane Fig- of Geometry are but portions of a plane, and all 
"^ such are caUed plane figures. 

§ 241. A portion of a plane, bounded by three 
A triangle, straight lines, is called a triangle, and this is the 

the most sim- 
ple figure, simplest of the plane figures. There are several 

kinds of triangles, diflfering from each other, 

however, only in the relative values of their 

sides and angles. For example : when the sides 

are all equal to each other, the triangle is called 

Kinda of tri- equilateral ; when two of the sides are equal, it 

""^ is called isosceles ; and scalene, when the three 

sides are all unequal. If one of the angles is a 

right angle, the triangle is called a right-angled 

triangle. 

§ 242. The next simplest class of plane figures 
comprises all those which are bounded by four 

Quadriiatei^ Straight lines, and are called quadrilaterals. 
There are several varieties of this class : 

ifltapedea. Ist. The mere quadrilateral, which has no 
mark, except that of having four sides ; 

adipedM. 2d. The trapezoid, which has two sides par- 
allel and two not parallel ; 

3d wpwAM. 3d. The parallelogram, which has its opposite 
sides parallel and its angles oblique ; 

4ih8pcciM. ^^^' '^^^ rectangle, which has all its angles 
right angles and its opposite sides parallel ; and, 
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5th. The square, which has its four sides equal mi 
to each other, each to each, and its four angles 
right angles. 



( 243. Plane figures, bounded by straight lines, oomTdtf 
having a number of sides greater than four, take 
names corresponding to the number of sides, viz. 
Pentagons, Hexagons, Heptagons, &c. 



( 244. A portion of a plane bounded by a 
curved line, all the points of which are equally 
distant from a certain point within called the 
centre, is called a circle, and the bounding line 
is called the circumference. This is the only ib«d 
curve usually treated of in Elementary Geometry. 



( 245. A curved surface, like a plane, em- corradsv. 
braces the two dimensions of length and breadth. 
It b not even, like the plane, throughout its whole 
extent, and therefore a straight line may have ihair prapor 
two points in common, and yet not coincide with 
it The surface of the cone, of the sphere, and 
cvlinder, are the curved surfaces treated of in 
Elementary Geometry. 



( 246. A solid is a portion of space, combi* 
ning the three dimensions of length, breadth, and 
thickness. Solids are divided into three classes : 



■I 
I 



lit dui. 1st. Those bounded by planes ; 
9d dan. 2d. Those bounded by plane and curved sur- 
faces; and, 
3ddaM. 3d. Those bounded only by curved surfaces, 
wiiatflsnres The first class embraces the pyramid and 
dan. prism with their several varieties ; the second 
class embraces the cylinder and cone; and the 
third class the sphere, together with others not 
generally treated of in Elementary Geometry. 

MagnitndM § 247. We havc now named all the geomet- 



imed. 



rical magnitudes treated of in elementary Ge- 
whatthey omctry. They are merely limited portions of 

space, and do not, necessarily, involve the idea 
A Bphera. of matter. A sphere, for example, fulfils all the 

conditions imposed by its definitions, without any 

reference to what may be within the space en- 
Need noi be closed by its surface. That space may be oc- 

material. 

cupied by lead, iron, or air, or may be a vacuum, 
without at all changing the nature of the sphere, 
as a geometrical magnitude. 
It should be obseinred that the boundary or 

BouDdariea limit of a geometrical magnitude, is another geo- 
metrical magnitude, having one dimension less. 
For example : the boundary or limit of a solid, 

EumpiH. which has three dimensions, is always a surface 
which has but two : the limits or boundaries of 



r 
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dl surfaces are lines, straight or curved ; and the 
extremities or limits of lines are points. 

(246. We have now named and shown the Botaeen 
nature of the things which are the subjects of 
Elementary Geometry. The science of (?e* 
ometry is a collection of those connected pro- 
cesses by which we determine the measures, 
properties, and relations of these magnitudes. 

COMPABISON OF FIGURES WFTH UNITS OF MEASUEE. 

§ 249. We have seen that the term measure 
implies a comparison of the thing measured with 
some known thing of the same kind, regarded 
as a standard ; and that such standard is called 
the unit of measure.* The unit of measure for UDitor 
lines must, therefore, be a line of a known length : rvv 
a foot, a yard, a rod, a mile, or any other known 
unit. For surfaces, it is a square constructed 
on the linear unit as a side: that is, a square a 
foot, a square yard, a square rod, a square mile ; 
that is, a square described on any known unit 
cf length. 

The unit of measure, for solidity, is a solid, ^» 
and therefore has three dimensions. It is a cube a oa^ 
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constructed on a linear unit as an edge, or on 

the superficial unit as a base. It is, therefore, 

a cubic foot, a cubic yard, a cubic rod, &c. 

Three nniifl Hcncc, there are three units of measure; each 

mearare . ^jg-^j^Qg jj^ j^jj^j fj^^^ ^Jj^ other tWO, viz. a kuoWU 

A Line, length for the measurement of lines ; a known 
A Bqnara, squarc for the measurement of surfaces ; and a 
A cabe. kuowu cubc for the measurement of solids. The 
oontoDta: mcasurc or contents of any magnitude, belong- 
how naxf ing to either class, is ascertained by finding how 
many times that magnitude contains its unit of 
measure. 



taiaed. 



§ 250. There is yet another class of magni- 
tudes with which Geometry is conversant, called 
Angles. They are not, however, elementary 
magnitudes, but arise from the relative positions 
TiieirQiiit of those already described. The unit of this 
class is the right angle ; and with this as a stand- 
ard, all other angles are compared. 



§ 251. We have dwelt with much detail on 

the unit of measure, because it furnishes the 

impoitenoe only basis of estimating quantity. The Con- 
or the nntt of 

ception of number and space merely opens to 
the intellectual vision an unmeasured field of 
investigation and thought, as the ascent to the 
summit of a mountain presents to the eye a 
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and unsurveyed horizon. To ascertain the spaee indcA- 
height of the point of view, the diameter of the u- 
surrounding circular area and the distance to 
any point which may be seen, some standard or 
unity must be known, and its value distinctly 
apprehended. So, also, number and space, which 
at first fill the mind with vague and indefinite "^^^^ 
conceptions, are to be finally measured by units bf u. 
of ascertained value. 

§ 252. It is found, on careful analysis, that EmyBOM- 
every number may be referred to the unit one, nJ!^u» ' 
as a standard, and when the signification of the ^^^^^'^^ 
term onb is clearly apprehended, that any num- 
ber, whether large or small, whether integer or 
fractional, may be deduced from the standard by 
an easy and known process. 

In space, also, which is indefinite in extent, Sfmc»: 
and exactly similar in all its parts, the faculties 
of the mind have established ideal boundaries. iiaUMd 
These boundaries give rise to the geometrical 
magnitudes, each of which has its own unit of 
measure ; and by these simple contrivances, we 
measure space, even to the stars, as with a yard- 
stick. 

^ 253. We have, thus far, not alluded to the 
difficulty of determining the exact length of that 
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Comoeption 

of the unit of 

meMore: 



Atflntft 
mora inpra^ 



How deter- 
mined. 



What ilia. 



Iti]ei«tti. 



Difflcnlties 

of detormin- 

ingiU 



which we regard as a standard. We are pre- 
sented with a given length, and told that it is 
called a foot or a yard, and this being usually 
done at a period of life when the mind is satis- 
fied with mere facts, we adopt the conception 
of a distance corresponding to a name, and then 
by multiplying and dividing that distance we 
are enabled to apprehend other distances. But 
this by no means answers the inquiry, What is 
the standard for measurement ? 

Under the supposition that the laws of phys- 
ical nature operate uniformly, the unit of meas- 
ure in England and the United States has been 
fixed by ascertaining the length of a pendulum 
which will vibrate seconds, and to this length 
the Imperial yard, which we have also adopted 
as a standard, is referred. Hence, the unit of 
measure is referred to a natural standard, viz. to 
the distance between the axis of suspension and 
the centre of oscillation of a pendulum which 
shall vibrate seconds in vacuo, in London, at the 
level of the sea. This distance is declared to 
be 39.1393 imperial inches ; that is, 3 imperial 
feet and 3.1393 inches. Thus, the determina- 
tion of the unit of length demands the applica- 
tion of the most abstruse science, combined with 
accurate observation and delicate experiment. 

Could this distance, or unit, have been exactly 
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ascertained before the measures of the world 
were fixed, and in general use, it would have wim •honid 
afforded a standard at once certain and conve- cMed one. 
nient, and all distances would then have been other mun. 

- ten derived 

expressed in numbers arising from its multipli- tmnn, 

cation or exact division. But as the measures 

of the world (and consequently their units) were wbyubaot 

fixed antecedently to the determination of this 

distance, it was expressed in measures already 

known ; and hence, instead of being represented 

by 1, which had already been appropriated to wimi 



It 

the foot, it was expressed in terms of the foot, 

viz. 39.1393 inches, and this is now the standard 

to which all units of measure are referred. 

( 2M. The unit of measure is not only im- vnnatmim- 

we the teait 

portant as afibrding a basis for all measurement, onbemiitor 
but is also the element from which we deduce 
the unit of weight. The weight of 27.7015 cubic 
inches of distilled water is taken as the standard, 
weighing exactly one pound avoirdupois, and this 
quantity of water is determined from the unit 
of length ; that is, the determination of it reaches ^i^t u h. 
back to the length of a pendulum which will 
vibrate seconds in the latitude of London. 

^ 255. Two geometrical figures are said to be cqaivskm 
equivalent, when they contain the same unit of 
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measure an equal number of times. Two figures 
Equaiflg- are said to be equal when they can be so applied 
^"^ to each other as to ccnncide throughout their 
BqoiTaknej: whole extent. Heuce, equivalency refers to 
Bqoidugr. measure, and equality to coincidence. Indeed, 
coincidence is the only test of geometrical equal- 
ity. AH equal figures are of course equivalent, 
'^^^•"^ though equivalent figures are by no means equal. 
Equality is equivalency, with the further mark 
of coincidence. 



PBOPBRTIBS OF FIOURBS. 



Property of § 256. A property of a figure is a mark com- 

flgora. 

mon to all figures of the same class. For exam- 
Q u ad riirtwr - pie : if the class be " Quadrilateral," there are two 
very obvious properties, common to all quadri- 
laterals, besides the one which characterizes 
the figure, and by which its name is defined, 
viz. that it has four angles, and that it may 
be divided into two triangles. If the class be 
pinoeio- " Parallelogram," there are several properties 
^^''^ common to all parallelograms, and which are 
subjects of proof; such as, that the opposite 
sides and angles are equal ; the diagonals divide 
each other into equal parts, &c. If the class be 
iHMgto: " Triangle," there are many properties common 
to all triangles, besides the characteristic that 
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they have three sides. If the class be a par- Eqoitatani, 
ticular kind of triangle, such as the equilateral, 
isosceles, or right-angled triangle, then each class 
has particular properties, common to every indi- 
vidual of the class, but not common to the other 
chwses. It is important, however, to remark, Brwyprop- 
that every property which belongs to ''triangle," beiongitoa 
regarded as a genus, will appertain to every commaoio 



species or class of triangle; and universally, 
every property which belongs to a genus will 
belong to every species under it; and every 
property which belongs to a species will be- 
k>ng to every class or subspecies under it; and aboio erwy 
every property which belongs to one of a sub- ^JJJ^J^J^ 
species or class will be common to every indi- *«"^«^ 
vidual of the class. For example : " the square Exmpiet. 
on the hypothenuse of a right-angled triangle is 
equivalent to the sum of the squares described 
on the other two sides," is a proposition equally 
true of every right-angled triangle : and •* every 
straight line perpendicular to a chord, at the cb«i». 
middle point, will pass through the centre," is 
equally true of all circles. 



MABXS OP WHAT HAT BB PBOVBD. 

§ 257. The characteristic properties of every 
geometrical figure (that is, those properties with- 
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out which the figures could not exist), are given 
in the definitions. How are we to arrive at all 
the other properties of these figures? The 
propositions implied in the definitions, viz. that 
M^>te: things corresponding to the words defined do or 
may exist with the properties named ; and the 
ofwhatmij sclf-evident propositions or axioms, cohtain the 
only marks of what can be proved ; and by a 
^^^' skilful combination of these marks we are able 
to discover and prove all that is discovered and 
proved in Geometry. 

Definitions and axioms, and propositions de- 
"*: duced from them, are major premises in each 



The idenoe: ucw demonstration ; and the science is made up 
^..^.^i**- of the processes employed for bringing unfore- 
seen cases under these known truths ; or, in syl- 
logistic language, for proving the minors neces- 
sary to complete the syllogisms. The marks 
being so few, and the inductions which furnish 
them so obvious and familiar, there would seem 
to be very little difiSculty in the deductive pro- 
cesses which follow. The connecting together 
of several of these marks constitutes Deductions, 

GeoBMivT, or Trains of Reasoning; and hence, Geometry 
IS a Deductive Science. 
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DBMONSTBATION. 

( 256. As a first example, let us take the first 
proposition in Legendre's Geometry : 

^If a Biraight line meet another straight line, 
the sum of the two adjacent angles will be equal 
to two right angles." 

Let the straight line DC 
meet the straight line AB 
at the point C, then will the 
angle ACD plus the angle 
DCB be equal to two right 
angles. 

To prove this proposition, we need the defini- 
tion of a right angle, viz. : 

When a straight line AB B 

meets another straight line 
CD. so as to mahe the ad- 
jacent angles BAG and 
BAD equal to each other, A l> 

each of those angles is called a bight angle, and 
the line AB is said to be pebpendiculab to CD, 

m 

We shall also need the 2d, 3d, and 4th axioms, 
for inferring equality,* viz. : 

2. Things which a^ equal to the same thing 
are equal to each other. 



piwv U, 
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ThiitL 3. A whole is equal to the sum -of all its 

parts. 
Fourth. 4. If equals be added to equals, the sums 
will be equal. 
Now before these formulas or tests can be ap- 
unetobe plied, it is nccessaxy to sup- E D 

drawn. 

pose a straight line CE to be 
P*wrf'- drawn perpendicular to AB 

at the point C : then by the 

definition of a right angle, A G B 

the angle ACE will be equal to the angle ECB. 

By axiom 3rd, we have, 
contiiiiMd: ACD equal to ACE plus ECD: to each of 
these equals add DCB ; and by the 4th axiom 
we shall have, 

ACD plus DCB equal to ACE plus ECD plus 
DCB ; but by axiom 3rd, 

ECD plus DCB equals ECB : therefore by 
axiom 2d, 

ACD plus DCB equals ACE plus ECB. 

But by the definition of a right angle, 

ACE plus ECB equals two right angles : there- 
fore, by the 2d axiom, 

ACD plus DCB equals two right angles. 

It will be seen that the conclusiveness of the 
proof results, 
Ptat 1st. From the definition, that ACE and ECB 

are equal to each other, and each is called a 
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tlM 



right-aogle : consequently, their sum is equal to 
two right angles ; and, 

2dly. In showing, by means of the axioms, that 
ACD plus DCB equals ACE plus ECB; and 
then inferring from axiom 2d, that, ACD plus 
DCB equals two right angles. 

§ 259. The difficulty in the geometrical rea- 
soning consists mainly in showing that the prop- 
osition to be proved contains the marks which 
prove it. To accomplish this, it is frequently 
necessary to draw many auxiliary lines, forming 
new figures and angles, which can be shown to 
possess marks of these marks, and which thus ' 

become connecting links between the known o oi Mrtin 
and the unknown truths. Indeed, most of the 
skill and ingenuity exhibited in the geometrical 
processes are employed in the use of these auxil- 
iary means. The example above affords an illus- 
tration. We were unable to show that the sum Bum «§«. 
of the two angles possessed the mark of being 
equal to two right angles, until we had drawn a 
perpendicular, or supposed one drawn, at the 
point where the given lines intersect. That be- 
ing done, the two right angles ACE and ECB 
were formed, which enabled us to compare the 
mm of the angle ACD and DCB with two right 
angles, and thus we proved the proposition. 
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propositioiL § 260. As a second example, let us take the 

following proposition : 
EniudBtkn. If two Straight lines meet each other, the op- 
posite or vertical angles will be equal. 

Let the straight line ^>^ D 

AB meet the straight line 
™'«™- ED at the point C : then 
will the angle ACD be 
equal to the opposite an- 
gle ECB ; and the angle ACE equal to the an- 
gle DCB. 
Frtndpin To provc this proposition, we need the last 
proposition, and also the 2d s^d 5th axioms, viz. : 

" If a straight line meet another straight line, 
the sum of the two adjacent angles will be equal 
to two right angles." 

"Things which are equal to the same thing 
are equal to each other." 

'' If equals be taken from equals, the remain- 
ders will be equal." 

Now, since the straight line AC meets the 
straight line ED at the point C, we have, 
^^otiL ACD plus ACE equal to two right angles. 

And since the straight line DC meets the 
straight line AB, we have, 

ACD plus DCB equal to two right angles: 
hence, by the second axiom, 

ACD plus ACE equals ACD plus DCB : U- 
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king from each the common angle ACD, we ooneiinkNi. 
know from the fifth axiom that the remain- 
ders will be equal ; that is, the angle ACE 
eqaal to the opposite or vertical angle DCB. 

(261. The two demonstrations given above 
combine all the processes of proof employed in jMrnaMn- 
every demonstration of the same class. When <*«*«««**^ 
any new truth is to be proved, the known tests 
of truth are gradually extended to auxiliary j,^ ^ ^^^^ 
quantities having a more intimate connection *^*i"«^ 
with such new truth than existed between it and 
the known tests, until finally, the known tests, 
through a series of links, become applicable to 
the final truth to be established: the interme- 
diate processes, as it were, bridging over the 
space between the known tests and the final 
truth to be proved. 

i 262. There are two classes of demonstra- nirtrt d<>Ri- 
tions, quite different from each other, in some "'■'^**' 
respects, although the same processes of argu- 
mentation are employed in both, and althoufrh 
the conclusions in both are subjected to the 
same logical tests. They are called Direct, or . 
Positive Demonstration, and Negative Demon- ^ 

BrdiK«M>ad 

stration, or the Reductio ad Absurdum. Ab«anium. 
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DUferenoe. § 263. The main differences in the two 
methods are these : The method of direct demon- 

Direct Dmn- stration rcsts its arguments on known and ad- 
mitted truths, and shows by Ic^cal processes 
that the proposition can be brought under some 
previous definition, axiom, or proposition : while 

Negative the negative demonstration rests its arguments 
tian. on an hypothesis, combines this with known pro- 
positions, and deduces a conclusion by processes 

ooDdDaion: Strictly logical. Now if the conclusion so de- 
duced agrees with any known truth, we infer 

^^ that the hypothesis, (which was the only link in 
the chain not previously known), was true ; but 
if the conclusion be excluded from the truths 
previously established ; that is, if it be opposed 
to any one of them, then it follows that the hy- 
pothesis, being contradictory to such truth, must 

^^^^^^^ be false. In the negative demonstration, there- 
hypothesis is fore, the conclusion is compared with the truths 

traeorfUae. 

known antecedently to the proposition in ques- 
tion : if it agrees with any one of them, the hy- 
pothesis is correct ; if it disagrees with any one 
of them, the hypothesis is false. 

^^^y § 264. We will give for an illustration of this 

NegBtiTe ^ 

method. Proposition XVII. of the First Book of 
Legendre: "When two right-angled triangles 
have the hypothenuse and a side of the one equal 
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to the hypothenuse and a side of the other, each j 

to each, the remaining parts will be equal, each to 

each, and the triangles themselves will be equal/' | 

In the two right-angled triangles BAC and i 

EDF (see next Agure), let the hypothenuse AC Enimcutioa 
be equal to DF, the side BA to the side ED: '^"^"'^ 
then will the side BC be equal to EF, the angle 
A to the angle D, and the angle C to the angle F. 
To prove this proposition, we need the follow- 
ing, which have been before proved ; viz. : 

Prop. X. (of Legendre). " When two triangles 
have the three sides of the one equal to the three ^"^* 
•ides of the other, each to each, the three an* 
gles will also be equal, each to each» and the 
triangles themselves will be equal." 

Prop. V. " When two triangles have two prapoiiitoa 
sides and the included angle of the one, equal 
to two sides and the included angle of the other, ' 

each to each, the two triangles will be equal." 

Axiom I. "Things which are equal to the axIoom. 
same thing, are equal to each other." 

Axiom X. (of Legendre). ''All right angles i 

are equal to each other." 

Prop. XV. ** If from a point without a straight PvoposituNL 
line, ^ perpendicular be let fall on the line, and 
oblique lines be drawn to different points, 

1st '* The perpendicular will be shorter than 
any oblique line ; 
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2d. " Of two oblique lines, drawn at pleasure^ 
that which is farther firom the perpendicular will 
be the longer." 

Now the two sides BC and j^ d 

or EF are either equal or un- 
equal. If they are equal, 
then by Prop. X. the remain- 
ing parts of the two trian- ^ ^ B F 
gles are also equal, and the triangles themselves 
are equal. If the two sides are unequal, one of 
them must be greater than the other: suppose 
BC to be the greater. 

On the greater side BC take a part BG, equal 
to EF, and draw AG. Then, in the two trian- 
gles BAG and DEF the angle B is equal to the 
angle E, by axiom X (Legendre), both being 
right angles. The side AB is equal to the side 
D£, and by hypothesis the side BG is equal to the 
side EF : then it follows from Prop. V. that the 
side AG is equal to the side DF. But the side 
DF is equal to the side AC : hence, by axiom I, 
the side AG is equal to AC. But the line AG 
cannot be equal to the line AC, having been 
shown to be less than it by Prop. XV. : hence, 
ooDdiMtoB. the conclusion contradicts a known truth, and is 
therefore false ; consequently, the supposition (on 
which the conclusion rests), that BC and EF are 
unequal, is also false ; therefore, they are equal. 



tion. 
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§ 265. It is often supposed, though erroneous- ntpM^ 
]j, that the Negative Demonstration* or the dem- hq^. 
onstration involving the " reductio ad absurdum/' 
is less conclusive and satisfactory than direct or ooodwiTe. 
positive demonstration. This impression is sim- 
ply the result of a want of proper analysis. For 
example : in the demonstration just given, it was 
proved that the two sides BC and EF cannot 
be unequal; for, such a supposition, in a logi- 
cal argumentation, resulted in a conclusion di- Ooneit 
rectly opposed to a known truth ; and as equality lo^or liop- 
and inequality are the only general conditions 
of relation between two quantities, it follows 
that if they do not fulfil the one, they must the 
other. In both kinds of demonstration, the 
premises and conclusion agree ; that is, they are 
both true, or both false ; and the reasoning or 
argument in both is supposed to be strictly logi- 
cal. 

In the direct demonstration, the premises are 
known, being antecedent truths; and hence, 
the conclusion is true. In the negative demon- 



lo 



stration, one element is a^ssumed, and the con- ^i^, |i 



elusion is then compared with truths previously 
established. If the conclusion is found to agree 
with any one of these, we infer that the hy- wbMitbr 
pothesis or assumed element is true ; if it con- ^^^ 
tradicis any one of these truths, we infer that 
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wiMniuw. the assumed element is false, and hence that its 
opposite is true. 

§ 266. Having explained the meaning of the 
term measured, as applied to a geometrical mag- 
nitude, viz. that it implies the comparison of a 
magnitude with its unit of measure ; and having 
also explained the signification of the word Prop- 
erty, and the processes of reasoning by which, 
in all figures, properties not before noticed are 
inferred from those that are known; we shall 
now add a few remarks on the relations of the 
geometrical figures, and the methods of compar- 
ing them with each other. 

PBOPOBTION OF FI6UBBS. 

Pnportkm: i 267. Proportion is the relation which one 
geometrical magnitude bears to another of the 
same kind, with respect to its being greater or 
less. The two magnitudes so compared are called 
terms, and the measure of the proportion is the 
quotient which arises from dividing the second 
term by the first, and is called their Ratio. Only 

Qnanttiiet of quantities of the same kind can be compared 

ttienmo together, and it follows from the nature of the 

pMwi- relation that the quotient or ratio of any two 

terms will be an abstract number, whether the 

terms themselves be abstract or concrete. 
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§ 268. The term Proportion is defined by most 
authors, *'An equality of ratios between four 
numbers or quantities, compared together two 
and two." A proportion certainly arises from 
such a comparison : thus, if 

B D . 
A~G* *^ 

A : B : : C : D 

is a proportion. 

But if we have two quantities A and B, which t^«* 
may change their values, and are, at the same 
time, so connected together that one of them 
shall increase or decrease just as many times as 
the other, their ratio will not be altered by such 
changes ; and the two quantities are then said J^^^Jl]^ 
to be in proportion, or proportional. '*^ 

Thus, if A be increased three times and B 
three times, then, 

8B_A 
3A"B' 

that is, 3 A and 3 B bear to each other the same 
pro|H)rtion as A and B. Science needed a gen- Tt-rm nt^u 
eral term to express this relation between two 
quantities which change their values, without 
altering their quotient, and the term "propor- 
tional,'* or " in proportion," is employed for that *>* 
purpose. 

L _ . 
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ReBMiDBfor As some apology for the modification of the 
denmtion of proportion, which has been so long 
accepted, it may be proper to state that the term 
has been used by the best authors in the exact 

Use of tho sense here attributed to it. In the definition of 
the second law of motion, we have, "Motion, 
or change of motion, is proportional to the force 
impressed ;"* and again, " The inertia of a body 
is proportioned to its weight."t Similar exam- 
ples may be multiplied to any extent. Indeed, 
BymUA oaed there is a symbol or character to express the 

torepment 

proportioii. relation between two quantities, when they un- 
dergo changes of value, without altering their 
ratio. That character is cc, and is read " pro- 
portional to." Thus, if we have two quantities 
denoted by A and B, written, 

Enmple. A CC B, 

the expression is read, " A proportional to B." 

Anoihcvkiixi § 269. There is yet another kind of relation 
tion. which may exist between two quantities A and 
B, which it is very important to consider and 
understand. Suppose the quantities to be so 
connected with each other, that when the first 
is increased according to any law of change, the 
second shall decrease according to the same law ; 
and the reverse. 



I 



I 



» Olmsted's Mechanics, p. 38. f Ibid. |i. 23. 
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For example : the area of a rect- 
angle is equal to the product of its 
base and altitude. Then, in the 
rectangle ABCD, we have 

Area = AB x BC. 



I 



Flnt 
Example. 



B 



Take a second rectangle EFGH, having a 
longer base EF, and a less altitude FG, but such 
that it shall have an equal h O 

area with the Arst : then we 
shall have 



E 



Area = EF X FG. 



■ 



•■ 



<i 



■| 



Now since the areas are equal, we shall have 

ABxBC = EFxFG; 

and by resolving the terms of this equation into 
a proportion, we shall have 

AB : EF : : FG : BC. 

It is plain that the sides of the rectangle ABCD 
may be so changed in value as to become the 
sides of the rectangle EFGH, and that while 
they are undergoing this change, AB will in- 
crease and BC diminish. The change in the R'»^**'««rf 
values of these quantities will therefore take place um: 
according to a fixed law : that is, one will be di- 
minished as many times as the other is increased, 



250 MATHEMATICAL 8CIENCE. [bOOK II. 



since their product is constantly equal to the 
area of the rectangle EFGH. 
Expreasedby Denotc the sidc AB by X and BC by y, and 
the area of the rectangle EFGH, which is known, 
by a ; then 

and when the product of two varjring quantities 

is constantly equal to a known quantity, the two 

Baeiprocai quantities are said to be Reciprocally or Inverse- 

or . 

biTene Pro- fy proportional ; thus x and y are said to be in- 

**'****• versely proportional to each other. If we divide 

1 by each member of the above equation, we 

shall have 

1 1 
xy a' 

BedQcdoiia and by multiplying both members by x, we shall 

ofthe 
Eqnattook haVC 

l_X 

and then by dividing both numbers by z, we have 

1 

Final fbnn. t/ *' . 

X 

that is, the ratio of z to - is constantly equal to -; 
that is, equal to the same quantity, however x or 



I 
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y may vary ; for, a and consequently - does not 

change. Hence, 

Two quantities, which may change their values, ^ ^^ ^ 
are reciprocally or inversely proportional, when '**]J5^*^ 
one is proportional to unity divided by the other, 
and then their product remains constant. 

We express this reciprocal or inverse relation 
thus: 

A is said to be inversely proportional to B : the 
symbols also express that A is directly propor* H6««- 

tional to -rr. If we have 
15 

we say, that A is directly proportional to B, and 
inversely proportional to C. 

The terms Direct, Inverse or Reciprocal, ap- 
ply to the nature of the proportion, and not to 
the Ratio, which is always a mere quotient and 
the mea.<)ure of proportion. The term Direct ap- DimAMHi 
plies to all proportions in which the terms in- 



'I 
I 



crease or decrease together ; and the term In- •i»pw««w» ^ 
verse or Reciprocal to those in which one term 
increases as the other decreases. They cannot, 
therefore, properly be applied to ratio without 
changing entirely its signification and definition. 



\\ 
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COMPARISON OF FIOUBBS. 

Geometrical § 270. In Comparing geometrical magnitudes, 
eompaxed. by means of their quotient, it is not the quotient 
alone which we consider. The comparison im- 
plies a general relation of the magnitudes, which 
is measured by the Ratio. For example: we 
Ezmpie. say that " Similar triangles are to each other as 
the squares of their homologous sides." What 
do we mean by that ? Just this : 
FomraiAof That the area of a triangle 

Is to the area of a similar triangle 

As the area of a square described on a side of 

the first, 
To the area of a square described on an ho- 
mologous side of the second. 
Thus, we see that every term of such a pn>- 
chugeeof portion is in fact a surface, and that the area 
how afibdad ^^ ^ triangle increases or decreases much faster 
than its sides ; that is, if we double each side of 
a triangle, the area will be four times as great: 
if we multiply each side by three, the area will 
B«niiL be nine times as great ; or if we divide each 
side by two, we diminish the area four times, and 
so on. Again, 
oidet 0001- The area of one circle 
^^'^^ Is to the area of another circle. 

As a square described on the diameter of the first 



I 
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Prtadpto 



To a square described on the diameter of the 
second. 

Hence, if we double the diameter of a circle, Howihdr 
the area of the circle whose diameter is so in- 
creased will be four times as great : if we mul- 
tiply the diameter by three, the area will be nine 
times as great ; and similarly if we divide the 
diameter. 

(271. In comparing solids together, the same 
general principles obtain. Similar solids are to 
each other as the cubes described on their ho- 
mologous or corresponding sides. That is, 

A prism 

Is to a similar prism. 

As a cube described on a side of the first. 

Is to a cube described on an homologous side 
of the second. 

Hence, if the sides of a prism be doubled, the ^^ *• 
solid contents will be increased eight-fold. Again, cbuce. 

A sphere 

Is to a sphere, 

As a cube described on the diameter of the first, 

Is to a cube described on a diameter of the 
second. 

Hence, if the diameter of a sphere be doubled, 
its solid contents will be increased eight-fold ; if 
the diameter be multiplied by three, the solid 



HowUi 
aoliJity 
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contents will be increased twenty-seven fold: 
if the diameter be multiplied by four, the solid 
contents will be increased sixty-four fold ; the 
solid contents increasing as the cubes of the 
numbers 1, 2, 3, 4, &c. 

Katio: % 272. The relation or ratio of two magnitudes 

to each other, may be, and indeed is, expressed 

namber. by an abstract number. This number has a 

wbeabavw g^^j valuc SO loTig as wc do uot introduce a 

log a fixed 

yaiae. change in the volumes of the solids; but if 
we wish to express their ratio under the sup- 
position that their volumes may change ac- 
cording to fixed laws (that is, so that the solids 
How vaiyiag ghall coutinuc similar), we then compare them 

■oUdi are 

oomputML with similar figures described on their homol- 
ogous or corresponding sides; or, what is the 
same thing, take into account the corresponding 
changes which take place in the abstract num- 
bers that express their volumes. 



RECAPITITLATIOir. 

General ^ 278. We havc now completed a general 

oathne. 

outline of the science of Geometry, and what 
has been said may be recapitulated under the 
following heads. It has been shown, 
^«*™«*»y J 1st. That Geometry is conversant about space. 
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or those limited portions of space which are lowhatu 
called Geometrical Magnitudes. 

2d. That the geometrical magnitudes embrace 
three species of figures : 

1st. Lines — straight and curved ; 
2d. Surfaces — ^plane and curved ; 
8d. Solids — ^bounded either by plane sur- soudi. 
faces or curved, or both ; and» 

4th. Angles, arising from the positions of 
lines and planes, and by which they are 
bounded. 
3d. That the science of Geometry is made up 
of those processes by means of which all the 
properties of these magnitudes are examined and 
developed, and that the results arrived at con- 
stitute the truths of Geometry. 

4th. That the truths of Geometry may be di* 
vided into three classes : 

1st. Those implied in the definitions, viz. nmciMi. 
that things exist corresponding to certain 
words defined ; 

2d. Intuitive or self-evident truths em- seeowL 
bodied in the axioms ; 

3d. Truths deduced (that is, inferred) from j^^^^ 
the definitions and axioms, called Demonstra- 
tive Truths. 

5th. That the examination of the properties of G«oiM(ricii 
the geometrical magnitudes has reference, 



.-^ 
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compwiMHu 1st. To their comparison with a standard 

or unit of measure ; 
PiopertiiM. ^- To the discovery of properties belong- 

ing to an individual figure, and yet common to 
the entire class to which such figure belongs ; 
proportfon. 8d. To the comparison, with respect to mag- 

i nitude, of figures of the same species with each 

other ; viz. lines with lines, surfaces with sur- 
faces, and solids with solids. 



SUGGESTIONS FOR THOSE WHO TEACH GEOMETRY. 

8a88Mtt«M. 1. Be sure that your pupils have a clear ap- 
Fint prehension of space, and of the notion that Ge- 
ometry is conversant about space only. 

2. Be sure that they understand the significa- 
Beoond. tion of the terms, lines, surfaces, and solids, and 

that these names indicate certain portions of 
space corresponding to them. 

3. See that they understand the distinction be- 
ThM. tween a straight line and a curve; between a 

plane surface and a curved surface ; between a 
solid bounded by planes and a solid bounded by 
curved surfaces. 

4. Be careful to have them note the charac- 
fvyorth. teristics of the difierent species of plane figures, 

such as triangles, quadrilaterals, pentagons, hexa- 
gons, &c. ; and then the characteristic of each 
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class or subspecies, so that the name shall recall, 
at once, the characteristic properties of each 
figure. 

5. Be careful, also, to have them note the 
characteristic differences of the solids. Let fuih 
them often name and distinguish those which 

are bounded by planes, those bounded by plane 
and curved surfaces, and those bounded by 
curved surfaces only. Regarding Solids as a 
genus, let them give the species and subspecies 
into which the solid bodies may be divided. 

6. Having thus made them familiar with the 
things which are the subjects of the reasoning, sixtii. 
explain carefully the nature of the definitions ; 

then of the axioms, the grounds of our belief in 
them, and the information from which those 
•elf-evident truths are inferred. 

7. Then explain to them, that the definitions 

and axioms are the basis of all geometrical rea- a^ynoh. 
soning : that every proposition must be deduced 
from them, and that they afford the tests of all 
the truths which the reasonings establish. 

8. Let every figure, used, in a demonstration, 

be accurately drawn, by the pupil himself, on a hkguth, 

blackboard. This will establish a connection 

U^ween the eye and the hand, and give, at the 

same time, a clear perception of the figure and a 

dl>tinct apprehension of the relations of its parts. 

17 
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rr^ 



258 



MATHEMATICAL SCIENCE. [bOOK tl. 



Ninth. 



Tenth. 



Elerenth. 



9. Let the pupil, in every demonstration, first 
enunciate, in general terms, that is, without the 
aid of a diagram, or any reference to one^ the 
proposition to be proved; and then state the 
principles previously established, which are to 
be employed in making out the proof. 

10. When in the course of a demonstration, 
any truth is inferred from its connection with 
one before known, let the truth so referred to be 
fully and accurately stated, even though the 
number of the proposition in which it is proved, 
be also required. This is deemed important 

11. Let the pupil be made to understand that 
a demonstration is but a series of logical argu- 
ments arising from comparison, and that the 
result of every comparison, in respect to quan- 
tity, contains the mark either of equality or 
inequality. 

12. Let the distinction between a positive 
and negative demonstration be fully explained 
and clearly apprehended. 

13. In the comparison of quantities with each 
Thirteenth. Other, great care should be taken to impress the 

fact that proportion exists only between quan- 
tities of the same kind, and that ratio is the 
measure of proportion. 

14. Do not fail to give much importance to 
Fourteenth, the kind of quantity under consideration. Let 



TweUth. 






CHAP til.] OEOMETBT. 259 



the question be often put, What kind of quantity 
are you considering ? Is it a line, a surface, or 
a solid ? And what kind of a line, surface, or 
•olid? 

15. In all cases of measiurement, the unit of 
measure should receive special attention. If 

lines are measured, or compared by means of a F in w wth . 
common unit, see that the pupil perceives that 
unit clearly, and apprehends distinctly its rela- 
tions to the lines which it measures. In sur- 
faces, take much pains to mark out on the 
blackboard the particular square which forms 
the unit of measure, and write unit, or unit of 
measure, over it. So in the measurement of 
solidity, let the unit or measuring cube be ex- 
hibited, and the conception of its size clearly 
formed in the mind ; and then impress the im- 
portant fact, that, all measurement consists in 
merely comparing a unit of measure with the 
quantity measured; and that the number which 
expresses the ratio is the numerical expression 
for thai measure. 

16. Be careful to explain the difference of the 
terms Equal and Equivalent, and never permit fMximiih. 
the pupil to use them as synonymous. An ac- 
curate use of words leads to nice discriminations 

of thought. 



4. 
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CHAPTER IV. 

MMALnm AlflTlEA— 'AMALTTIOAL OBOMSTET— MiyiUDRIAL AMD IimMBAL 

OALOCLOa. 

ANALYSIS. 

( 274. An ALT8I8 is a general term, embra- AMiyrit 
cing that entire portion of mathematical science 
in which the quantities considered are repre- 
sented by letters of the alphabet, and the opera- 
tions to be performed on them are indicated by 
signs. 

( 275. We have seen that all numbers must 
be numbers of something ;* for, there is no such 
thing as a number without a basis : that is, every 
number must be based on the abstract unit one, 
or on some unit denominated. But although 
numbers must be numbers of something, yet they b«ii^b« 
may be numbers of any thing, for the unit may cri 
be whatever we choose to make it. 
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Au qoanuty § 276. All quantity consists of parts, which 

OODSlStS of 

parts. can be numbered exactly or approximatively, 

and, in this respect, possesses all the properties 

of number. Propositions, therefore, concerning 

numbers, have the remarkable peculiarity, that 

PropodttoiiB they are propositions concerning all quantities 

in regard to 

number whatever. That half of six is three, is equally 
''qaiinaty. ^^ue, whatever the word six may represent, 
whether six abstract units, six men, or six tri- 
angles. Analysis extends the generalization still 
further. A number represents, or stands for, that 
particular number of things of the same kind. 
Algebraic without reference to the nature of the thing; 

qrmbolt 

mora genei^ but an analytical symbol does more, for it may 
stand for all numbers, or for all quantities which 
numbers represent, or even for quantities which 
cannot be exactly expressed numerically. 
Anything As soou as wc couceivc of a thing we may 
maybedi- couccive it divided into equal parts, and may j 
^^ represent either or all of those parts by a or x, 
or may, if we please, denote the thing itself by a 
or X, without any reference to its being divided 
into parts. 

EMhflignn §277. In Geometry, each geometrical figure 
stands for a class ; and when we have demon- 
strated a property of a figure, that property is 
considered as proved for every figure of the class. 



I 
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For example: vahen we prove that the square Eunpi*. 
described on the hypothenuse of a right-angled 
triangle is equivalent to the sum of the squares 
described on the other two sides, we demonstrate 
the fact for all right-angled triangles. But in 
analysis, all numbers, all lines, all surfaces, all inaiMirsu 
s<»lids, may be denoted by a single symbol, a or x. luod for 
Hence, all truths inferred by means of these cimm. 
symbols are true of all things whatever, and not 
like those of number and geometry, true only 
of particular classes of things. It is, therefore, 
not surprising, that the symbols of analysis do 
not excite in our minds the ideas of particular Hnio«.tbe 
things. The mere written characters, a, b, c, d, t^d U9 ^vo- 
X, y, z, serve as the representatives of things m 
genera], whether abstract or concrete, whether 
known or unknown, whether finite or infinite. 

§ 278. In the uses which we make of these symbob 

eomelo be 

symbols, and the processes of reasoning carried nnvd*^ m 
on by means of them, the mind insensibly comes 
to regard them as things, and not as mere signs ; 
and we constantly predicate of them the prop- 
erties of things in general, without pausing to 
inquire what kind of thing is implied. Thus, raampio. 
we define an equation to be a proposition in ni«><«qu»- 
which equality is predicated of one thing as 
compared with another. For example : 



i^_ 



whataxioins ^^ ^^ cquation, because x is declared to be 
noceasaryto qq^q\ ^q t^g gm^ q{ q and c. In the solution of 

its solution. * 

equations, we employ the axioms, " If equals be 

added to equals, the sums will be equal ;" and, 

" If equals be taken from equals, the remainders 

They express will be cqual." Now, thcsc axioms do not ex- 

qualities of _ 

things, press qualities of language, but properties of 
Henoe,in- quantity. Hence, all inferences in mathemat- 

ferences re- 

btetothiAss. ical science, deduced through the instrumentality 

I 

of symbols, whether Arithmetical, Geometrical, 
or Analytical, must be regarded as concerning ' 
quantity, and not symbols. 

Qnantity As analytical symbols are the representatives 
ijr^^°prei- ^f quantity in general, there is no necessity of 

enttothe keeping the idea of quantity continually alive in 

mind. 

the mind; and the processes of thought may, 
without danger, be allowed to rest on the sym- 
bols themselves, and therefore, become to that 
extent, merely mechanical. • But, when we look 
The reaioii- back and see on what the reasoning is based, and 
buedon the ^^^ ^'^ proccsscs have been conducted, we shall 
■"PP^^*®" find that every step was taken on the supposition 
that we were actually dealing with things, and 
not symbols ; and that, without this understand- 
ing of the language, the whole system is without 
signification, and fails. 



CBAF. IV.] ALGEBRA. 265 



( 279. There are three principal branches of nmw 

* a • bmicbiw: 

Analysis : 

1st. Algebra. Ah^•bra, 

2d. Analytical Geometry. Anuyuau 

9d. Diflerential and Integral Calculus. uiaoiiu. 



ANALYTICAL OBOMBTET. 



^ 281. Analytical Geometry examines the ABsiytinu 



properties, measures, and relations of the ceo- 
metrical magnitudes by means of the analytical u* 



(•ramHrv. 
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AL6BBEA. 

( 280. Algebra is, in fact, a species of uni- Aii«bfB: 
versal Arithmetic, in which letters and signs are rnwerwi 
employed to abridge and generalize all processes "*■»*•**• 
involving numbers. It is divided into two parts, Twopui«: 
corresponding to the science and art of Arith- 
metic : 

1st. That which has for its object the investi- nmiMt. 
gation of the properties of numbers, embracing I 

all the processes of reasoning by which new i 

properties are inferred from known ones ; and, 

2d. The solution of all problems or questions smni pvt. 
involving the determination of certain numbers 
which are unknown, from their connection with 
certain others which are known or given. 
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Peseartes, 

the original 

founder of 

thia aeienoe. 

What he 
obMired. 



ADpodtioa 

expreeaed by 

itymbota. 



Theeqtatlon 
develops the 
properties 
of the mag- 
nitude. 



Power over 
the magni- 

tude extend- 
ed by the 
equation. 



symbols. This branch of mathematical science 
originated with the illustrious Descartes, a cele- 
brated French mathematician of the 17th cen- 
tury. He observed that the positions of points, 
the direction of lines, and the forms of surfaces, 
could be expressed by means of the algebraic 
symbols; and consequently, that every change, 
either in the position or extent of a geometrical 
magnitude, produced a corresponding change in 
certain symbols, by which such magnitude could 
be represented. As soon as it was found that, 
to every variety of position in points, direction 
in lines, or form of curves or surfaces, there cor- 
responded certain analytical expressions (called 
their Equations), it followed, that if the processes 
were known by which these equations could be 
examined, the relation of their parts determined, 
and the laws according to which those parts 
vary, relative to one another, ascertained, then 
the corresponding changes in the geometrical 
magnitudes, thus represented, could be imme- 
diately inferred. 

Hence, it follows that every geometrical ques- 
tion can be solved, if we can resolve the corre- 
sponding algebraic equation ; and the power over 
the geometrical magnitudes was extended just in 
proportion as the properties of quantity were 
brought to light by means of the Calculus. The 
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applications of this Calculus were soon made to To wbat nb- 
the subjects of n^echanics, astronomy, and in- 
deed, in a greater or less degree, to all branches 
of natural philosophy; so that, at the present itspranot 
time, all the varieties of physical phenomena, 
with which the higher branches of the science 
are conversant, are found to answer to varieties 
determinable by the algebraic analysis. 



( 282. Two classes of quantities, and conse- Q«a<ttic« 

wbkhcDicr 

quently two sets of symbols, quite distinct from imo the cm- 



ii 



each other, enter into this Calculus; the one 
called Constants, which preserve a fixed or given ot»« 
value throughout the same discussion or investi- 
gation ; and the other called Variables, which VMteUa^ 
undergo certain changes of value, the laws of 
which are indicated by the algebraic expressions 
or equations into which they enter. Hence, 

Analytical Geometry may be defined as that Analytical 
branch of mathematical science, which exam- 
ines, discusses, and develops the properties of 
geometrical magnitudes by noting the changes 
that take place in the algebraic symbols which 
represent them, the laws of change being deter* 
mined by an algebraic equation or formula. 



V. _ 
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DIFFERENTIAL AND INTEGRAL CALCULUS. 

OuantitiM k 283. In this branch of mathematical science, 

ooosidered. 

as in Analytical Geometry, two kinds of quan- 
vatiabtoib tity are considered, viz. Variables and Constants : 
and consequently, two distinct sets of symbok 
The Bdence. are employed. The science consists of a series 
of processes which note the changes that take 
place in the value of the Variables. Those 
changes of value take place according to fixed 
laws established by algebraic formulas, and are 
M"^ indicated by certain marks drawn from the va- 
DUfcrentiai riablc symbols, called Differential Coefficients, 
By these marks we are enabled to trace out with 
the accuracy of exact science the most hidden 
properties of quantity, as well as the most gen- 
eral and minute laws which regulate its changes 
of value. 



Anaiyucai § 284. It wiU be observed, that Analytical 
god ' Geometry and the Differential and Integral Cal- 
culus treat of quantity regarded under the same 
general aspect, viz. as subject to changes or va- 



Ooeflldenta. 
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Howth^ nations in magnitude according to laws indica- 

my : ted by algebraical formulas ; and the quantities, 

whether variable or constant, are, in both cases, 

by wbaft represented by the same algebraic symbols, viz. 

"*********" the constants by the first, and the variables by 
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the final letters of the alphabet. There is, how- 
ever, this important difference: in Analytical 
Geometry aU the results are inferred firom the 
relations which exist between the quantities 
themselves, while in the Difierential and Integral 
Calculus they are deduced by considering what 
may be indicated by marks drawn from variable 
quantities, under certain suppositions, and by 
wuirks of such marks. 

( 285. Algebra, Analytical Geometry, the Dif- 
ferential and Integral Calculus, extended into the 
Theory of Variations, make up the subject of 
analytical science, of which Algebra is the ele- 
mentary branch. As the limits of this work do 
not permit us to discuss the subject in fiilL we 
shall confine ourselves to Algebra, pointing out, 
occasionally, a few of the more obvious connec- 
tions between it and the two other branches. 



ALOBBBA. 



^ 286. On an analysis of the subject of Alge- 
bra, we think it will appear that the subject itself 
presents no serious difficulties, and that m^j^t of 
the embarrassment which is experienced by the 
pupil in gaining a knowledge of its principles, as bov 
well as in their applications, arises from not at- 



Ata»bn. 
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Lttigaagtt. tending sufficiently to the language or signs of 
the thoughts which are combined in the reason- 
ings. At the hazard, therefore, of being a little 
diffiise, I shall begin with the very elements o( 
the algebraic language, and explain, with much 
minuteness, the exact signification of the char- 

chanoten actcrs that stand for the quantities which are the 
■entqiui^ subjccts of the analysis ; and also of those signs 
signs. which indicate the several operations to be per- 
formed on the quantities. 

QawutiM. § 287. The quantities which are the subjects 

HowdiTidecL of the algebraic analysis may be divided into 

two classes: those which are known or given, 

and those which are unknown or sought. The 

Howropie- kuown are uniformly represented by the first 
letters of the alphabet, a, 6, c, d, &lc. ; and the 
unknown by the final letters, x, y, z, v, to, &c. 

May be in- ^ ^®®* Quantity is susceptible of being in- 
creased or creased or diminished ;* and there are five oper- 

diminished. * 

Five open- atious which can be performed upon a quantity 
^^^^' that will give results difiering from the quantity 

itself, viz. : 
pj^^ 1st. To add it to itself or to some other quan- 

tity; 



* Section 75. 
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2d. To subtract some other quantity from it ; smowl 

8d. To multiply it by a number ; ibini. 

4th. To divide it ; Poarth. 

5th. To extract a root of it. "«>• 
The cases in which the multiplier or divisor 

is 1, are of course excepted ; as also the case Exeepuon. 

where a root is to be extracted of I. 

§ 289. The five signs which denote these oper* sfgnc 
ations are too well known to be repeated here. 
These, with the signs of equality and inequality, BnMii 
the letters of the alphabet and the figures which Aigvunoe 
are employed, make up the elements of the alge- 
braic language. The words and phrases of the ub words 
algebraic, like those of every other language, are 
to be taken in connection with each other, and 
are not to be interpreted as separate and isolated Ho« 
symbols. 

^ 290. The symbols of quantity are designed s^buii or 
to represent quantity in general, whether abstract ^''^^^' 
or concrete, whether known or unknown; and 
the signs which indicate the operations to be ocoptai. 
performed on the quantities are to be interpreted 
in a sense equally general. When the sign plus 
is %\Titten. it indicates that the quantity before Bn«p»ii. 
which it is placed is to lie added to some othi^r ncwpiw 
quantity ; and the sign minus implies the exist- 
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ence of a minuend, from which the subtrahend 

is to be taken. One thing should be observed in 

Signs hBv« regard to the signs which indicate the operations 

DO effect on 

the nature of that are to be performed on quantities, viz. they 

do not at all affect or change the nature of the 

quantity before or after which they are written, 

but merely indicate what is to be done with the 

Exampiet: quantity. In Algebra, for example, the minus 

In Algebra. ^^^^ merely indicates that the quantity before 

which it is written is to be subtracted firom 
In Analytical somc Other quantity ; and in Analytical Geom- 
etry, that the line before which it falls is esti- 
mated in a contrary direction from that in which 
it would have been reckoned, had it had the sign 
plus ; but in neither case is the nature of the 
quantity itself different from what it would have 
been had it had the sign plus, 
interpreta- The interpretation of the language of Algebra 
J^^f is the first thing to which the attention of a pupil 
should be directed ; and he should be drilled on 
the meaning and import of the symbols, until 
their significations and uses are as familiar as 
Its neceaaity. the sounds and combinations of the letters of the 
alphabet. 

Eiemento § 291. Beginning with the elements of the 
^^ language, let any number or quantity be desig- 

nated by the letter a, and let it be required to 
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add this letter to itself, and find the result or sum. 
The addition will be expressed by 

a + a = the sum. 

But how is the sum to be expressed ? By simply 
regarding a as one a, or la, and then observing 
that one a and one a make two a's or 2 a : hence, 

a+a =2a; 

and thus we place a figure before a letter to in- 
dicate how many times it is taken. Such figure 
is caOed a Coefficient, 



§ 292. The product of several numbers is in« Fraiart: 
dicated by the sign of multiplication, or by sim- 
ply writing the letters which represent the num- 
bers by the side of each other. Thus, 

axb xc xd x/, or abcdf, 

indicates the continued product of a, ft, c, d^ and 
/, and each letter is called a factor of the prod- 
uct : hence, a factor of a product is one of the 
multipliers which produce it. Any figure, as 5, 
written before a product, as 

5abcdf, 

is the coefficient of the product, and shows that oocflrtm <€ 
ilk' product is taken 5 times. •vodaa. 

16 
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Equal cm>- § 293. If the numbers represented by a, b, c, 

ton: 

d, and / were equal to each other, they would 
what the each be represented by a single letter a, and the 
beoomea. product would then become 

axaxaxaxa = a'; 

^*^ that is, we indicate the product of several equal 

espraand. 

factors by simply writing the letter once and 
placing a figure above and a little at the right 
of it, to indicate how many times it is taken as 
Exponent: a factor. The figure so written is called an 
where Witt- exponent Hence, an exponent is a simple form 
of expression, to point out how many equal fac- 
tors are employed. 

DiTiBian: § 294. The divisiou of one quantity by an- 
iMw other is indicated by simply writing the divisor 

expreaiwd* 

below the dividend, after the manner of a frac- 
tion ; by placing it on the right of the dividend 
with a horizontal line and two dots between them; 
or by placing it on the right with a vertical line 
between them : thus either fprm of expression : 

ft 1. I.. 

Thraefbrma. J ft-r-fl, Or b\a 

indicates the division of h by a. 

Roota: § 295. The extraction of a root is indicated 

^"^^^ by the sign y/. This sign, when used by itself 

indicates the lowest root, viz. the square root. 
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If any other root is to be extracted, as the third, 
fourth, fifth, dtc, the figure marking the degree 
of the root is written above and at the left of wiMnwriip 
the sign; as, 

iT cube root, -^ fourth root, dtc. 

The figure so written, is caUed the Index of the 
root 

We have thus given the very simple and gen- 
eral language by which we indicate every one 
of the five operations that may be performed on 
an algebraic quantity, and tvtry process in Al- 
gdnra involves one or other of these operations. 



tirllMSw 



MINUS SIGN. 

§ 296. The algebraic symbols are divided into AHr»br»ie 
two classes entirely distinct from each other, 
viz. the letters that are used to designate the bowdiruad. 
quantities which are the subjects of the science, 
and the signs which are employed to indicate 
certain operations to be performed on those 
quantities. We have seen that all the algebraic Aisrhruc 
processes are comprised under addition, subtrac- ^ 

■ *^ Ihrtr nam- 

tion, multiplication, division, and the extraction (»«• 
of roots ; and it is plain, that the nature of a Do ha 
quantity is not at all changed by prefixing to it ^^ ^ ^ 
the sign which indicates either of these opera* 
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tions. The quantity denoted by the letter a, for 
example, is the same, in every respect, whatever 
sign may be prefixed to it ; that is, whether it 
be added to another quantity, subtracted from 
it, whether multiplied or divided by any number, 
or whether we extract the square or cube or any 
AigebiBic other root of it. The algebraic signs, therefore, 

algiis: 

howNgud- must be regarded merely as indicating opera- 

iwl 

tions to be performed on quantity, and not as 
affecting the ruUure of the quantities to which 
they may be prefixed. We say, indeed, that 
Fioi lad quantities are plus and minus, but this is an ab- 
*■*""• breviated language to express that they are to 
be added or subtracted. 

prindptoB of § 297. In Algebra, as in Arithmetic and Ge- 
HMKienoe: Qjj^gjjy^ g^jj ^j^g principles of the science are de- 

ntNnwbat duced from the definitions and axioms; and the 

deduced. ^^^ f^j, performing the operations are but di- 
rections framed in conformity to such principles. 

^^^ ^ Having, for example, fixed by definition, the power 
of the minus sign, viz. that any quantity before 
which it is written, shall be regarded as to be 

What we Subtracted from another quantity, we wish to 
^*!?JI?/**^ discover the process of performing that subtrac- 
tion, so as to deduce therefrom a general prin- 
ciple, from which we can frame a rule applicable 
to all similar cases. 
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h 



b^a + c 



SVBTBACTtON. 

^ 398. Let it be required, for example, to 
subtract from b the difference be- 
tween a and c. Now, having writ- 
ten the letters, with their proper 
signs, the language of Algebra expresses that it 
is the difference only between a and c, which is 
to be taken from b ; and if this difference were 
known, we could make the subtraction at once. 
But the nature and generality of the algebraic 
symbols, enable us to indicate operations, merely, 
and we cannot in general make reductions until 
we come to the final result. In what general 
way, therefore, can we indicate the true differ- 
ence? 

If we indicate the subtraction of 
a from ft, we have ft— a; but then 
we have taken away too much from 
ft by the number of units in c, for it was not a, 
but the difference between a and c that was to 
be subtracted from ft. Having taken away too 
muck, the remainder is too small by c: hence, 
if c be added, the true remainder will be express- 
ed by ft — a + c. 

Now, by analyzing this result, we see that the ^""^^ 
sign of every term of the subtrahend has been 
changed; and what has been shown with re- 
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tion. 



spect to these quantities is equally true of all 
others standing in the same relation : hence, we 
have the following general rule for the subtrac- 
tion of algebraic quantities : 

Change the sign of every term of the subtra- 
hend, or conceive it to be changed^ and then unite 
the quantities as in addition. 



Bulew 



MULTIPLICATION. 



MvlttpUca- 
tion. 



a-6 
c 



ac—bc 



§ 290. Let us now consider the case of mul- 
tiplication, and let it be required to multiply 
a^b by c. The algebraic language expresses 
signuteaiion that the difference between a and b 

of the . 

language, is to be taken as many times as 
there are units in c. If we knew 
this difierence, we could at once 
perform the multiplication. But by what gen- 

prwmb: eral process is it to be performed without finding 
that difference ? If we take a, c times, the prod- 
uct will be ac ; but as it was only the difference 
between a and 6, that was to be multiplied by c, 

BiiHtam. this product ac will be too great by b taken c 
times ; that is, the true product will be expressed 
by ac --be: hence, we see, that, 
Principle for If <i quantity having a phis sign be mtiZh'- 

tbeaigDi. pi^^j f^ another quantity having also a plus 
sign, the sign of the product will be plus ; and 
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if a quantity having a minus sign be multi- 
plied by a quantity having a plus sign, the sign 
of the product will be minus. 



( 300. Let us now take the most general Q«Bm 
case, viz. that in which it is required to multi- 
ply a — 6 by c — rf. 

Let us again observe that the algebraic lan- 
guage denotes that a — 6 is 
to be taken as many times 
as there are units in c^d; 
and if these two differences 
were known, their product 



li 



a^b 

c-^d "■ 

ac^bc 

— arf + M 

ac— fee— a</ + 6rf 



I 

I 



would at once form the product required. 

First : let us take a ^ 6 as many times as there nni ^t^p. 
are units in c ; this product, from what has al^ 
ready been shown, is equal to ac — be. But 
since the multiplier is not c, but c — d^ it follows 
that this product is too large by a — 6 taken d 
times ; that is, by ad^bd: hence, the first prod- swomi <<t: 
uct diminished by this last, will give the true 
product. But, by the rule for subtraction, this 
diff*erence is found by changing the signs of the "«*•»»"'»• 
subtrahend, and then uniting all the tenns as in 
addition: hence, the true product is expressed 
by ac — be " ad + bd. 

By analyzing this result, and employing an Aany^dt 
abbreviated language, we have the following gen- 
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eral principle to which the signs conform in mul- 
tiplication, viz. : 

Plus multiplied by plus gives plus in the prod- 
uct ; plus multiplied by minus gives minus ; mi- 
nus multiplied by plus gives minus ; and minus 
multiplied by minus gives plus in the product 



General 
Principle. 



PutlcQlar 



Minos rign: 



§ 301. The remark is often made by pupils 
that the above reasoning appears very satisfac- 
tory so long as the quantities are presented un- 
der the above form ; but why will —6 multiplied 
by —d give plus bd ? How can the product of 
two negative quantities standing alone be plus ? 

In the first place, the minus sign being pre- 
fixed to b and d, shows that in an algebraic sense 
they do not stand by themselves, but are con- 
itiinterpre- ncctcd with Other quantities; and if they are 

tatkm. 

not so connected, the minus sign makes no dif- 
ference ; for, it in no case affects the quantity, 
but merely points out a connection with other 
quantities. Besides, the product determined 
above, being independent of any particular value 
attributed to the letters a, b, c, and d, must be 
Form of the of such a form as to be true for all values ; and 
muat be troe hcncc for the casc in which a and c are both 
^^""^^ equal to zero. Making this supposition, the 
product reduces to the form of + bd. The rules 
for the signs in division are readily deduced firom 



OBAP. IV.] 



ALGEBRA. 



ZERO AND INFINITY. 

§ 803. The terms zero and infinity have given 
rise to much discussion, and been regarded as 
presenting difficulties not easily removed. It may 
not be easy to frame a form of language that shall 
convey to a mind, but little versed in mathe- 
matical science, the precise ideas which these 
terms are designed to express ; but we are un- 
willing to suppose that the ideas themselves are 
beyond the grasp of an ordinary intellect. The 
terms are used to designate the two limits of 
Space and Number, 
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the definition of division, and the principles al- wgim id 

. ••11 dlvitiua. 

ready laid down. 



ZmO SDd 

Indnlty. 



UeMBOl 



§ 803. Assuming any two points in space, and 
joining them by a straight line, the distance be* 
tween the points will be truly indicated by the 
length of this line, and this length may be ex- 
pressed numerically by the number of times 
which the line contains a known unit. If now, 
the points are made to approach each other, the niniiraik^o, 

•bovine (be 

length of the line will diminish as the points mMiiuKor 
come nearer and nearer together, until at length, 
when the two points become one, the length of 
the line will disappear, having attained its limits 
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which is called zero. * If, on the contraiy, the 

points recede from each other, the length of the 

iihiatrauoo, line joining them will continually increase ; but 

ihowing the 

meaning of SO loug as the length of the line can be expressed 
jnBoiif, in terms of a known unit of measure, it is not 
infinite. But, if we suppose the points removed, 
so that any known unit of measure would occupy 
no appreciable portion of the line, then the length 
of the line is said to be Infinite. 

§ 304. Assuming one as the unit of number, 

and admitting the self-evident truth that it may 

be increased or diminished, we shall have no 

Zero andto- difficulty in Understanding the import of the 

flnity applied igjpj^g zcro and infinity, as applied to number. 

to BumoenL ^ * '^ 

For, if we suppose the unit one to be continually 
diminished, by division or otherwise, the frac- 
"^"■''■**«*^ tional units thus arising will be less and less, 
and in proportion as we continue the divisions, 
they will continue to diminish. Now, the limit 
or boundary to which these very small fractions 
approach, is called Zero, or nothing. So long 
as the fractional number forms an appreciable 
part of one, it is not zero, but a finite fraction ; 
and the term zero is only applicable to that 
which forms no appreciable part of the standard. 
If, on the other hand, we suppose a number 
to be continually increased, the relation of this 
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number to the unit will be constantly changing. 
So long as the number can be expressed in 
terms of the unit one, it is finite, and not infi- 
nite; but when the unit one forms no appre* 
ciable part of the number, the term infinite is 
used to express that state of value, or rather, 
that limit of value. 



§ 305. The terms zero and infinity are there- ike 
fore employed to designate the limits to which 
decreasing and increasing quantities may be 
made to approach nearer than any assignable 
quantity; but these limits cannot be compared. An 
in respect to magnitude, with any known stand- 
ard, so as to give a finite ratio. 



§ 306. It may, perhaps, appear somewhat par- ^^ 
adoxical, that zero and infinity should be defined 
as '* the limits of number and space" when they 
are in themselves not measurable. But a limit 
is that " which sets bounds to, or circumscribes ;" pi^^i,,, or 
and as all finite space and finite number (and 
such only are implied by the terms Space and orspMva^ 
Number), are contained between zero and in- ;! 

finity, we employ these terms to designate the 
limits of Number and Space. 
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I 
OF THE EQUATION. 11 

Deductive § 307. We havo seen that all deductive rea- 

roaaoiitsg. 

soning involves certain processes of comparison, 

and that the syllogism is the formula to which 

those processes may be reduced.* It has also 

compariMo \)qqii stated that if two quantities be compared 

of quantttiei. ^ *^ 

together, there will necessarily result the condi- 
oonditkm. tion of equality or inequality. The equation is 
an analytical formula for expressing equality. 



sobjectof ^ 30Q The subject of equations is divided 

eqnationi: 

howdiYided. into two parts. The first, consists in finding 
Fint part: the cquatiou ; that is, in the process of express- 
ing the relations existing between the quantities 
considered, by means of the algebraic symbols 
statement and formula. This is called the Statement of 
Second part: the proposition. The second is purely deduc- 
tive, and consists, in Algebra, in what is called 
sointioo. ^^^ solution of the equation, or finding the value 
of the unknown quantity ; and in the other 
branches of analysis, it consists in the discus- 
DtacuatfoD of sion of the equation ; that is, in the drawing out 
" ** from the equation every thing which it is ca- 

pable of expressing. 

* Section 98. 
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( 300. Making the statement, or finding the 
equation, is merely analyzing the problem, and vkamii. 
expressing its elements and their relations in 
the language of analysis. It is, in truth, col- 
lating the facts, noting their bearing and con- 
nection, and inferring some general law or prin- 
ciple which leads to the formation of an equation. 

The condition of equality between two quan- Eqwiuj or 
tities b expressed by the sign of equality, which ***^"*** 
is placed between them. The quantity on the Ho« «* 
left of the sign of equality is called the first mem- igmi^nj^, 
ber, and that on the right, the second member ^ 
of the equation. The first member corresponds 
to the subject of a proposition ; the sign of equal- 
ity is copula and part of the predicate, signify- 
ing, IS EQUAL TO. Hence, an equation is merely 
a proposition expressed algebraically, in which 
equality is predicated of one quantity as com- 
pared with another. It is the great formula of 
analysis. 

^310. We have seen that every quantity is AbMnwt 
either abstract or concrete :* hence, an equa* 
tion, which is a general formula for expressing 
equality, must be either abstract or concrete. 

An abstract equation expresses merely the 
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Abstract 
•qiufioD. 



Concrete 
eqiufioo. 



relation of equality between two abstract quan- 
tities: thus, 

a + fc = X, 

is an abstract equation, if no unit of value be 
assigned to either member; for, untU that be 
done the abstract unit one is understood, and the 
formula merely expresses that the sum of a and b 
is equal to x, and is true, equally, of all quantities. 
But if we assign a concrete unit of value, that 
is, say that a and b shall each denote so many 
pounds weight, or so many feet or yards of 
length, X will be of the same denomination, and 
the equation will become concrete or denominate. 



nveopen- $ 311. We havc seen that there are five oper- 
perfcnned. atious which may be performed on an algebraic 
quantity.* We assume, as an axiom, that if 
the safhe operation, under either of these pro- 
cesses, be performed on both members of an 
equation, the equality of the members will not be 
changed. Hence, we have the five following 



I 



Aztonii. 



Flnt 



AXIOMS. 



1. If equal quantities be added to both mem- 
bers of an equation, the equality of the members 
will not be destroyed. 



Section 288. 
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3. If equal quantities be subtracted from both 
members of an equation, the equality will not be 
destroyed. 

8. If both members of an equation be multi- iurl 
plied by the same number, the equality will not 
be destroyed. 

4. If both members of an equation be divided 
by the same number, the equality will not be 
destroyed. 

5. If the same root of both members of an 
equation be extracted, the equality of the mem- 
bers will not be destroyed. 

Every operation performed on an equation ^<^ 
will fall under one or other of these axioms, and 
they afford the means of solving all equations 
which admit of solution. 

§ 313. The term Equality, in Geometry, ex- ^t"^' 



iii 



presses that relation between two magnitudes la 
which will cause them to coincide, throughout 
their whole extent, when applied to each other. 
The same term, in Algebra, merely implies that '^ 

IB Alfebra. 

the quantity, of which equality is predicated, 

and that to which it is affirmed to be equal, , 

contain the same unit of measure an equal num- ' 

ber of times : hence, the algebraic signification 

of the term equality corresponds to the signi- ^'' 



fication of the geometrical term equivalency. 
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§ 313. We have thus pointed out some of the 

marked characteristics of analysis. In Algebra, 

cas^of the elemeQtary branch, the quantities, about 

quantities in . . , ,, . . , i» -j j 

Algebra, which the scicuce is conversant, are divided, 
as has been already remarked, into known and 
unknown, and the connections between them, 
expressed by the equation, afford the means of 
tracing out further relations, and of finding the 
values of the unknown quantities in terms of the 
known. 

In the other branches of analysis, the quanti- 
How diTided ties Considered are divided into two general 

iniheoUier ^ 

branchea of classcs, Constant and Variable ; the former pre- 

Amlyria. 

serving fixed values throughout the same pro- 
cess of investigation, while the latter undergo 
changes of value according to fixed laws ; and 
from such changes we deduce, by means of the 
equation, common principles, and general prop- 
erties applicable to all quantities. 

comspoDd- § 314. The correspondence between the pro- 

fflM w in 

methodaor ccsscs of reasoning, as exhibited in the subject of 
aooounied general logic, and those which are employed in 
mathematical science, is readily accounted for, 
when we reflect, that the reasoning process is 
essentially the same in all cases ; and that any 
change in the language employed, or in the sub- 
ject to which the reasoning is applied, does not 
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at all change the nature of the process, or mate- 
I rially vary its form. 

§ 315. We shall not pursue the subject of 
, analysis any further; for, it would be foreign 

to the purposes of the present work to attempt objects or 
more than to point out the general features and ^^rk: 
characteristics of the different branches of math- 
ematical science, to present the subjects about 
which the science is conversant, to explain the 
peculiarities of the language, the nature of the 
reasoning processes employed, and of the con- 

How t^ 

Decting links of that golden chain which binds 
together all the parts, forming an harmonious 
whole. 



8I760XSTI02C8 FOE THOSE WBO TEACH ALGEBRA. 



1. Be careful to explain that the letters em- Leum 



of, and in themselves, they have no meaning or 

signification whatever, but are used merely as 

the signs or representatives of such quantities 

as they may be employed to denote. 

2. Be careful to explain that the signs which mgm twit- 

are used are employed merely for the purpose ^o^ 

of indicating the five operations which may be 

performed on quantity; and that thev indicate 

19 
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ployed, are the mere symbols of quantity. That .^.i^g^ ■' 
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n^ 

operations merelyi without at all afiecting the 

nature of the quantities before which they are 

placed. 

i^tteraand 3. Explain that the letters and signs are the 

Gie^^oT ^Ic^^^J^ts of the algebraic language, and that the 

^''°«***8^ language itself arises from the combination of 

these elements. ' 

Aigebrmio 4. Explain that the finding of an algebraic 
formula is but the translation of certain ideas, 
first expressed in our common language, into 
the language of Algebra ; and that the interpre- 
Its ioteiprot- tation of an algebraic formula is merely trans- 

atioo. 

lating its various significations into common 
language. 
LM«i]ag«i 5. Let the language of Algebra be carefully 
studied, so that its construction and significa- 
tions may be clearly apprehended, 
coeflicient, 6. Let the difierence between a coefllicient 
Exponent, and an exponent be carefully noted, and the 
office of each often explained ; and illustrate fire- 
quently the signification of the language by at- 
tributing numerical values to letters in various 
algebraic expressions, 
simiiw 7. Point out often the characteristics of sim- 

quantltlei. 

. ilar and dissimilar quantities, and explain which 
may be incorporated and which cannot. 
Minus rign. Q. Explain the power of tl^e minus sign, as 
shown in the four ground rules, but very par- 
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ticularly as it is illustrated in subtraction and 
multiplication. 

0. Point out and illustrate the correspondence 
between the four irround rules of Arithmetic AtHkMiio 
and Algebra; and impress the fact, that their conpwBd. 
difierences, wherever they appear, arise merely 
from differences in notation and language : the 
principles which govern the operations being 
the same in both. 

10. Explain with great minuteness and par- ^mtko. 
ticularity all the characteristic properties of the »• pwp^ 
equation ; the manner of forming it ; the differ- 
ent kinds of quantity which enter into its com- 
position ; its examination or discussion ; and 
the difierent methods of elimination. 

11. In the equation of the second degree, be Bqwtfooor 
careful to dwell on the four forms which em- 
brace all the cases, and illustrate by many ex- 
amples that every equation of the second de- 
gree may be reduced to one or other of them, i^ 
Explain very particularly the meaning of the 
term root ; and then show, why every equation 
of the first degree has one, and every equation 
of the second degree two. Dwell on the prop- 
erties of these roots in the equation of the sec- 
ond degree. Show why their sum, in all the 
forms, is equal to the coefficient of the second h 
term, taken with a contrary sign ; and why their 
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Their prod- product is equal to the absolute term with a 
^^ contrary sign. Explain when and why the roots '' 
are imaginary. 
Gweni 12. In fine, remember that every operation 

NlnoiplM: 

and rule is based on a principle of science, and 

that an intelligible reason may be giv^n for it. 

Find that reason, and impress it on the mind 

Should be of your pupU in plain and simple language, and 

*^ by familiar and appropriate illustrations. You 

will thus impress right habits of investigation 

and study, and he will grow in knowledge. The 

broad field of analytical investigation will be 

opened to his intellectual vision, and he will 

have made the first steps in that sublime science 

Thqrieuito which discovcrs the laws of nature in their most 

general laws. 

secret hiding-places,* and follows them, as they 
reach out, in omnipotent power, to control the 
motions of matter through the entire regions of 
occupied space. 
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UTILITY OF MATHEMATICS, 



CHAPTER I. 

unuTT or MAsnocATiai ooxsidkeso as a means or nrrsLuciVAL 

nuoinxo avd ctltukk. 



§ 816. Thb first efforts in mathematical sci- ">* 
ence are made by the child in the process of 
counting. He counts his fingers, and repeats 
the words one, two, three, four, five, six, seven, ^T!^? 
eight, nine, ten, until he associates with these 
words the ideas of one or more, and thus ac* 
quires his first notions of number. Hence, the 
idea of number is first presented to the mind by 
means of sensible objects ; but when once clear* 
]y apprehended, the perception of the sensible 
objects fades away, and the mind retains only 
the abstract idea. Thus, the child, after count* 
ing for a time with the aid of his fingers or his 
marbles, dispenses with these cumbrous helps, and 
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Abatncttoo. employs only the abstract ideas, which his mind 
embraces with clearness and uses with facility. 

Analytical $ 317. In the first stages of the analytical 

methods, where the quantities considered are 

useBseiiBibie represented by the letters of the alphabet, sen- 

oMectaat 

iiist. sible objects again lend their aid to enable the 
mind to gain exact and distinct ideas of the 
thhigs considered ; but no sooner are these ideas 
obtained than the mind loses sight of the things 
themselves, and operates entirely through the 
instrumentality of symbols. 

Geometry. § 318. So, also, in (rcometry. The right line 
may first be presented to the mind, as a black 
Fint tanprea- mark ou paper, or a chalk mark on a black- 
Bible oi^octe. board, to impress the geometrical definition, that 
"A straight line does not change its direction 
between any two of its points." When this 
definition is clearly apprehended, the mind needs 
no further aid from the eye, for the image is 
forever imprinted. 

A plana. ^ 319^ The idea of a plane surface may be 

Deflnition: impressed by exhibiting the surface of a polished 

mirror; and thus the mind may be aided in 

How ffloim- apprehending the definition, that " a plane sur- 

tad. 

face is one in which, if any two points be taken, 
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the straight line which joina them will lie wholly 
in the surface." But when the definition is 
understood, the mind requires no sensible object 
to aid its conception. The ideal alone fills the 
mind, and the image lives there without any 
connection with sensible objects. 

§ 320. Space is indefinite extension, in which 
all bodies are situated. A solid or body is any 
portion of space embracing the three dimensions 
of length, breadth, and thickness. To give to 
the mind the true conception of a solid, the aid 
of the eye may at first be necessary; but the 
idea being once impressed, that a solid, in a 
strictly mathematical sense, means only a por- 
tion of space, and has no reference to the mat- 
ter whh which the space may be filled, the mind 
turns away from the material object, and dwells 
alone on the ideal. 
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§ 321. Although quantity, in its general sense, Qaamitj: 
is the subject of mathematical inquiry, yet the 
language of mathematics is so constructed, that Lsr^-'MKv: 
the investigations are pursued without the slight- 
est reference to quantity as a material substance. 
We have seen that a system of symbols, by 
which quantities may be represented, has been 
adopted, forming a language for the expression 
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Nature of 
Uielan- 
guage: 



of ideas entirely disconnected from material ob- 
jects, and yet capable of expressing and repre- 
senting such objects. This symbolical language, 
at once copious and exact, not only enables us 
to express our known thoughts, in every depart- 
whatttao- mcut of mathematical science, but is a potent 
means of pushing our mquines into unexplored 
regions, and conducting the mind with certainty 
to new and valuable truths. 



AdTUtagtM 

of an exact 

langoan* 



§ 322. The nature of that culture, which the 
mind undergoes by being trained in the use of 
an exact language, in which the connection be- 
tween the sign and the thing signified is unmis- 
takable, has been well set forth by a living 
author, greatly distinguished for his scientific 
att$iinments.* Of the pure sciences, he says : 

** Their objects are so definite, and our no- 
tions of them so distinct, that we can reason 
about them with an assurance that the words and 
signs of our reasonings are full and true repre- 
sentatives of the things signified; and, conse- 
Exactian- queutly, that when we use language or signs in 
Tenia eiTor. argument, we neither by their use introduce 
extraneous notions, nor exclude any part of the 
case before us from consideration. For exam- 



Henchel'B 
Tiewa. 



* Sir John Herachel, Diaconne on the study of Natural 
Philoeophy. 
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pie : the words space, square, circle, a hundred, MattMiwatoii 
6lc., convey to the mind notions so complete 
in themselves, and so distinct from every thing 
else, that we are sure when we use them we 
know and have in view the whole of our own 
meaning. It is widely different with words ex- Di»raot m 
pressing natural objects and mixed relations. oOMrianiM. 
Take, for instance. Iron. Difierent persons at- 
tach very different ideas to this word. One who 
has never heard of magnetism has a widely dif- 
ferent notion of iron from one in the contrary 
predicament. The vulgar who regard this metal hov iroo is 
as incombustible, and the chemist, who sees it uia di«mtat: 
bum with the utmost fury, and who has other 
reasons for regarding it as one of the most com- 
bustible bodies in nature; the poet, who uses iii»poct: 
it as an emblem of rigidity ; and the smith and 
engineer, in whose hands it is plastic, and mould- 
ed like wax into every form ; the jailer, who prizes 
it as an obstruction, and the electrician, who iv« 
sees in it only a channel of open communication 
by which that most impassable of obstacles, the 
air, may be traversed by his imprisoned fluid, — 
have all difierent, and all imperfect notions of 
the same word. The meaning of such a term nn>i tui»> 
is like the rainbow — everybody sees a different 
one, and all maintain it to be the same." 

** It is, in fact, in this double or incomplete 
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Two wqrs of § 323. Mr. Locke lays down two ways of in- 
knowledge, creasing our knowledge : 

Ist. ''Clear and distinct ideas with settled 
names ; and, 

2d. ** The finding of those which show their 
agreement or disagreement ;" that is, the search- 
ing out of new ideas which result from the com- 
bination of those that are known, 
nm. In regard to the first of these ways, Mr. Locke 

says : " The first is to get and settle in our minds 
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inoompieto sensc of words, that we must look for the origin 
°!^« of* ^f ^ v®T la^^gc portion of the errors into which jl 

enw. ^g £jjj Now, the study of the abstract sciences, 
Mathematki such as Arithmetic, Geometry, Algebra, &c., 
such enon. while they aflTord scope for the exercise of rea- 
soning about objects that are, or, at least, may 
be conceived to be, external to us; yet, being 
free from these sources of error and mistake, 
Requireem accustom US to the strict usc of language as 

strict UM of 

languege. coi instrument of reason, and by familiarizing us 
in our progress towards truth, to walk uprightly 
and straightforward, on firm ground, give us |i 
that proper and dignified carriage of mind which < 
»««*»■• could never be acquired by having always to 
pick our steps among obstructions and loose 
fragments, or to steady them in the reeling tem- 
pests of conflicting meanings. 
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determined ideas of those things, whereof we uaMor 
have general or specific names; at least, of so t^dJiDei. 
many of them as we would consider and im- 
prove our knowledge in, or reason about." • • * 
** For, it being evident, that our knowledge can* 
not exceed our ideas, as far as they are either im- ■""" 
perfect, confused, or obscure, we cannot expect 
to have certain, perfect, or clear knowledge." 

^324. Now, the ideas which make up our wbyHb 
knowledge of mathematical science, fulfil ex- 
actly these requirements. They are all im- 
pressed on the mind by a fixed, definite, and 
certain language, and the mind embraces them 
as so many images or pictures, clear and dis- 
tinct in their outlines, with names which sug- 
gest at once their characteristics and properties. 



^ 325. In the second method of increasing 
our knowledge, pointrd out by Mr. Locke, math- 
ematical science ofTers the most ample and the wbj 
surest means. The reasonings are all based on 
self-evident truths, and are conducted by means 
of the most striking relations between the knovm 
and the unknown. The things reasoned about, 
and the methods of reasoning, are so clearly 
apprehended, that the mind never hesitates oi 
doubts. It comprehends, or it does not compre- 
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Gharacterl*- 
tiooflfae 
reasoning. 

ItaadTan- 



tton certain. 

MalhemallflB 
includes a 
certain sys- 
tem. 



An adjunct 
and instru- 
ment of rea- 



and 
17 to aU. 



hend, and the line which separates the known 
from the unknown, is always well defined. These 
characteristics give to this system of reasoning 
a superiority over every other, arising, not from 
any difierence in the logic, but frxim a difference 
in the things to which the logic is applied. Ob- 
servation may deceive, experiment may fail, and 
experience prove treacherous, but demonstration 
never. 

'' If it 'be true, then, that mathematics include 
a perfect system of reasoning, whose premises 
are self-evident, and whose conclusions are irre- 
sistible, can there be any branch of science or 
knowledge better adapted to the improvement 
of the understanding? It is in this capacity, 
as a strong and natural adjunct and instrument 
of reason, that this science becomes the fit sub- 
ject of education with all conditions of society, 
whatever may be their ultimate pursuits. Most 
sciences, as, indeed, most branches of knowledge, 
address themselves to some particular taste, or 
subsequent avocation ; but this, while it is be- 
fore all, as a useful attainment, especially adapts 
itself to the cultivation and improvement of the 
thinking faculty, and is alike necessary to aU 
who would be governed by reason, or live for 
usefulness."* 



'I 



* Mansfield's Discourse on the Mathematics. 
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^ 326. The foUowing, among other consider- 
ations, may serve to point out and illustrate the y^xxmoi 



Talue of mathematical studies, as a means of 
mental improvement and development. 

1. We readily conceive and clearly appre- 
hend the things of which the science treats ; ^ 
they being things simple in themselves and' read- ^**>*^ 
ily presented to the mind by plain and familiar 
language. For example : the idea of number, of 
one or more, is among the first ideas implanted 
in the mind ; and the child who counts his fin- 
gers or his marbles, understands the art of num- 
bering them as perfectly as he can know any 
thing. So, likewise, when he learns the definition 
of a straight line, of a triangle, of a square, of 
a circle, or of a parallelogram, he conceives the 
idea of each perfectly, and the name and the ^^"^ 
image are inseparably connected. These ideas, 

so distinct and satisfactory, are expressed in the 
simplest and fewest terms, and may, if necessary, 
be illustrated by the aid of sensible objects. 

2. The words employed in the definitions bwoiml 
are always used in the same sense— each ex- aiwaytiM^ 
pressing at all times the same idea ; so that ^^^^ 
when a definition is apprehended, the concep- 
tion of the thing, whose name is defined, is per- 
fect in the mind. 

There is, therefore, no doubt or ambiguity 
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Hflno6,itta either in the language, or in regard to what is 

affirmed or denied of the things spoken of; but 

all is certainty, both in the language employed 

and in the ideas which it expresses. ' 

TbinL 3. The science of mathematics employs no 

no deflniUoQ definition which may not be clearly compre- 

^w^oTand J^®'^^®^ — ^^7^ dowu uo axioms not universally 

***'• true, and to which the mind, by the very laws 

of its nature, readily assents ; and because, also, 

in the process of the reasoning, no principle or 

truth is taken for granted, but every link in 

The ooniieo- the chaiu of the argument is inunediately con- 

nected with a definition or axiom, or with some 

principle previously established. 

Fourth. 4. The order established in presenting the 

■mngtheM subject to the mind, aids the memory at the 

*"*^*'^ same time that it strengthens and improves the 



reasoning powers. For example: first, there 
How ideas are the definitions of the names of the things 
"" ed. which are the subjects of the reasoning ; then 
the axioms, or self-evident truths, which, to- 
gether with the definitions, form the basis of the 
science. From these the simplest propositions 
How the de- ^^^ deduccd, and then follow others of greater 
difficulty ; the whole connected together by rig- 
orous logic— each part receiving strength and 
light from all the others. Whence, it follows, 
that any proposition may be traced to first prin- 
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ciplet) ; its dependence upon and connection ProfMaiuoM 
with those principles made obvious ; and its truth 



established by certain and infallible argument. 

5. The demonstrative argument of mathe- ''^^• 



matics produces the most certain knowledge the 
of which the mind is susceptible. It estab- 
lishes truth so clearly, that none can doubt or 
deny. For, if the premises are certain — that is, 
such that all minds admit their truth without 
hesitation or doubt, and if the method of draw- 
ing the conclusions be lawful — ^that is, in accord- 
ance with the infallible rules of logic; the infer- 
ences must also be true. Truths thus established 
may be relied on for their verity ; and the knowl- 
edge thus gained may well be denominated 

SciSNCE. 

^ 827. There are, as we have seen, in mathe- Twoiy*- 
matics, two systems of investigation quite differ- 
ent from each other: the Synthetical and the 
Analytical; the synthetical beginning with the 
definitions and axioms, and terminating in the 
highest truth reached by Geometry. 

''This science presents the very method by 
which the human mind, in its progress from 
childhood to age, develops its faculties. What 
first meets the observation of a child? Upon 
what are his earliest investigations employed ? 
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What is ML Next to color, which exists only to the sight, 

obsarved. 

figure, extension, dimension, are the first objects 
which he meets, and the first which he examines. 
He ascertains and acknowledges their existence ; 
then he perceives plurality, and begins to enu- 
?tognmot merate; finally he begins to draw conclusions 
from the parts to the whole, and makes a law 
from the individual to the species. Thus, he 
has obtained figure, extension, dimension, enu- 
meration, and generalization. This is the teach- 
ing of nature; and hence, when this process 
Prooeasde- becomes embodied in a perfect system, as it is 
thlayitemof ^^ Gcomctry, that system becomes the easiest 
^^**'™*^' and most natural means of strengthening the 
mind in its early progress through the fields of 
knowledge." 
fintneoM. " Long after the child has thus begun to gen- 
j^J^. eralize and deduce laws, he notices objects and 
events, whose exterior relations aflford no con- 
clusion upon the subject of his contemplation. 
Machinery is in motion— efiects "are produced. 
Hi method. He is Surprised; examines and inquires. He 
reasons backward from efiect to cause. This is 
Analysis, the metaphysics of mathematics ; and 
whuittie through all its varieties — ^in Arithmetic — ^in Alge- 
**' bra — and in the Difierential and Integral Calcu- 
lus, it furnishes a grand armory of weapons for 
acute philosophical investigation. But analysis 
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advances one step further by its peculiar nota^ wbnudow: 
tion ; it exercises, in the highest degree, the fac- 
ulty of abstraction, which, whether morally or 
intellectually considered, is always connected 
with the loftiest efforts of the mind. Thus this 
science comes in to assist the faculties in their 
progress to the ultimate stages of reasoning; 
and the more these analytical processes are cul- ^'^■< o 
tivated, the more the mind looks in upon itself, oonpUdMs. 
estimates justly and directs rightly those vast 
powers which are to buoy it up in an eternity 
of future being."* 

^ 828. To the quotations, which have already 
been so ample, we will add but two more. 

''In the mathematics, I can report no defi- smxmH 
cience, except it be that men do not suffi- mithinninci 
ciently understand the excellent use of the pure 
mathematics, in that they do remedy and cure 
many defects in the wit and faculties intellectual. 
For, if the wit be too dull, they sharpen it ; if 
too wandering, they fix it ; if too inherent in the 
sense, they abstract it.^f Again : 

" Mathematics serve to inure and corroborate "»« ^ 
the mind to a constant diligence in study, to 
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* Bfaiufield*t DitcourMs on llathenuiticd. 
f Lord Bacon. 



•I 
I 

I. 

I 

•i 
I, 



20 



1 



306 



UTILITY OF MATHEMATICS. [bOOK III. 



maoieniatia undergo the trbuble of an attentive meditation, 

n^io^ and cheerfully contend with such difficulties as 

lie in the way. They wholly deliver us from 

credulous simplicity, most strongly fortify us 

against the vanity of skepticism, effectually re- 

itsiDfliwiioei. strain us from a rash presumption, most easily 
incline us to due assent, perfectly subjugate us 
to the government and weight of reason, and 
inspire us with resolution to wrestle against the 
injurious t}nranny of false prejudices. 

Howtbeyara ''If the faucy be unstable and fluctuating, it 
is, as it were, poised by this ballast, and steadied 
by this anchor ; if the wit be blunt, it is sharp- 
ened by this whetstone ; if it be luxuriant, it is 
pruned by thb knife ; if it be headstrong, it is 
restrained by this bridle ; and if it be dull, it is 
roused by this spur."* 

§ 329. Mathematics, in aU its branches, is, in 
fact, a science of ideas alone, unmixed with mat- 
if,«iwmt««« ter or material things; and hence, is properly 
**««!* termed a Pure Science. It is, indeed, a fairy 
land of the pure ideal, through which the mind 
is conducted by conventional symbols, as thought 
is conveyed along wires constructed by the 
hand of man. 



* Dr. Barrow. 
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^ 330. In conclusion, therefore, we may claim wimi 
for the study of Mathematics, that it impresses 



the mind with clear and distinct ideas; culti- 
vates habits of close and accurate discrimina- 
tion ; gives, in an eminent degree, the power 
of abstraction ; sharpens and strengthens all the 
faculties, and develops, to their highest range, 
the reasoning powers. The tendency of this Ui 
study is to raise the mind from the servile habit 
of imitation to the dignity of self-reliance and 
self-action. It arms it with the inherent ener- 
gies of its own elastic nature, and urges it out ^^ 
on the great ocean of thought, to make new 
discoveries, and enlarge the boundaries of men- 
tal effort 
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TBI UTILITY or MATHEXATICS KBGA&DED AB A MXANB OF AOQm&imi 
KKOWLKDOX — ^BACONIAK PHILOeOPHT. ■ 



MtthematicS' 



§ 331. In the preceding chapter, we consid- 
ered the effects of mathematical studies on the 
mind, merely as a means of discipline and train- 
How oontid- ing. We regarded the study in a single point 

flndhereCo- 

ibre: of view, viz. as the drill-master of the intel- 
lectual faculties — the power best adapted to 
bring them all into order — to impart strength, 
and to give to them organization. In the 
How now present chapter we shall consider the study un- 
***'*■****'**' der a more enlarged aspect — as furnishing to 
man the keys of hidden and precious knowl- 
edge, and as opening to his mind the whole 
volume of nature. 
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Material 
UniTane. 



$ 332. The material universe, which is spread 
out before us, is the first object of our rational 
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regards. Material things are the first with which 
we have to do. The child plays with his toys 
in the nursery, paddles in the limpid water,* 
twirls his top, and strikes with the hamper. 
At a maturer age a higher class of ideas are 
embraced. The earth is surveyed, teeming with 
its products, and filled with life. Man looks 
around him with wondering and delighted eyes. 
The earth he stands upon appears to be made 
of firm soil and liquid waters. The land is 
broken into an irregular surface by abrupt hills 
and frowning mountains. The rivers pursue 
their courses through the valleys, without any 
apparent cause, and finally seem to lose them* 
selves in their own expansion. He notes the 
return of day and night, at regular intervals, 
turns his eyes to the starry heavens, and in- 
quires how far those sentinels of the night may 
be from the world they look down upon. He 
is yet to learn that all is governed by general 

Ikv 

laws imparted by the fiat of Him who created 
all things ; that matter, in all its forms, is sub- 
ject to those laws ; and that man possesses the im 
capacity to investigate, develop, and understand t!^io m^ 
them. It is of the essence of law that it in- ^^"^ 
eludes all possible contingencies, and insures 
implicit obedience; and such are the laws of 
nature. 



310 UTILITY OF MATHEMATICS. [bOOK III. 



§ 333. To the man of chance, nothing is more 
mysterious than the developments of science. 
unifonnity: .He does not see how so great a uniformity can 
Variety : jonsist with the infinite variety which pervades 
every department of nature. While no two 
individuals of a species are exactly alike, the 
resemblance and conformity are so close, that 
the naturalist, from the examination of a sin- 
gle bone, finds no difficulty in determining the 
species, size, and structure of the animal. So, 
Tbajwppmr also, in the vegetable and mineral kininloms: 

in aU ttili«ik ^ ^ 

all the structures of growth or formation, al- 
though infinitely varied, are yet conformable to 
like general laws, 
seienee w This woudcrful mcchanism, displayed in the 
thederei- structurc of auimals, was but imperfectly under- 
opimt of g^Qoj^ until touched by the magic wand of sci- 
ence. Then, a general law was found to per- 
vade the whole. Every bone is of that length 
WhatseiflDoe and diameter best adapted to its use ; every 
muscle is inserted at the right point, and works 
about the right centre; the feathers of every 
bird are shaped in the right form, and the curves 
in which they cleave the air are best adapted 
wbfttmaj to velocity. It is demonstrable, that in every 

ba dMDon* 

•tntfld. case, and in all the variety of forms in, which 
forces are applied, either to increase power or 
gain velocity, the very best means have been 
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adopted to produce the desired result And why wbyuii 
should it not be so, since they are employed 
by the all- wise Architect ? 



't 



§ 334. It is in the investigations of the laws Appiiemooi 
of nature that mathematics finds its widest yik.-^i^ 
range and its most striking applications. 

Experience, aided by observation and enlight- 
ened by experiment, b the recognised fountain BMoe^h 

Phitotofiliy* 

of all knowledge of nature. On this foundation 

Bacon rested his Philosophy. He saw that the 

Deductive process of Aristotle, in which the 

conclusions do not reach beyond the premises, AiMoUe^: 

was not progressive. It might, indeed, improve ' 

the reasoning powers, cultivate habits of nice 

discrimination, and give great proficiency in 

verbal dialectics ; but the basis was too narrow 

for that expansive philosophy, which was to ito<i»»«<^ 

unfold and harmonize all the laws of nature. 

Hence, he suggested a careful examination of wbat naruo 

nature in every department, and laid the foun- "**^'***'* 

dations of a new philosophy. Nature was to 

be interrogated by experiment, observation was 

to note the results, and gather the facts into the 

storehouse of knowledge. Facts, so obtained, timiih^wwid 

were subjected to analysis and collation, and *~ 

general laws inferred from such classification by 
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BaeoD^a a reasoDiDg process called Induction. Hence, 
indiictiTe. ^^^ systCDi of Bacon is said to be Inductive. 



New Philoso- 
phy: 



§ 335. This new philosophy gave a startling 
impulse to the human mind. Its subject was 
Nature — ^material and immaterial ; its object, the 
discovery and analysis of those general laws 

What it did. which pcrvade, regulate, and impart uniformity 
to all things ; its processes, experience, experi- 
ment, and observation for the ascertainment of 
itanatarB. facts ; analysis and comparison for their classifi- 
cation; and reasoning, for the establishment of 

What aided general laws. But the work would have been 
incomplete without the aid of deductive science. 
General laws deduced from many separate cases, 
by Induction, needed additional proof ; for, they 
might have been inferred from resemblances too 
slight, or coincidences too few. Mathematical 
science affords such proofs. 



It 



What it 
Dseded. 



ibetrathaof § 93^* Regarding general laws, established by 
indttctioa: IqJuq^jqq^ ^3 fundamental truths, expressing these 

by means of the analytical formulas, and then 
operating on these formulas by the known pro- 
How Terifled ccsscs of mathematical science, we are enabled, 

by Analyria. 

not only to verify the truths of induction, but 
often to establish new truths, which were hidden 
from experiment and observation. As the in- 
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ductive process may involve error, while the 

deductive cannot, there are weighty scientific 

reasons, for giving to every science as much 

of the character of a Deductive Science as pos* 

sible. Every science, therefore, should be con- AMfkrm 

structed with the fewest and simplest possible KteuoM ' 

inductions. These should be made the basis of !^!1'^ 

deductive processes, by which every truth, how- •'^•- * 

ever complex, should be proved, even if we 

chose to verify the same by induction^ based on 

specific experiments. 

§ 337. Every branch of Natural Philosophy n«u«i Phi- 
was originally experimental; each generaliza- 
tion rested on a special induction, and was de- 
rived from its own distinct set of observations 
and experiments. From being sciences of pure 
experiment, as the phrase is, or, to speak more 
correctly, sciences in which the reasonings con- i* 

dtdMlif*. 

sist of no more than one step, and that a step 
of induction ; all these sciences have become, 
to some extent, and some of them in nearly their 
whole extent, sciences of pure ren.soning : thus, 
multitudes of truths, already known by induc- 
tion, from as many diflferent sets of experiments, 
have come to be exhibited as deductions, or co- 
rollaries from inductive pro|>ositions of a simpler 
arid more universal character. Thus, mechan- 
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Deducuve ics, hydrostatics, optics, and acoustics, have 

successively been rendered mathematical ; and 

astronomy was brought by Newton within the 

laws of general mechanics. 

Their adTsa- The Substitution of this circuitous mode of 

tagw: 

proceeding for a process apparently much easier | 
and more natural, is held, and justly too, to be 
the greatest triumph in the investigation of nature. ' 
Tbeyrert on But, it is ueccssary to remark, that although, by 
this progressive transformation, all sciences tend 



to become more and more deductive, they are 

not, therefore, the less inductive ; for, every step 

in the deduction rests upon an antecedent in- 

Bdeooeflde- ductiou. The Opposition is, perhaps, not so 

doctiTeorex- 

perimentaL much between the terms Deductive and Induc- 
tive as between Deductive and Experimental. 



Esperimen- ^ ^^®' ^ scicuce is experimental, in propor- 
taiBdeDoe: ^Jq^ ^s cvcry ucw casc, which presents any pe- 
culiar features, stands in need of a new set of 
observations and experiments, and a fresh in- 
duction. It is deductive, in proportion as it can 
When do- ^^^aw conclusious, respecting cases of a new 
•***^^®- kind, by processes which bring these cases un- 
der old inductions, or show them to possess 
known marks of certain attributes. 

§ 339. We can now, therefore, perceive, what 
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18 the generic distinction between sciences that mamm»ob 
can be made deductive and those which must, ducu^uMi 
as yet, remain experimental. The difference *"^^JJJ^ 
consists in our having been able, or not yet 
able, to draw from first inductions as from a 
general law, a series of connected and depend- 
ent truths. When this can be done, the de- 
ductive process can be applied, and the sci- 
ence becomes deductive. For example : when tMmOf. 
Newton, by observing and comparing the mo- 
tions of several of the heavenly bodies, discov- 
ered that all the motions, whether regular or """pifc 
apparently anomalous, of all the observed bodies 
of the Solar System, conformed to the law of 
moving around a common centre, urged by a 
centripetal force, varying directly as the mass, 
and inversely as the square of the distance from 
the centre, he inferred the existence of such a wh«iif«v- 
law for all the bodies of the system, and then de- ** 



the greatest example which has yet occurred of '^^'^ 
the transformation, at one stroke, of a science 
which was in a great degree purely experimen- 
tal, into a deductive science. 



§ 340. How far the study of mathematics pre- sundy or 
pares the mind for such contemplations and 
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monstrated, by the aid of mathematics, that no j! 

Other law could produce the motions. This is wh^ht •' 
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Dr. Barrow^ 
opinion. 
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ftirnish tbe 

mind: 



Abstract 

■nd elevate 

it: 



Conflrmedby 
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such knowledge, is well set forth by an old wri- 
ter, himself a distinguished mathematician. He 
says : 

'' The steps are guided by no lamp more clear- 
ly through the dark mazes of nature, by no thread 
more surely through the infinite turnings of the 
labyrinth of philosophy ; nor lastly, is the bottom 
of truth sounded more happily by any other line. 
I will not mention with how plentiful a stock 
of knowledge the mind is furnished from these ; 
with what wholesome food it is nourished, and 
what sincere pleasure it enjoys. But if I speak 
further, I shall neither be the only person nor 
the first, who aflSrms it, that while the mind is 
abstracted, and elevated from sensible matter, 
distinctly views pure forms, conceives the beau- 
ty of ideas, and investigates the harmony of pro- 
portions, the manners themselves are sensibly 
corrected and improved, the aflfections composed 
and rectified, the fancy calmed and settled, and 
the understanding raised and excited to more 
divine contemplations : all of which I might de- 
fend by the authority and confirm by the suf- 
frages of the greatest philosophers."* 



ii 



Beiacherto § 341. Sir Johu Herschel, in his Introduction 



* Dr. Banow. 
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to his admirable Treatise on Astronomy, very 
justly remarks, that, 

''Admission to its sanctuary [the science of maum^m*- 
Astronomy], and to the privileges and feelings ihii^mm- 
of a votary, is only to be gained by one means^ kBowMnvor 



sound and sufficient knowledge of mathematics, 
the great instrument of all exact inquiry, with- 
out which no man can ever make such advances 
in this or any other of the higher departments 
of science as can entitle him to form an inde- 
pendent opinion on any subject of discussion 
within their range. 

"It is not without an effort that those who 
possess this knowledge can communicate on b^i^ 
such subjects with those who do not, and adapt 
their language and their illustrations to the ne- 
cessities of such an intercourse. Propositions 
which to the one are almost identical are the- 
orems of import and difficulty to the other ; nor 
is their evidence presented in the same way to 
the mind of each. In treating such proposi- cxorpi 



hOQ CftDOOt 



lO Mich M 
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tions, under such circumstances, the ap|>eal has i,,^, „^ 



to be made, not to the pure and abstract reason* 
but to the sense of analogy — ^to practice and 

experience: principles and modes of action have 

I 

to be established, not by direct argument from ! 

acknowledged axioms, but by continually rofer- . 

ring to the sources from which the axioms them- 
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Mart begin selves have been drawn, viz. examples ; that is to 
piesteie- ^^Y* ^7 wringing forward and dwelling on simple 
™*°**' and familiar instances in which the same prin- 
ciples and the same or similar modes of action 
take place; thus erecting, as it were, in each 
particular case, a separate induction, and con- 
structing at each step a little body of science to 
Dioitntion meet its exi£^encies. The difference is that of 

or the diObr- . ^ 

enoe be- pioneering a road through an untraversed coun- 

.J^^^y try, and advancing at ease along a broad and 

"mdrotiflf ^^^^^ highway ; that is to say, if we are deter- 

methodA. mined to make ourselves distinctly understood, 

and wiU appeal to reason at all." Again: 
M«»^^».T ^ ^^ " A certain moderate degree of acquaintance 
**^^.'° with abstract science is highly desirable to every 

one who would make any considerable progress I 
in physics. As the universe exists in time and j 
place ; and as motion, velocity, quantity, num- 
ber, and order, are main elements of our knowl- 
edge of external things and their changes, an 
acquaintance with these, abstractedly consid- 
wby It tfl ao ered (that is to say, independent of any consid- 
eration of particular things moved, measured, 
counted, or arranged), must evidently be a use- 
ful preparation for the more complex study of 
nature."* 



11 



* Sir John Uerschel on the stody of Natanl Philosophy. 
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§ 342. If we consider the department of chem- » 
istry, — which analyzes matter, examines the ele- 
ments of which it }8 composed, develops the laws 
which unite these elements, and also the agencies 
which will separate and reunite them, — we shall 
find that no intelligent and philosophical analysis 
can be made without the aid of mathematics. 



II 



lodit 



( 343. The mechanism of the physical uni- 
verse, and the laws which govern and regulate i 
its motions, were long unknown. As late as the 
17th century, Galileo was imprisoned for pro- o^oto, 
mulgating the theory that the earth revolves on >• 
its axis; and to escape the fury of persecution, Bhihmorj. :' 
renounced the deductions of science. Now, ev- 
ery student of a college, and every ambitious boy nam 
of the academy, may, by the aid of his Algebra 
and Geometry, demonstrate the existence and 
operation of those general laws which enable Bywtei 
him to trace with certainty the path and mo- aMMttn* 
tions of every body which circles the heavens. 

4 344. What knowledge is more precious, or vaiw 
more elevating to the mind, than that which 
assures us that the solar system, of which the 
sun is the centre, and our earth one of the 
smaller bodies, is governed by the general law 
of gravitation ; that is, that each body is re- 
tained in its orbit by attracting, and being at- 



Of Tf*^Tl Hitl? 
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not eaqr. 



Analyrif: 



What tracted by, all the others ? This power of attrac- 
tion, by which matter operates on matter, is the 
great governing principle of the material world. 
The motion of each body in the heavens de- 
The thinga pends On the forces of attraction of all the 
others ; hence, to estimate such forces — ^varying 
as they do with the quantity of matter in each 
body, and inversely as the squares of their dis- 
tances apart— is no easy problem ; yet analy- 
sis has solved it, and with such certainty, that 
the exact spot in the heavens may be marked 
at which each body will appear at the expiration 

What it has of any definite period of time. Indeed, a tele- 
dime: 

scope may be so arranged, that at the end of 

How a that time either one of the heavenly bodies 

nsoU might 

be Terified would present itself to the field of view ; and 
^^m^!^ if the instrument could remain fixed, though the 
time were a thousand years, the precise mo- 
ment would discover the planet to the eye of the 
observer, and thus attest the certainty of science. 



Analyala 
determinea 
balaadng 



§ 345. But analysis has done yet more. It 
has not only measured the attractive power of 
each of the heavenly bodies ; determined their 
distances from a common point and from each 
other; ascertained their specific gravities and 
traced their orbits through the heavens ; bat 
has also discovered the existence of balancing 



CHAP. II.] STABILITY OP THE UNIVERSE. ;{:;>1 



I 



and coDservative forces, evincing the highest sridMceor 
evidence of contrivance and design. ****^ 

^ 346. A superficial view of the architecture Arehiirctnre 
of the heavens might inspire a doubt of the sta- cm aow% 
bility of the entire system. The mutual action '*"^""^* 
of the bodies on each other produces what is 
called an irregularity in their motions. The 
earth, for example, in her annual course around Exwnpk* oc 

tb« earth: 

the sun, is afiected by the attraction of the 
moon and of all the planets which comix)se the 
solar system ; and these attracting forces appear 
to give an irregularity to her motions. The 
moon in her revolutions around the earth is also orttomouo: 
influenced by the attraction of the sun, the earth, 
and of all the other planets, and yields to each a 
motion exactly proportionate to the force exert- 
ed ; and the same is equally true of all the bodies or uw <4h<T 
which belong to the system. It was reserved 
for analysis to demonstrate that every supposed 
irregularity of motion is but the consequence of 
a general law ; that every change is constancy, 
and ever}' diversity uniformity. Thus, mathe- ikthrmmir* 
matical science assures us that our system has pma»t*. nc^ 
not been abandoned to blind chance, but that ^^*^ 
a superintending Providence is ever exerted 
through those general laws, which are so minute 

as to govern the motions of the feather as it is 

*21 
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Generality of wafted aloDg OD the passing breeze, and yet so 



law*. 



omnipotent as to preserve the stability of worlds. 



§ 347. But analysis goes yet another step. 

That class of wandering bodies, known to us by 

( omeu: the name of comets, although apparently escaped 

from their own spheres, and straying heedlessly 

mathU'Lcs ^^^^^8^ illimitable space, have yet been pursued 

provea in re- by the telcscope of the observer until sufficient 

gardtoihefn. 

data have been obtained to apply the process 
of analysis. This done, a few lines written upon 
paper indicate the precise times of their reap- 

RcvDitaatri- pcarancc. These results, when first obtained, 
were so striking, and apparently so far beyond 
the reach of science itself, as almost to need 

veriiieatfoii. the Verification of experience. At the appointed 
times, however, the comets reappear, and sci- 
ence is thus verified by observation. 

Nature § 348. The great temple of nature is only to 

canDot be lih 

▼eatigatod be Opened by the keys of mathematical science. 

nutfLematkB. ^® "^^y Perhaps rcach the vestibule, and gaze 

with wonder on its gorgeous exterior and its 

exact proportions, but we cannot open the por- 

"'«■*'■'><»• tal and explore the apartments unless we use 
the appointed means. Those means are the 
exact sciences, which can only be acquired by 
discipline and severe mental labor. 
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The precious metals are not scattered pro- 
fusely over the surface of the earth ; they are, 
for wise purposes, buried in its bosom, and can 
be disinterred only by toil and labor. So with 
science : it comes not by inspiration ; it is not 
borne to us on the wings of the wind ; it can oniy lo be 
neither be extorted by power, nor purchased by auidy: 
wealth ; but is the sure reward of diligent and 
assiduous labor. Is it worth that labor ? What utowoitb 

HBd). 

is it not worth? It has perforated the earth, 

and she has yielded up her treasures ; it has ^'^■^ 

tthMdooe 

guided in safety the bark of commerce over dis- tetba wants 

Cf 1MB* 

tant oceans, and brought to civilized man the 
treasures and choicest products of the remotest 
climes. It has scaled the heavens, and searched 
out the hidden laws which regulate and govern 
the material universe ; it has travelled from 
planet to planet, measuring their magnitudes, sur* 
veying their surfaces, determining their days and 
nights, and the lengths of their seasons. It has 
also pushed its inquiries into regions of space, wimi 
where it was supposed that the mind of the lo 



I 

;• 
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Omnipotent never yet had energized, and there JJ2'IJl||I**'J^ 
located unknown worlds— ^calculating their di- 
ameters, and their times of revolution. 



( 349. Mathematical science is a magnetic hov 
tel^i^raph, which conducts the mind from orb 
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aid the 
mind in its 
inquiries: 



How thej 
enlarge it: 



Maybe 
relied on. 



to orb through the entire regions of measured 
space. It enables us to weigh, in the balance 
of universal gravitation, the most distant planet 
of the heavens, to measure its diameter, to de- 
termine its times of revolution about a common 
centre and about its own axis, and to claim it 
as a part of our own system. 

In these far reachings of the mind, the im- 
agination has full scope for its highest exercise. 
It is not led astray by the false ideal and fed by 
illusive visions, which sometimes tempt reason 
from her throne, but is ever guided by the de- 
ductions of science; and its ideal and the real 
are united by the fixed laws of eternal truth. 



r 
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Mind 
delights in 
certainty. 



Why 

mathematioa 
aflbrdiL 



§ 350. There is that within us which delights 
in certainty. The mists of doubt obscure the 
mental, as the mists of the morning do the phys- 
ical vision. We love to look at nature through 
a medium perfectly transparent, and to see every 
object in its exact proportions. The science of 
mathematics is that medium through which the 
mind may view, and thence understand all the 
parts of the physical universe. It makes man- 
ifest all its laws, discovers its wonderful harmo- 
nies, and displays the wisdom and omnipotence 
of the Creator. 
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CHAPTER III. 



THE UnXJTT or MATRKlCATIOi 00X81 DBBKD AS rUA.MtBBCCO TBOtB AVLBi Of 
AAT WHICH MAKE KNOWLKDOB r&ACnCAlXT KmCTtVE. 



§ 351. Therb is perhaps no word in the Eng- pncikai: 
lish language less understood than Practical. Litue 
By many it is regarded as op{X)8ed to theoreti- 
cal. It has become a pert question of our day, ii* popnw 
** Whether such a branch of knowledge is prac- 



tical ?" " If any practical good arises from pur- 

suing such a study?" "If it be not full time atudimaod 



booka. I 



that old tomes be permitted to remain untouched 

in the alcoves of the library, and the minds of ' 

the young fed with the more stimulating food of 

modem progress ?" 



§352. Such inquiries are not to be answered toqnin.-: 
by a taunt. They must be met as grave ques- "«* ^ »*• 
tions, and considered and discussed with calm- 
ness. They have possession of the public mind ; ^•*' 
they affect the foundations of education ; they 



326 



UTILITY OF MATHEMATICS. 



[ 



BOOK III. 



Tiicir influence and direct the first steps ; they control 
'*'^*"* the very elements from which must spriilg the 
systems of public instruction. 



Pimoticd: 

OommoD 
ncoeptettoo : 



Whittt 
Implies. 



§ 363. The term " practical," in its common 
acceptation, that is, in the sense in which it is 
often used, refers to the acquisition of useful 
knowledge by a short process. It implies a sub- 
stitution of natural sagacity and " mother wit" 
for the results of hard study and laborious effort. 
It implies the use of knowledge before its acqui- 
sition ; the substitution of the results of mere 
experiment for the deductions of science, and 
the placing of empiricism above philosophy. 



InthiB 



§ 354. In this view, the practical is adverse 
^^looaoBii^ to sound learning, and directly opposed to real 
progress. If adopted, as a basis of national edu- 
cation, it would shackle the mind with the iron 
fetters of mere routine, and chain it down to 
the drudgery of unimproving labor. Under 
such a system, the people would become imita- 
tors and rule-men. Great and original principles 
would be lost sight of, and the spirit of inves- 
tigation and inquiry would find no field for its 
legitimate exercise. 

But give to "practical" its true and right 
signification, and it becomes a word of the 



Oonse- 



Right 
ilgnlflffinrton, 
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choicest import. In its right sense, it is the best neit meanf 
means of making the true ideal the actual ; that la^il^V"^ 
is, the best means of carrying into the business 
and practical affairs of life the conceptions and 
deductions of science. All that is truly great 
in the practical, is but the actual of an antece- 
dent ideal. 

§ 355. It is under this view that we now pro- msUx mioi- 

aU •citmoc : 

pose to consider the practical advantages of 
mathematical science. In the two preceding 
chapters we have pointed out its value as a 
means of mental development, and as affording 
facilities for the acquisition of knowledge. We 
shall now show how intimately it is blended ib pnii. ii 
with the every-day affairs of life, and point out "*' 
some of the agencies which it exerts in giving 
practical development to the conceptions of the 
mind. 

§ 356. We begin with Arithmetic, as this Anthm-o 
branch of mathematics enters more or less into ^Tul'^^ 
all the others. And what sihall we say of its 
practical utility ? It is at once an evidence and 
element of civilization. By its aid the child in 
the nursery numbers his toys, the housewife 
kee{M her daily accounts, and the merchant sums 
up his daily business. The ten little characters, 

*^ .1 
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which we call figures, thus perform a very im- 

what flgnrat portaut part in human affairs. They are sleepless 
sentinels watching over all the transactions of 
trade and commerce, and making known their 
final results. They superintend the entire busi- 

Their value, ucss affairs of the world. Their daily records 
exhibit the results on the stock exchange, and 
of enterprises reaching over distant seas. The 

Used by the mechanic and artisan express the final results of 
all their calculations in figures. The dimensions 

In building, of buildiugs, their length, breadth, and height, as 
well as the proportions of their several parts, are 
all expressed by figures before the foundation 

Aid Bcienoew stoucs are laid ; and indeed, all the results of 
science are reduced to figures before they can 
be made available in practice. 

§ 357. The rules and practice of all the me- 
chanic arts are but applications of mathematical 
Mathematics science. The mason computes the quantity of 

naenil in the . , '^ i j 

mechanic his materials by the principles of Geometry and 
the rules of Arithmetic. The carpenter frames 
his building, and adjusts all its parts, each to 
the others, by the rules of practical Geometry. 

Examples. The millwright computes the pressure of the 
water, and adjusts the driving to the driven 
wheel, by rules evolved from the formulas of 
analysis. 
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§ 358. Workshops and factories afford marked 
illustrations of the utility and value of practical 
science. Here the most difficult problems are 
resolved, and the power of mind over matter 
exhibited in the most striking light. To the 
uninstructed eye of a casual observer, confusion 
appears to reign triumphant. But all the parts 
of that complicated machinery are adjusted to 
each other, and were indeed so arranged, and 
according to a general plan, before a single 
wheel was formed by the hand of the forger. 
The power necessary to do the entire work was 
first carefully calculated, and then distributed 
throughout the ramifications of the machinery. 
Each part was so arranged as to fulfil its office. 
Every circumference, and band, and cog, has 
its specific duty assigned it. The parts are 
made at different places, after patterns formed 
by the rules of science, and when brought to- 
gether, fit exactly. They are but formed parts 
of an entire whole, over which, at the source 
of power, an ingenious contrivance, called the 
Governor, presides. His function is to regulate 
the force which shall drive the whole according 
to a uniform speed. He is so intelligent, and 
of such delicate sensibility, that on the si lightest 
increase of vel«»citv, he diminishes the force, and 
adds additional power the moment the s()eed 
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All is but slackens. All this is the result of mathematical 
■deuce. Calculation. When the curious shall visit these 
exhibitions of ingenuity and skill, let them not 
suppose that they are the results of chance and 
experiment. They are the embodiments, by in- 
telligent labor, of the most difficult investigations 
of mathematical science. 

§ 359. Another striking example of the appli- 
cation of the principles of science is found in 
stoamthip: the Steamship. 

In the first place, the formation of her hull. 

How the buu SO as to dividc the waters with the least resist- 

isfbrmed. j^j^^.^^ ^^^ ^^ ^}jg same time receive from them 

the greatest pressure as they close behind her, 

Hernuuto: is uot an casy problem. Her masts are all 
Bo^ to be set at the proper angle, and her sails so 

■^"■^^ adjusted as to gain a maximum force. But the 
complication of her machinery, unless seen 
through the medium of science, baffles investi- 
gation, and exhibits a startling miracle. The 
burning furnace, the immense boilers, the mass- 

Maehfnery: '^® Cylinders, the huge levers, the pipes, the 
lifting and closing valves, and all the nicely- 
adjusted apparatus, appear too intricate to be 
comprehended by the mind at a single glance. 

The whole Yet in all this complication — ^in all this variety 
of principle and workmanship, science has ex- 
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erted its power. There is not a cylinder, whose •ocoruiwrto 
dimensions were not measured — not a lever, orKirnctt: 
whose {)ower was not calculated — ^nor a valve, 
which does not open and shut at the appointed 
moment. There is not, in all this structure, a rnmm 
bolt, or screw, or rod, which was not provided 
for before the great shaft was forged, and which 
does not bear to that shaft its proper proportion. 
And when the workmanship is put to the test. By 
and the power of steam is urging the vessel on MvtKB&ed: 
her distant voyage, science alone can direct her 
way. 

In the captain's cabin are carefully laid away, 
for daily use, maps and charts of the port which Bmdttmn 
he leaves, of the ocean he travei*ses, and of the 
coasts and harbors to which he directs his way. 
On these are marked the results of much scien- 
tific lal)or. The shoals, the channels, the points 
of danger and the places of security, are all in- 
dicated. Near by, hangs the barometer, con- 
structed from the most abstruse mathematical 
formulas, to indicate changes in the weight of 
the atmosphere, and admonish him of the ap- 
proaching tempest. On his table lie the sextant, 
and the tables of Bowditch. These enable him, 
by observations on the heavenly bodies, to mark 
his exact place on the chart, and learn his {Misi- 
tiou on the surface of the earth. Thus, practical 
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sdeaoa science, which shaped the keel of the ship to 
■hip : its proper form, and guided the hand of the me- 
chanic in every workshop, is, under Providence, 
the means of conducting her in safety over the 
ocean. It is, indeed, the cloud by day and the 
^^^ pillar of fire by night Guiding the bark of 
piiflhee. commerce over trackless waters, it brings dis- 
tant lands into proximity, and into political and 
social relations. 

"We have before us an anecdote communi- 

nafltratloa. 

cated to us by a naval officer,* distinguished 
for the extent and variety of his attainments, 
which shows how impressive such results may 

Otot Han»s become in practice. He sailed from San Bias, 
voyaga. qjj ^Jj^ yfest coast of Mexico, and after a voyage 

ito length: of eight thousaud miles, occupying eighty-nine 
days, arrived off Rio de Janeiro ; having in this 
interval passed through the Pacific Ocean, round- 
aod ed Cape Horn, and crossed the South Atlantic, 
without making any land, or even seeing a single 
sail, with the exception of an American whaler 
off Cape Horn. Arrived within a week's sail 
of Rio, he set seriously about determining, by 

Obwimticos lunar observations, the precise line of the ship's 

UkoD. 

course, and its situation in it, at a determinate 
moment; and having ascertained this within 
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from five to ten miles, ran the rest of the way itomariubto 
by those more ready and compendious methods, 
known to navigators, which can be safely em- 
ployed for short trips between one known point 
and another, but which cannot be trusted in long ^ton 
voyages, where the moon is the only sure guide. 

" The rest of the tale, we are enabled, by his 
kindness, to state in his own words : * We steered Piftteakn 
towards Rio de Janeiro for some days after ta- 
king the lunars above described, and having 
arrived within fifteen or twenty miles of the aititiim 

Slo. 

coast, I hove-to at four in the morning, till the 
day should break, and then bore up : for although 
it was very hazy, we could see before us a couple 
of miles or so. About eight o'clock it became so 
foggy, that I did not like to stand in further, and 
was just bringing the ship to the wind again, be- 
fore sending the {)eople to breakfast, when it sud- 
denly cleared off, and I had the satisfaction of DiKUTwy w 
seeing the great Sugar-Lioaf Rock, which stands 
on one side of the harl)or*s mouth, so nearly right 
ahead that we had not to alter our course above 
a point in order to hit the entrance of Rio. This 
was the first land we had seen for three months, nm umi ^ 
after crossing so many seas, and being set back- gguMou. 
wards and forwards by innumerable currents 
and foul winds.' The eflect on all on board 
might well be conceived to have been electric : 
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oBttMcrew. and it is needless to remark how essentially the 
authority of a commanding officer over his crew 
may be strengthened by the occurrence of such 
incidents, indicative of a degree of knowledge 
and consequent power beyond their reach."* 

Bnrreyiiig. § 360. A uscful application of mathematical 
science is found in the laying out and measure- 

MeaiorD- mcut of land. The necessity of such measure- 
ment, and of dividing the surface of the earth 
into portions, gave rise to the science of Geom- 

ownenbip: etry. The ownership of land could not be de- 
How termined without some means of running boun- 
dary lines, and ascertaining limits. Levelling 
is also connected with this branch of practical 
mathematics. 

By the aid of these two branches of practical 
science, we measure and determine the area or 

coDientaor coutents of ground; make maps of its surface; 
measure the heights of hills and mountains; 
Riren. find the directions of rivers ; measure their vol- 
umes, and ascertain the rapidity of their cur- 
rents. So certain and exact are the results, that 
entire countries are divided into tracts of con- 
venient size, and the rights of ownership fully 

OBTtaiDtj. secured. The rules for mapping, and the con- 



* Sir John Herecbel, on the study of Natural Philosophy. 
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ventionol methods of representing the surface umn^m^ 
of ground, the courses of rivers, and the heights 
of mountains, are so well defined, that the nat- 
ural features of a country may be all indicated ivatmor 
on paper. Thus, the topographical features of 
all the known parts of the earth may be cor- Theiri«pf«- 
rectly and vividly impressed on the mind, by a 
map, drawn according to the rules of art, by the 
human hand. 

§ 861. Our own age has been marked by a RaiiwmiL 
striking application of science, in the construc- 
tion of railways. Let us contemplate for a mo- Tbe protica 
ment the elements of the problem which is pre- 
sented in the enterprise of constructing a railroad 
between two given points. 

In the first place, the route must be carefully 
examined to ascertain its general practicability. 
The surveyor, with his instruments, then ascer- 
tains all the levels and grades. The engineer 
examines these results to determine whether the OAcroriiM 
power of steam, in connection with the best •■**"^* 
combination of machinery, will enable him to 
overcome the elevations and descend the decliv- 
ities in safety. He then calculates the curves i^wnuatkn 
of the road, the excavations and fillings, the 
cost of the bridges and the tunnels, if there are 
any ; and then adjusts the steam-power to meet 
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oomptotioii the conditions. In a few months after the enter- 
prise is undertaken, the locomotive, with its long 
train of passenger and freight cars, rushes over 
the tract with a superhuman power, and fulfils 
the office of uniting distant places in commer- 
cial and social relations. 

ThettiiUnff But that which is most striking in all this, is 
the fact, that before a stump is grubbed, or a 
spade put into the ground, the entire plan of the 
work, having been subjected to careful analysis, 
is fully developed in all its parts. The construc- 

The whole tiou is but the actual of that perfect ideal which 

"**8dOToel ^ ^^® mind forms within itself, and which can 
spring only from the far-reaching and immuta- 
ble principles of abstract science. 

§ 362. Among the most useful applications of 
practical science, in the present century, is the 
GrotoD introduction of the Croton water into the city 
«i«doet ^fN^^York. 

In the Highlands of the Hudson, about fifty 
miles from the city, the gushing springs of the 

Booroeeof mountains indicate the sources of the Croton 
river, which enters the Hudson a few miles 
below Peekskill At a short distance firom the 

wndpid mouth, a dam fifty-five feet in height is thrown 
across the river, creating an artificial lake for 
the permanent supply of water. The area of this 
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lake is equal to about four hundred acres. The in 
aqueduct commences at the Croton dam, on a Aqosdnci. 
line forty feet above the level of the Hudson 
river, and runs, as near as the nature of the 
ground will permit, along the east bank, till it 
reaches its final destination in the reservoirs 
of the city. There are on the line sixteen tun- itotmioeb: 
nels, varying in length from 160 to 1,263 feet, 
making an aggregate length of 6,841 feet. The 
heights of the ridges above the grade level of the ibMr 
tunnels range from 25 to 75 feet. Twenty-five 
streams are crossed by the aqueduct in West- 
chester county, varying from 12 to 70 feet below 
the grade line, and from 25 to 63 feet below the 
top covering of the aqueduct. The Harlem HvinriTar: 
river is passed at an elevation of 120 feet above 
the surface of the water. The average dimen- 
sions of the interior of the aqueduct, are about 
seven feet in width and eight feet in height. 

The width of the Harlem river, at the point invidtii. 
where the aqueduct crosses it, is six hundred 
and twenty feet, and the general plan of the 
bridge is as follows : There are eight arches, ^nd^ : 
each of 80 feet span, and seven smaller arches, 
each of 50 feet span, the whole resting on piers 
and abutnoents. The length of the bridge is itiimcik: 
1,450 feet. The height of the river piers from 
tiie lowest foundation is 06 feet The arches 
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lu height: are semi-circular, and the height from the low- 
est foundation of the piers to the top of the 
1 1 Its width, parapet is 149 feet. The width across, on the 

top, is 21 feet. 

To aiford a constant supply of water for dis- 
tribution in the city two large reservoirs have 
ReceiTiDg bccu constructcd, called the receiving reservoir 

Reservoir: 

and the distributing reservoir. The surface of 
the receiving reservoir, at the water-line, is equal 

Its extent to thirty-ouc acres. It is divided into two parts 
by a wall running east and west. The depth of 
Depth of water in the northern part is twenty feet, and 
in the southern part thirty feet. 

DiNtributing The distributing reservoir is located on the 
highest ground which adjoins the city, known 

Its capacity, as Murray Hill. The capacity of this reservoir 
is equal to 20,000,000 of gallons, which is about 
one-seventh that of the receiving reservoir, and 
the depth of water is thirty-six feet. 
Power The full power of science has not yet been 

illustrated. A perfect plan of this majestic 
structure was arranged, or should have been, 
before a stone was shaped, or a pickaxe put into 
the ground. The complete conception, by a 
single mind, of its general plan and minutest 
details, was necessary to its successful prosecu- 

whotitac- ^jQj^ It ^yjjg within the ranee and power of 

science to have given the form and dimensions 
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the jKiwer and skill of man. The struggliiijr 
brooks of the mountains are collected together — 
accumulated^-conducted for forty miles through 
a subterranean channel, to form small lakes in 
the vicinity of a populous city. 

From the^e sources, bv an UDsren |»roc<>s\ tl.c 



of every stone, so that each could have been 
shaped at the quarr}*. The parts are so con- ounin^ 
nected by the laws of the geometrical forms, 
that the dimensions and shape of each stone was 
exactly determined by the nature of that portion 
of the structure to which it belonged. 

§ 363. We have presented this outline of the viewofiho 
Croton aqueduct mainly for the purpose of aqu«^uri; 
illustrating the power and celebrating the tri- wiixp^tn. 
umphs of mathematical science. High intel- 
lect, it is true, can alone use the means in a i 
work so complicated, and embracing so great 
a variety of intricate details. But genius, even uu> 
of the highest order, could not accomplish, with- "^l^i^ 
out continued trial and laborious experiment, 
such an undertaking, unless strengthened and 
guided by the inunutable truths of mathematical 
science. 



§ 364. The examination of this work cannot w:. i 
but fill the mind with a proud consciousness of *^'"*^* 
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pure water is carried to every dwelling in the 

large metropolis. The turning of a faucet de- 

coMe- livers it from a spring at the distance of fifty 

quenoes 

which hare miles, as purc as when it gushes from its granite 
hills. That unseen power of pressure, which 
resides in the fluid as an organic law, exerts its 
force with unceasing and untiring energy. To 
minds enlightened by science, and skill directed 
by its rules, we are indebted for one of the no- 
blest works of the present century. May we 

ooodoBioiL not, therefore, conclude that science is the only 
sure means of giving practical development to 
those great conceptions which confer lasting 
benefits on mankind? "All that is truly great 
in the practical, is but the result of an antece- 
dent ideal." 
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A COURSB OP MATRBXATTC8 — WHAT IT SHOHLD BE. 



§ 365. A COURSE of mathematics should pre- a coan* 



or 



sent the outlines of the science, so arranged, ex- 
plained, and illustrated as to indicate all those 
general methods of application, which render it 
eiTective and useful. This can best be done by 
a series of works embracing all the topics, and 
in which each topic is separately treated. 



§ 366. Such a series should be formed in ac- How ii j 

cordance with a fixed plan ; should adopt and unw\ < 
use the same terms in all the branches ; should 
be written throughout in the same style; and 

pres(*nt that entire unity which belongs to the rnHyoM* 

subject itself. *^*- 



§ 367. The reasonings of mathematics and 
the proces«*s of investigation, are the same in 
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the same In every branch, and have to be learned but once, 

if the same system be studied throughout. The 

Dieferent different kinds of notation, though somewhat un- 

kiuds of no- 
like in the different subjects of the science, are, 



tatiou. 



in fact, but dialects of a common language. 



'-■n?*"*® § 368. If, then, the language is, or may be 

need be 

learned bat made essentially the same in all the branches of 



onfffti. 



In whal 
oonsistBthe 
difficulty? 



mathematical science ; and if there is, as has 
been fully shown, no difference in the processes 
of reasoning, wherein lies that difficulty in the 
acquisition of mathematical knowledge which is 
often experienced by students, and whence the 
origin of that opinion that the subject itself is 
dry and difficult ? 

A § 369. Just in proportion as a branch of know- 

general law, ^ ' 

if known, ledge is compactly united by a common law, is 
BuyecTeMj-. ^^® facility of acquiring that knowledge, if we 
observe the law, and the difficulty of acquiring 
Facuiuea it, if wc pay no attention to the law. The study 
iI!tii"omatic8. of mathematics demands, at every step, close 
attention, nice discrimination, and certain judg- 
ment. These faculties can only be developed 
by culture. They must, like other faculties, pass 
through the states of infancy, growth, and ma- 
turity. They must be first exercised on sensible 
and simple objects ; then on elementary ab- 
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stract ideas ; and finally, on generalizations and on what 
the higher combinations of thought in the pure ciM.-d. 
ideal. 



§ 370. Have educators fully realized that the Ariihnwi.c 

Um moil Imp 

first lessons in numbers impress the first elements portaot 
of mathematical science? that the first con- 
nections of thought which are there formed be- 
come the first threads of that intellectual warp 
which gives tone and strength to the mind ? 
Have they yet realized that every process is, or au ib« 
should be, like the stone of an arch, formed to ^^cy^, 
fill, in the entire structure, the exact place for 
which it is designed ? and that the unity, beauty, 
and strength of the whole depend on the adapta- 
tion of the parts to each other ? Have they 
sufficiently reflected on the confusion which must H«f^-i(y 

i* . . ^ I , . of utiit> III aO 

arise from attempting to put tojrether and bar- ^ ,„rt^ 
monize different parts of discordant systems ? 
to blend portions that are fragmentary, and to 
unite into a placid and tranquil stream trains of 
thought which have not a common source ? 

§ 371. Some have supposed that Arithmetic 
may be well taught and learned without tho aid 
of a text-lxM>k ; or, if studied from a b^Hik, that Autu*.4 
the teacher rnav adv:iiiia:;iM»u«»Iv Mih^tilurr lii«i 
oun mt'tlKMls tor thi^ni* of the author, ina^itiuch 
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tobefoi- as such substitution is calculated to widen the 
field of investigation, and excite the mind of the 
pupil to new inquiries. 

RoasoiM. Admitting that every teacher of reasonable 
intelligence, will discover methods of communi- 
cating instruction better adapted to the peculiar- 
ities of his own mind, than all the methods em- 
ETonabet- ployed by the author he may use ; will it be safe, 

ter method, 

when BQbao- as a general rule, to substitute extemporaneous 
notba^ methods for those which have been subjected 

*other*Mrts* ^^ ^^® analysis of science and the tests of expe- 

of the wort rience ? Is it safe to substitute the results of 
known laws for conjectural judgments ? But if 
they are as good, or better even, as isolated pro- 
cesses, will they answer as well, in their new 
places and connections, as the parts rejected? 

nminuoiL Will the balance-wheel of a chronometer give 
as steady a motion to a common watch as the 
more simple and less perfect contrivance to 
which all the other parts are adapted ? 

§ 372. If these questions have significance, we 
One or the have found at least one of the causes that have 
mathomaucs impeded the advancement of mathematical sci- 
ence, viz. the attempt to unite in the same course 
of instruction fragments of diflferent systems; 
thus presenting to the mind of the learner the 
same terms differently defined, and the same 
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OKDBS OP TRB SUBJECTS — ^ARfTHMBTIC. 

§ 374. Arithmetic is the most useful and AriUmu-tic: 
simple branch of mathematical science, and is 
the first to be taught. If, however, the pupil 
has time for a full course, I would by no means ODttM>cti..D 
recommend him to finish his Arithmetic before Aigtbm. 
studying a portion of Algebra. 



I 



I 



principles differently explained, illustrated, and 
applied. It is mutual relation and connection comwrtioa 
which bring sets of facts under general laws ; it 
is mutual relation and connection of ideas which 
form a process of science ; it is the mutual con- 
nection and relation of such processes which 
constitute science itself. 



§ 378. I would by no means be understood as ^ 
expressing the opinion that a student or teacher ^^"J^ 
of mathematics should limit his researches to a tadtg^hKH^ » 
single author ; for, he must necessarily read and ' 

study many. I speak of the pupil alone, who I 

must be taught one method at a time, and taught 

* 

that well, before he is able to compare different 
methods with each other. 
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ALGEBRA. 

Algebra: § ^'^^- Algebra is but a universal Arithmetic, 
with a more comprehensive notation. Its ele- 
ments are acquired more readily than the higher 
and hidden properties of numbers ; and indeed, 
the elements of anv branch of mathematics are 
more simple than the higher principles of the 
Hov preceding subject; so that all the subjects can 

it should be • • I 1 1 • L 

atadied: bcst be studicd in connection with those which 
precede and follow. 

shooid § 376. Algebra, in a regular course of instruc- 
Geomeuy: tion, should precede Geometry, because the ele- 
mentary processes do not require, in so high a 

whf. degree, the exercise of the faculties of abstrac- 
tion and generalization. But when we have 

When completed the equation of the second degree, 
should be ^^^ proccsscs bccomc more difficult, the abstrac- 
tions more perfect, and the generalizations more 
extended. Here then I would pause and com- 
mence Geometry. 

GEOMETRY. 

§ 377. Geometry, as one of the subjects of 
mathematical science, has been fully considered 
in Book II. It is referred to here merely to mark 
its place in a regular course of instruction. 
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TRIGONOMETRY — PLANS AND SPHERICAL. 

§ 378. The next subject in order, after Geom- THgoooaie- 
etry, is Trigonometry : a mere application of the 
principles of Arithmetic, Algebra, and Geonietry wbMiuu. 
to the determination of the sides and angles of 
triangles. As triangles are of two kinds, viz. 
those formed by straight lines and those formed 
by the arcs of great circles on the surface of a 
sphere ; so Trigonometry is divided into two Two kinik 
parts: Plane and Spherical. Plane Trigonom- 
etry explains the methods, and lays down the 
necessary rules for finding the reniaining sides 
and angles of a plane triangle, when a sufficient 
number are known or given. Spherical Trigo- 
nometry explains like processes, and lays down 
similar rules for spherical triangles. 



S r R V E Y I N G A N D L E V E L L I N G . 

§ 379. The application of the principles of 
Trigonometry to the measurement of portions 
of the earth's surface, is called Surveying ; and Burrrjriiv. I 
similar applications of the same principles to the 
determination of the difference between the dis- 
tances of any two points from the centre of the 
earth, is called Levelling. These subjects, which L*»»uiaj. 
follow Trigonometry, not only embrace the va- 

1 
J 
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wbatthey rious methods of calculation, but also a descrip- 
tion of the necessary Instruments and Tables. 
They should be studied immediately after Trigo- 
nometry ; of which, indeed, they are but appli- 
cations. 



DESCRIPTIVE GEOMBTRT. 



ItBUtiira. 



DeRriptiT6 § 380. Descriptivc Geometry is that branch 
of mathematics which considers the positions of 
the geometrical magnitudes, as they may exist in 
space, and determines these positions by refer- 
ring the magnitudes to two planes called the 
Planes of Projection. 

It is, indeed, but a development of those gen- 
eral methods, by which lines, surfaces, and solids 
may be presented to the mind by means of 
drawings made upon paper. The processes of 
this development require the constant exercise of 
the conceptive faculty. All geometrical mag- 
nitudes may be referred to two planes of pro- 
jection, and their representations on these planes 
will express to the mind, their forms, extent, and 
also their positions or places in space. From 
these representations, the mind perceives, as it 
were, at a single view, the magnitudes them- 
selves, as they exist in space ; traces their boun- 
daries, measures their extent, and sees all their 
parts separately and in their connection. 
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In France, Descriptive Geometry is an impor- Bow 
tant element of education. It is taught in most 1.^,000. 
of the public schools, and is regarded as indis- 
pensable to the architect and engineer. It is, 
indeed, the only means of so reducing to paper, 
and presenting at a single view, all the compli- 
cated parts of a structure, that the drawing or 
representation of it can be read at a glance, and 
all the parts be at once referred to their appropri- 
ate places. It is to the engineer or architect not it* vniw 
only a general language by which he can record 
and express to others all his conceptions, but is 
also the most powerful means of extending those 
conceptions, and subjecting them to the laws of 
exact science. 
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SHADES, SHADOWS, A5D PEESPECTtTB. 
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§ 381. The application of Descriptive Geom- 
etry to the determination of shades and shadows, Bbad«^ 
as they are found to exist on the surfaces of u»d 
bodies, is one of the most striking and useful ap- "^"*'*^^ 
plications of science ; and when it is fiurther 
extended to the subject of Perspective, we have 
aU that is necessary to the exact representation ' 

of objects as they appear in nature. An accu- 
rate perspective and the right distribution of 
light and shade are the basis of every work of 

I 
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Their QMw the fine arts. Without them, the sculptor and 
the painter would labor in vain : the chisel of 
Canova would give no life to the marble, nor the 
touches of Raphael to the canvas. 



ANALYTICAL 6E0METRT. 

Analytical § 382. Analytical Geometry is the next sub- 
Geomeuy. j^^^ j^^ ^ regular course of mathematical study, 

though it may be studied before Descriptive Ge- 
ometry. The importance of this subject cannot 
it« be exaggerated. In Algebra, the symbols of 
quantity have generally so close a connection 
with numbers, that the mind scarcely realizes 
Valuable as the cxtcut of the generalization ; and the power 
^ ^^' of analysis, arising from the changes that may 
take place among the quantities which the sym- 
bols represent, cannot be fully explained and de- 
veloped. 

But in Analytical Geometry, where all the 
uuaaoua. magnitudes are brought under the power of anal- 
ysis, and all their properties developed by the 
combined processes of Algebra and Geometry, we 
are brought to feel the extent and potency of 
those methods which combine in a single equa- 
tion every discovered and undiscovered property 
of every line, straight or curved, which can In? 
formed by the intersection ol' a cone and plane. 
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To develop every property of the Conic Sec- it* extent, 
tions from a single equation, and that an equa- 
tion only of the second degree, by the known 
processes of Algebra, and thus interpret the re- 
sults, is a far different exercise of the mind from 
that which arises from searching them out by 
the tedious and disconnected methods of separate 
propositions. The first traces all from an inex- lu method! 
haustible fountain by the known laws of analyti- ^"^^ 
cal investigation, applicable to all similar cases, 
while the latter adopts particular processes ap- 
plicable to special cases only, without any gen- 
eral law of connection. 



DIPFBRBNTIAL AND INTEGRAL CALCULUS. 

§ 383. The Differential and Integral Calculus Diflkmitki 
presents a new view of the power, extent, and im^^^ 
applications of mathematical science. It should ^^'c'** 
Ih.* carefully studied by all who seek to make wimi pn^ 
hi^h attainments in mathematical knowledge, or Mudyit 
who desire to read the best works on Natural 
and Experimental Philosophy. It is that field of 
mathematical investigation, where genius may 
exert its highest powers and find its most certain 
rewards. 
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Abntnct 
Addition,. 
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..,JThMi fiiculty of the mind whidi enaUM iii» in oootem- 
pUting any object to attend ezduBirelj to some par- 
ticular circumstance, and quite withhold oar attention 
from the rest. Section 12. 

Is used in three seoaes, 18. 

Quantity, 75, 96. 
...Readings in, 116. 

Examples in, 151. 

of Fractions, Rule for, 191. 

Combinations in, 193, 198. 

Definitions oi^ 208. 

One principle gorerns all operations in, 232. 
...How (ar designated bj the term mountain, 20. 

Proportion, 168. 
...A species of UniTersal Arithmetic, in which letten and 
signs are employed to abridge and generalise all pro- 
cesses iuTolving numbers, 280. 

Dtrided into two parts, 280. 

Difficulties oi^ from what arising, 286. 

IVindples of^ deduced from definitions and axioms* 297. 

Should precede Geometry in instruction, 876. 

of the language of numben^ 80, 118, 114. 

Language of Arithmetic, funned from, 198. 

Form, lor what best stiited, 71. 89. 
. . .A term embracing all the operations that can be performed 
on quantities rcpreiiented by letten, 87. 88, 274, 327. 

It also denotes the proceM of separating a complex whole 
into its par1% 89. 

of problems in Arithmetic, 175, 176. 
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Analysis Three branches of; Sections 279, 285, 286. 

** First notions of, how acquired, 317. 

** Problems it has solved, 844-347. 

Angles Right angle, the unit of; 260. 

" A class of Geometrical Magnitudes, 273. 

Apotliecaries' Weight — Its units and scale, 138. 

Apprehension Simple apprehension is the notion (or conceptioo) of an 

object in the mind, 7. 
** Incomplex apprehension is of one object or of several 

without any relation being perceived between them, 7. 
" Complex is of several with such a relation, 7. 

Area or Contents, Number of times a surface contains its unit of 

measure, 141. 
Argument with one premiss suppressed is called an Enthymeme, 47. 

** Two kinds of objections to an, 47. 

** Every valid, may be reduced to a syUogiam, 62. 

** at full length, a syllogism, 66. 

** concerned with connection between premises and coodu- 

sion, 67. 
" Where the fault (if any) lies, 69. 

Arguments, In reasoning we make use of, 42. 

" Examples of unsound, 60. 

** Rules for examining, 70. 

Aristotle did not mean that arguments should always be stated 

syllogistically, 63. 
** accused of darkening his demonstrations by the use of 

symbols, 57 
** His philosophy not progressive, 834. 

Aristotle's DioxcM-^Whatever is predicated (that is, affirmed or de- 

nied) unxvertally^ of any class of things, may 
be predicated, in like manner (viz. affirmed 
or denied), of any thing comprehended in 
that class, 54. 
** *' Keystone of his logical system, 54. 

« « Objections to, 54, 66. 

" ** a generalized statement of all demonstration, 55. 

« ** applied to terms represented by letters, 66. 

« « not complied with, 69, 60. 

" " All sound arguments can be reduced to the focm 

to which it applies, 66, 66. 
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Ammncsno. 



AnthmetiaU 



A AT» .»•••• 



.Is both A rteience and an art^ Section 172. 
It u A scieace in mil that relates to the propertiei, lawi» 

and proportions of numl^ers, 172. 
It is an art in all that concerns their application, 178. 
Processes of; not affected by the nature of the objectai 4S. 
Blustration from, 45. 

How its principles should be explained, 174. 
Its requisitions as an art, 177. 
FaculUes cultivated by it, 180. 
Application of principles, 188. 
Generally preceded by a smaller treatise, 190 
Methods of placing subjects examined, 191. 
Combinations in, 192-199. 
What iU titu<ly should accomplish, 20& 
Art oC its importance, 206. 

Elementary ideas qI; learned by sensible objecta, 207. 
PrincipleM ot how they should be taught, 208. 
FiasT, what it should accomplish, 214. 

** arranf^ement of lessons, 214-228. 

" what iilicaild be taught in it, 226. 
Second, should be complete and practical, 227. 

" arrangement of subjects, 228. 

* introduction of subjects, 229. 

" reading of figures should be constantly prao» 
ti<ied, 230. 
Tmao, the subjtMrt nbw taught as a science, 231. 
" requirements firom the pupil for, 281. 
" Reduction and the ground rules brought under one 

principle, 2S2. 
" design ai, — methods must differ from smaller 
works, 288. 

* examples in the ground rules, 234. 

* what subjects should be transferred from clenieti- 

tary works, 2o5. 
Practical utUity of. 856, 857. 

shouKl not be finished before Algebra is commenced, 874. 
IVi>p(irtion, 163. 
Ratio, 168. 

.The application of knowledge to practice, 22. 
lt« rclatuiiiY to KieiK*e, '2± 
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INDEX. 



Art.. 



II 



i< 



ABtroDomy 



u 
u 



Aatbon, 



Auziliaiy 
Ayoirdupois 

Axiom. 

Ajdoxns 



u 

M 

u 



w 



BaooD, Lord, 



i< 



u 



Barometer, 
BuTuw, Dr., 
BeUef 

Blakewell, 
Bowditch, 
Bbeadtu..... 
Bridge, 



.A single one often formed from several aci e noes^ Sectkn 22. 

of Aiithmetic, 178, 177, 182. 

brooght by Newton within the laws of mecfaamci, 887. 

How it became deductive, 8S9. 

Mathematics necessary in, 841. 

methods of finding ratio, 166, 170. 
« of placing Rule of Three, 187. 

quotations from, on Arithmetic, 201-204 

definition of proportion, 268. 

Quantities, 269, 261. 

Weight, its units and scale, 186 
.A self-evident truth, 27, 97. 

of Geometry, process of learning them, 27. 

or canons, for testing the validity of syllogisms, 67. 

of Geometry established by Induction, 78. 

for forming numbers, 79. 

for comparison relate to equality and inequality, 102. 

for inferring equality, 102, 268, 260, 264. 
" ** inequality, 102. 

employed in solving equations, 278, 811. 

Quotation from, 828. 

Foundation of his Philosophy, 884 ; its subject Nature, 

886, page 12. 
His system inductive, 884. 
Object and means of his philosophy, 886 
Construction and use o( 869 
Quotation from, 828, 840. 
essential to knowledge, 28. 
and disbelief are expressed in uropoaitiaos, 86i. 
steps of his discovery, 82. 
Tables o^ used in Navigation, 869. 
, .A dimension of space, 82. 
Harlem, description of, 862. 



ii 



Calculus, 



Canons 
Cause 



.In its general sense, means any operatioo performed on 

algebraic quantities, 281, 282. 
Differential and Integral, 288-286, 888. 
for testing the validity of syllogisms, 67. 
and effect, their relation the scientific basis of indiictiQn, 88^ 
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Chemkt, IDiutntiaii, Sectioa 08; kle« of iron, S22. 

CheoiMtiy aided hj MatbenuiUoi. 842. 

CiBCLB. A portion of a plane indoded within a curva, all the 

points of which an equally distant from a oartain point 

within eallcd the centre, 244. 

* The only curve of Elementary Oeometry, 244^ 

• Property of, 26«. 
Circular Heasure, its unite and scale, 149. 

Cuuscs JMvisiuns of species or subspecies, in which the charae- 

teristic is lens estensive, but more Ml and complete, 16. 
CLASBincATioa;. ...The anangement of objects into classes, with reference to 

somecoouMin and distinguishing characteristic, 16^ 
" Basis oi; may be chosen arbitrarily, 20. 

CoeffidcQt of a letter, 291 ; of a product, 292. 

Difierential, 2S8. 284. 
04iins should be exhibited to give ideas of numben, 188. 

Combinatiooa in Arithmetic, 1V2-199. 

Uught in Finit Arithmetic, 2l6-2ia 
CTomets, Problem with refervocv to, 847. 

Comparison, Koowledgf gained by. 95. 

** Reasoning carrie«l tm by, 25, 307. 

CoNCLOUON .The third proposition of a syllogism, 40. 

" in Induction, broader than the premis«*ii, 81. 

" deduced from the premises, 40, 41, 46. 47, 49. 

* contradicts a known truth, in negative demonstrations^ 

264, 265. 
Cooerete Quantity. 75. 96. 

Conjunctions causal, ilUtive, 4R. 

" denote cause sad eflect, premiss and conclusion, 48l 

OoasTAirTS Quantities which prenerve a fixed value thruughont the 

same discussion or investigatiiwi, 2H2. W3, 818. 
" rppre^nt4*d by tlic ftnit letters of the alphabet, 284 

CoruLA That part of a ]»rop(«itioQ which indicates the act of 

judgment. 88. 
* mu«»t be -14" or -is not," 88, 89. 

Oouain, quotation from, 180. 

Currcat circumference of circle the simplest oC 289. 

Croton river. It* Mtiurre*. 862. 

" dam, it« cvmstruction, 862 ; lake, area oC 862 

* a(|ueduct, description of, 862. 
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"1 

i 



Decimals, 
Dkductiok 



Dedactive 



DxFi5inoN 



DefiniUoDS, 



« 

u 

M 
(( 



DXMONBT&ATXON 



tt 
« 

M 
M 
M 



Descartes, 

Dictum, 

DirrXBEimAL 



DiFcussioii 
Distribution 



language and scale for, Sections 166, 167. 
.A. process of reasoiuDg by which a particular truth is in- 
ferred from other tnjths which are known or admitted, 34. 

Its formula the syllogism, S4. 

Sciences, why they exist, 98. 

" aid they give in Induction, S86. 

.A metaphorical word, which literally signifies laying 
down a boundary, 1. 

Is of two kinds, 1. 

Its various attributes, 2-6. - 

General method of framing, S. 

Rules for framing, 6 (Note). * 

and axioms; ttota of truth, 97, 99. 

signs of elementary ideas, 200. 

Necessity of ezaet, 200. 
,.A series of logical arguments brought to a oonduskxi, in 
which the major premises are definitions, axinma, or 
propositions already established, 287. 

of a demonstration, 66. 

to what applicable, 288. 

of Proposition L of Legendre, 268. 

positive and negative, 262-266. 

produces the most certain knowledge, 826. 

originator of Analytical Geometry, 281 

Aristotle's, 64, 66, 66. 

AMD Integeal Calcultts. 'The science which notes the 
changes that take place according to fixed laws estab- 
lished by algebraic formulas, when those changes are 
indicated by certain -marks drawn from the variable 
symbols, 288. 

Coefficients — ^Maries drawn from the variable symbols, 
288, 284. 

and Integral Calculus — Difference between it and Ana- 
lytical Geometry, 284. 
I* u u What persons should study it, 888. 

of an Equation, 808. 
..A term is distributed, \Fhen it stands for all its signifi- 

cates, 61. 
A term is not distributed when it stands for only a part 

of its significates, 61. 
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PintribuUun, 
Divintoo, 



Dry Mejwure, 
Duodeciiual 



War(h which mark, mit aIwajts ezprened, Sectioo 62. 

Readinf^ in, 1S3 ; examples in, 164. 

Combinations in, 196, 

All opi*rations in, govenied by one principle, 2S2. 

of quantities, how indicated, 294. 

Its units and scale, 147. 

units, 142-144. 



Kii;;liiih Money, Its uniu and scale, 186. 

K.sTHTii EMM An ai^ument with one premiM suppraased, 47. 

Egt* Ai. Two geometrical figures are said to be equal when thry 

can be 9o applied to each other as to coincide through* 
out their whole extent, 266, 312. 

E^rAUTT In Geometry exprcsMes that two 6gures coincide. In 

Algebra it merely implies that each member of an 
• equation cootaiiu the same unit an equal number of 
times, 812. 

E()(*ATiO!i An analytical formula for oxpresHing equality, 807-812. 

* A proposition expressed algebraically, in which equaliiy 

is predicated of one quantity as compared with au> 
other. 309. 
** either abstract or concrete, 810. 

I>]uataona, subject o(^ divided into two parts, 808. 

** Five axioms for solving, 811. 

EgcivALXTT Two geometrical figures are said to be equivalent when 

they contain the same unit of measure an equal num- 
ber of times, 266. 

Kxamples in ground rules of Third Arithmetic, 284. 

Of little use to vary form^ c>f, without changing the piiii- 
dples of constructiun, 236. 

Experiment, in what fcnw umhI, 26 (Note). 

KsrT>?rKxr An expretMion to show how many equal Actors are em- 
ployed, 2y3. 

Extremes. Subject and predicate of a proposition, 38, 67. 

Fact. Any thing which has been or is, 24. 

** Knowle<lge of, bow derived, 26. 

** In what morwe U44^1, 26. 

** regarded as a genus, 26. 

Paciories, value of science in, 868. 
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Faxxact. 


..Any unsound mode of arguing which appears to demand 




our conviction, and to be decisive of the question in 




hand, when in feimess it is not, Section 68. 


M 


Illustration oC 58. 


u 


Example and analysiB of, 69, 60. 


u 


Material and Logical, 69. 


u 


Rules for detecting, 70. 


Federal Money, 


units increase by scale of tens, 129, 184. 


« 


Methods of reading, 129, 18i. 


Figure 


..A portion of space limited by boundaries, 88. 


(( 


Each geometrical, stands for a class, 277. 


Figures 


iu Arithmetic show how many times a unit is taken, 125. 


u 


do not indicate the kind of unit, 125. 


u 


Laws of the pkces of; 126, 127. 


M 


have no value, 128, 201. 


tt 


Methods of reading, 180 ; of writings 199. 


« 


Definitions of, 201, 202. 


M 


should be early used in Arithmetic, 219. 


First Arithmetic, 


what should be taught in it, 226. 


M 


Faculties to be cultivated by it, 214. 


M 


Construction of the lessons, 214-21& 


M 


Lesson in Fractions, 220-224. 


« 


Tables of Denominate Numbers — ^Examples, 226. 


Fnctioos 


come from the unit one, 182. 


tt 


should be constantly compared with one, 162^ 


M 


Reasons for placing Common Fractions immediately after 




Division examined, 189. 


« 


not ** unexecuted divisions," 189. 


m 


Elementary idea of; 189. 


m 


Expression for, the same as for Division, 189. 


1 

1 


Definitions o( 204. 


« 


Lessons in, in First Arithmetic, 220-224. 


Fbaohomal 




u 

! 


** three things necessary to their apprefaenaion, 160. 


« 


" advantages of, 161. 


u 


** two things necessary to their being equal, 161. 


Gameo, 


imprisoned in the I7ih century, 848. 


GxNEaAUZATXON. . 


..The process of contemplating the agreement of several 


1 
1 


objects in certain points, and giving to all and eadi of 



INDEX. 
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these «>bjectii a name applicable to them in rc«po€t to 
this agreemeot, Scctioo 14. 
OeneraliatioQ implies abstractioo, U. 

** must be precedod bj knowledge, 184. 

UcxciL Hie most extensive term of classification, and cnnse- 

quently the one inToUing the fewest particular*, 16, 17. 
" HiOHnr. That which cannot be referred to a more ex- 

tended classification, 19. 
" SuiALTxax. A species of a men extended clasnifica- 

tion, IH. 
Geometrical Magnitudes, three classes of, 288, 278. 

do not inroWe matter, 247. 
their boundaries or limits, 247. 
each has its unit of measure, 252. 
analysis of comparison, 270, 27 1. 
to what the examination of pnipertics has 
reference, 278. 

* Proportion, 168 ; Ratio, 163 ; Progressicm, 170. 
OEOMETar. Treats of space, and compares portions of space with each 

other, for the purpose of pointii^ out their prupi>rties 
and mutual relations, 237. 
Why a deductive science, 267. 
First notions oC how acquired, 818-820. 
Practical utility oC 857. 
Orii^ of the science, 860. 
Its place in a course of instruction, 877. 
Ax ALTTiCAt» Examines the properties, meas u res, and re* 
latiuns of the Geometrical lla^itucies by 
means of Uie analytical symbols, 281, 2b2. 
** " ori^iuat4>d with Descartes, 281. 

m m difierenc« between it and Calculus, 2M. 

* "its importance, extent, and meth<id«, ah*J. 

* DcscEimvs. That branch of ntathematu*^ wtiuh run 

siders the poKitum of the (ti*tiiiu>trical 
Msinutudes as they may eii^t in ^pttv, 
and determines tht^e pi>^)tM<iiA bv re- 
Inring the magnitud<'« to two pUnes 
called the rUiieii of l*^y<'Ctl•n^ U*"'. 
" " h*»w re,;ar<U^l in France, }»'^»». 

Governor, fimctions of, in nuuluiK>ry. ut%!$. 
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Grammar 
OravitatioD, 



defined, Section 118. 
Law e( 82, 844. 



Hall, Captain's, voyage from San Bias to Rio Janeiro, 869. 
Harlem river, Bridge over, and width, 862. 
Herschel, Sir John, Quotation from, 27, 822, 841, 869. 
Hull of the steamship, how formed, 869. 



Blative 

Ilucit Faooxss. .. 

Indefinite 

Index 

iiTDUonoir 

u 
u 
a 

M 
O 
U 



Inertia 

iNFlNirT, 

Integer Numbers, 



u 



IlfTOITIOIf. 



Iron, 



JuDomMT 



Kant, 

EjfOWLKDGX 



Conjunctions, 48. 

.When a term is distributed in the conclusioD which was 
not distributed in one of the premises, 67. 

Propositions, 62. 

of a root, 296. 

Is that part of Logic which infers truths from (acts, 80-88^ 

Logic o( 80. 

supposes necessary observations accurately made, 82. 

Exunple of, Blakewell, 82 ; of Newton, 82. 

based upon the relation of cause and effect, 88. 

Reasoning from partictdars to generals, 84. 

its place in Logic, 72. 

how thrown into the form of a syllogism, 74, 99. 

Truths o^ verified by Deduction, 886, 886. 

proportioned to weight, 268. 

.The limit of an increasing quantity, 802-^806. 

why easier than fractions, 162. 

constructed on a single principle, 281. 
.Is strictly applicable only to that mode of coatemplatk», 
in which we look at facts, or classes of facts, and im- 
mediately apprehend their relations, 27. 

different ideas attached to the word, 822. 

Is the comparing together in the mind two of the noticHis 
(or ideas) which are the objects of apprehension, ani 
pronouncing that they agree or disagree^ 8. 

IS either Affirmative or Negative, 8. 

quotation from, 21. 

Is a clear and certain conception of that which is true, S3. 

facts and truths elements of^ 26. 

of facta, how derived, 26. 
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Knowleiige 



Mime po4<4eKicd anteccdvotly to reaMoning, Sectioo 29. 

the (Pointer port matter of inferenoe, 29. 

must precede gencraliaaUon, 184. 

two vayi of increaving, S28. 

cannot exceed our ideas, 828. 

the increase of, renders chtwificatioo necesMrjr, page 20. 



JjkXtiCAOi Aflbrda the ntgrw by which the operatioos of the mind are 

reconlcd, expr(*HM.*d« and commnnicated, 10. 
** Every branch of knf)wl(Hl;(e baa its own, 11. 

" of numbeni, 80 ; of math4*matic«, 91, 92. 

** of mathematics miut be thoroughly learned, 92. 

» • - iU generality, 93. 

for fractional unitn. 156, 169, 197. 
Arithmetical, 192-199. 
** exact, necewuiry to accurate thought, 206. 

** of Arithmetic, its usefl, 219. 

" of Algt'hra, the fin«t tiling to which the pupil's mind 

•iMiuld be dirrcted. 29<>. 
** Culture of the mind by the um of exact, 822. 

Laws of Nature, Science makm them known, 21, 315. 

* " refent ifiilividiuil ca^^^ to them, 66. 
** generalixed facU, 65, p^it^** 14. 

* include all conti^^encii*^ n:i2. 

" every diversity the etft'ct oC Z46, 

Length one dimenHiim of upaco, 81. 

L4**<ons in First Arithmetic, how ananurtH), 214. 

" «. •• « their ctinmTi ions, 21 8i. 

Letter may stand fur all numU»r«, *27A. 

** reprevnts thiiiir* in gi*neral, 277. 

LcviLUNo TIh* application of the principles of Triirnnometry to the 

detenniiuitidn of the difference betwein the distance* 
of any two |)(>int4 fr<mi the centre of the eartli, 379. 
* Its practical uses, 360. 

Limit, detinition oC 306. 
Lixa One dimeanion of space, 83, 239. 

* A straight lino do(»s not change its din^ctiiwi, 83. 2.^li. 818. 

* Curved lino, one which changes its din«ctk)n at every 

point. 83, 231). 
« Axiom of the straight, 239. 
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Lin.^ 


Umtto 0^ SecUoD 247 


« 


Auxiliary, 259. 


Liquid Meaanre, 


Its units and scale, 146. 


" Local valae of i 


1 figure," has no significance, 128, 201. 


Locke, 


Quotation firom, 828. 


LOGIO 


..Takes note of and decides upoo the aufiSdency of the eri- 




dence by which truths are established, 29. 


m 


Nearly the whole of science and conduct amenable to, 29. 


u 


of Induction, its nature, 80. 


M 


Archbishop Whatele/s yiews o( 72. 


« 


Mr. MiU's views o^ 72. 


Logical Fallacy, 


69. 


Macfaineiy 


of fiictories arranged on a general plan, 868. 


M 


of the steamship, 859. 


Major Premifls, 


often suppressed, cannot be denied, 46. 


tt 


ultimate, of Induction, 74, 99. 


Major IVemisea 


of Geometry, 287, 267. 


Mansfield, Mr^ 


Quotation from, 825, 827. 


Mark.. 


..Tlie evidence contained in the attributes implied in a 




general name, by which we infer that any thing called 




by that name possesses another attribute or set of at- 


1 


tributes. For example : " All equilateral triai^Ies are 




equiangular." Knowing this general proposition, when 




we consider any object poeseesmg the attributes implied 




in the term ** equilateral triangle," we may infer that it 




possesses the attributes implied in the term ** equian- 




guLir;" thus using the first attributes as a mark or 




evidence of the second. Hence, whatever possesses 




any mark possesses those attributes of which it is a 




mark, 98, 257 259. 


Masta 


of the steamship, how placed, 869. 


Material Fallacy, 


69. 


Mathematica] 


Reasoning conforms to logical rules, 78. 


1 


" every truth established by, is developed by a 


1 


process of Arithmetic, Oeometry, or Analy- 




sis, or a combination of them, 90l 


MATmacATiaB .... 


..The science of quantity, 76. 


m 


Pure, embraces the principles of the science, 76-78. 


< 
• 

1 
t 

1 


** 00 what based, 97. 
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Mathsmatigb 



MXASCBB 



Middle Term 



Mill, Mr. 
Mind. 



Miniwiigii, 

Motioo 

MalUplkalioa, 



..Mixed, embraces the applieatioot, Seetioo 76. 

Primary aigoificatioii, 77. 

Language oi, 91. 

** Exact aaeooe,** 97. 

Logical test of truth in, 97. 

a deductive science, 97, 98. 

ooocemed with number and space, 78, 76, 78, 101. 

What gives rise to its existence, KM). 

Why peculiarly adapted to give clear ideas, 824-826, 829. 

a pure science, 329. 

con4idered as furnishing the keys of knowledge, 881. 

Widest applications are in nature, 384. 

Effects on the mind and diameter, 828, 840. 

Guidance through Nature, 840. 

Its necetuiity in Astronomy. 341. 

Resulto reached by it, 849, 850. 

Practical advantage oC 355. 

What a course of, should present, and how, 865, 866. 

Reasonings of, the same in each branch, 867. 

Faculties required by. Srt9. 

Necefli*ity of, to the philosopher, page 16. 
,Jl term of comparison, 94. 

Unit oC should be exhibited to give ideas of numben, 1 88. 
** for line*, surfacen, solids, 249. 

of a magnitude, how ascertained, 249. 

distributed when the predicate of a negative proposi* 
tion,64. 

When equivocal, 67. 

his views of Lchoo, 72, 74. 

Operatitms 4if. in reavNiing, 6. 

Abstraction a fi&culty, proc«HM, and state o( 18. 

ProceMHm of, which leave no trace, 68. 

Faculties oC cultivated by Arithmetic, 1 80. 

Thinking faculty of, peculiarly cultivated by mathemat- 
ics, 3i5. .126. 

Power oi, fixed by dvfuiition, 297. 

iwoportiiiaal to force impreMed, 268. 

Reailing^ in. 122 ; examples in, 158. 

What the definitiim o( requires, 177. 

CombinatiuQs in, 196. 
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INDEX. 


Multiplication, 


1 
All operations in, governed by one principle, Section 832. 


M 


in Algebra, illustrations of, 299-SOl. 


Names, 


Definitions are o(^ 1. 


M 


given to portions of space, and defined in Geometry, SS8. 


Katucalist 


determines the species of an animal from examining a 




bone, 888. 


Negative 


premises, nothing can b4 inferred from, 67. 


u 


demonstration, its nature, 263, 265 ; illustration o^ 264. 


Newton, 


his method of discovery, 82. 


a 


changed Astronomy from an experimental to a deductive 




science, 887, 889. 


Non-distributioii 


of terms, 61. 


« 


Word " some" which marks, not always expressed, 62 


NUMBEBS 


..Are expressions for one or more things of the same kind. 




79, 106. 


••" 


How learned, 79. 


« 


Axioms for forming, 79, 80i. 


« 


Three ways of expressing, 107. 


M 


Ideas of, complex, 108, 124. 


a 


Two things necessary for apprehending clearly, llOl 


M 

1 


Simple and Denominate, 112. 


*f 


Examples of reading Simple, 180. 


! « 


Two ways of forming from one, 181. 


ff 


first learned through the senses, 138, 816. 


1 


Two ways of comparing, 163. 


i •« 
1 


compared, must be of the same kind, 171, 176. 


i « 

1 


Definitions of, 201, 202. 


1 « 

1 


must be of something, 275. 


1 


may stand for all things, 276. 


1 


First lessons in, impress the first elements of mathemati> 


I 


cal science, 870. 


! 01msted*8 


Mechanics, quotation from, 269. 


Optician, 


Illustration, 212. 


Oral Arithmetic, 


its inefiiciency without figures, 219. 


1 Order of subjects 

1 


in Arithmetic, 182, 188. 


1 

Parallelogram . 


. A quadrilateral having its opposite sides taken two and 


1 

1 


two parallel, 212. 
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PormllelcigrAm regarded as a species, Section 17 ; as a genua, 18. 

Properties of. 256. 
Particular proposition, 62. 

** premises, nothing can be proved fttxn, 67. 

Pendulum, the standard fiir measurement, 263. 

Pliilosophj, Natural, originally experimental, 887. 

" " has been rendered mathematical, 887. 

Place idea attached to the word, 81. 

" designates the unit of a number, 202. 

Plaxb That with which a straight line, having two points in 

common, and any bow placed, will coincide, 240. 
" First idea oC how impressed, 819. 

PuLVB FiGuaa ... .Any portion of a plane bounded by liiK'% *JIO. 
Plune Figured in general, 243. 

Poi.Tr That which lias position in space without occupying toy 

part of it, 81. 
Points, extremities or limits of a line, 239. 

Practical Rules in Arithmetic, 177, 178. 

" The true, 207, must be the consequent of sdenoe, 228. 

" Popular meaning of, 851, 858. 

* Questions with regard to, 851, 352. 

* Consequences of an erroneous view of, 864. 
** True »ignification oC 854. 

Pnetioe precedes theory, but is improved by it, 42, 

* without science ii» empiricism, page 18. 

PaKMCATB That which is affirmed or denied of the subject, 88 

" Distribution, 68. 

" Non-distribution, 68. 

" sometimes coincides with the subject, 68. 

Pamai Euchof two pro{)o<itiuns of a syllogism admitted to be 

true, 40. 
liuoa PacMiss — llic propoHition of a syllogisim which 

contains the pn*ilicato of the conclusion, 40. 
Mivoa PacMiss — The pr(>|M>iition of a syllugiiim whh h 
oantaiDB the subject of the conclusion, 40. 
Pressure, a law of fluitls, 364. 

Principle of science appUed, 22 

" on which valid arguments are oonstrocted, 52. 

" Value of a, {greater as it is more simple, 54. 

* Aristotle's Dictum, a general, 55. 
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Process 

Product 

Progression, 

Property 

Peoportion. 
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the same in the ground rules for simple and denominate 
numbers, Sections 161-164, 282. 

of science and rule of art, 179. 

should be separated from applicatioos, 186, 187. 

of science are general truths, 208. 

of Arithmetic, how taught^ 208. 

should precede practice, 229. 

of Mathematics, deduced from defimtioos and axioms, 297. 

of acquiring mathematical knowledge, 816-820. 

of several numbers, 292. 

(Geometrical, 170. 

of a figure, 266. 

.The relation which one quantity bean to another with re- 
spect to its being greater or less, 168, 267-269 

Arithmetical and Geometrical, 168. 

Reciprocal or Inverse, 269. 

of geometrical figures, 270-278. 

.A judgment expressed in words, 86. 

All truth and all error lie in propositions, also answers to 
all questions, 86. 

formed by putting together two names, 87. 

consists of three parts, 88. 

subject, and predicate, called extremes, 38. 

Affirmative, 89 ; Negative, 89. 

Three propositions essential to a syllogism, 40. 

Universal, 62. 

Particular, 62. 
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Quality 
Quantities 

u 
u 



QUANTITT. 



...A portion of a plane bounded by four straight lines, 242. 
regarded as a genus, 17. 
Different varieties of, 242. 

of a proposition refers to its being affirmative or nega- 
tive, 68. 
only of the same kind can be compared, 267. 
Two classes of; in Algebra, 287, 818. 
<* ** <" in the other branches of Analysis, 282, 
288, 818. 
compared, must be equal or unequal, 102, 807. 
...Is a general term applicable to every thing which csn 
be increased or diminished, and measured, 76, 821. 
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Quaatitj, 



Qnestkms 



QuoUtioQt 



AbctnM:!, does not mToWe nutter, Sectioot 76, 96. 

ConcreCa does, 75, 96, 

PropotttioDs divided aooordin^ to, 62. 

presented by symbols, 9S. 

consists of pvts which can be nombered, 276 

Constant, 282. 

Variable, 282. 

Five operations can be performed on, 288, 295. 

represented hj five signs, 289. 

Nature o( not affected by the sign, 290, 296. 

known, when all propositiona are known, 86. 

with regard to number and space, 78. 

Analysis oC 175, 176. 

Difficult, in Fraction aToided, 191 

with regand to methods of instruction, 871. 

from Kant, 21; Sir John Heracbol, 27, 822, 841. 859; 

Cousin, 180; Olmsted's Mechanics, 268; Locke, 823; 

Mansfield's Discoune on Mathematics, 825, 827 ; Lord 

Bacon, 828 ; Dr. Bairow, 828, 840. 



RailwayB, 
Rainbow, 
Ratio , 



K«'«ding 



Reason, 



Kkamno^io. 



Problem presented in, 861. 

Illustration, 822. 

.The quotient arising from dividing one number or quan- 
tity by another, 168, 267. 

Discussion ooooeniing it, 165-171. 

Arithmetical and Geometrical, 168. 

How determined, 165. 

An abstract number, 267, 272. 

Terms direct, inverse, or r eciprocal, not applicable to, 269. 

in Addition, 116, 117 ; advantages oi, 118. 

in Subtraction, 12a 

in MulUplication, 122. 

in Division, 128. 

of figures, its aid in praetieal operatkoa, 230. 

To make use of arguments, 41 

A premiss placed after the oondusion, 48. 

.The act of proceeding from certain judgments to another, 
founded on them, 9. 

Three operations of the mind oonoemed in, 6. 

ofthe,4S,4S. 45. 314. 

21 
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BeasoDiog processes of mathematics oonsist of two parts, Sectioo 7S. 

« in Analysis is based od the supposition that we are deal- 

ing with things, 278. 
Reciprocal or Inverse Proportion, 269. - 

Rbotanolb A parallelogram whose angles are right angles, 242. 

Remarks, Concludiog subject of Arithmetic, 236. 

Reservoirs, Oroton, description of, 862. 
Right angle Definition of, 268. 

Roman Table, when taught, 216. 

Symbol for the extraction o^ 296. 

Solution of questions in, 169. 

Comparison of numbers, 186. 

should precede its applications, 187. 

Every thing done according to, 21. 

of reasoning analogous to t£ose of Arithmetic, 46 

Advantages of logical, 60. 

for teaching, 186. 

How filmed, 297. 



Root, 

Rule of Three, 



Rules, 



Scale of Tens, 
SOUENGB 



Units increasing by, 124-180, 167, 168. 

.In its popular sense means knowledge reduced to ocder, 

21, 826. 
In its technical sense means an analysis of the lawi of 

nature, 21. 
contrasted with art, 22. 
of Arithmetic, 172. 
Principles of, 200, 208. 

Methods o^ must be followed in Arithmetic, 228. 
of Geometry, 237, 248, 267. 
Objects and means of pure, 822. 
should be made as much deductive as possible, 836. 
Deductive and experimental, 337. 
when experimental, 388, 389 ; when deductive, 888, 839. 
What it has accomplished, 848. 
Practical value o^ in fiEUstories, 368. 

" ** " in constructing steamfhips, 869. 

** ** " in laying out and measuring land, 860. 

** " " in constructing railwayB, 861. 

Its power illustrated in Croton aqueduct, 862. 
What constitutes it» 872. 
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Second Arithmetic, its place and ooofltructioo, SecUuo 227-230. 
Sextant, ita Ufies in Navit^tioo, 359. 

SuADBs, SiL4ix)WH, AND pKEMPEtTirK — ^An applicatioo of Descriptive Geom- 
etry, 881. 

Su.NiricATB An individual for which a common term stands, 15. 

Sti^ns, Five uned to denote operationa on quantity, 289. 

How to be interpreted, 290. 

** do not alTect the nature of the quantity, 200, 296. 

** indicate operati<inA, 296, 298. 

SouD Ji purtitin of space having three dimensions, 86. 

** A portion of space combining the three dimensions of 

lent^tli, breadth, and thickneiw, 246, 820 

- Limit of, 247. 

** First idea oij how impressed, 820. 

Solitla bounded by plane and curved surfaces, 85. 

"* Three claiwes of, 246. 

** Analysis of comparison, 271, 272. 

* Comparison o(^ under the supposition of changes in their 

volumes, 272. 
Sulution of all qucstitttu in Uic Rule of Three, 169. 

** of an equation in Altfcbra, 3o8. 

Spacb Is indefinite extension, 81, 82. 

* has three dimensions, Icnt^h, breadth, an^I thickness, 82. 
** Clear cooceptioo o{, necessary to unden*tund (ttH)metry, 

288. 
Srru. tea One of the divUions of a g<i*nua in which the chiiracttTis- 

tic » leM extetbiive. but niorc full and complete, 16, 17. 
ScBHi'KctEs — C)no of tlie diri«»i««H of a spt'cioj*, in which 

the characteristic ia leas extensive, but more full and 

ccmi])Icte. 16, 19. 
LowEffT SrRciEs— A species which cannot be regaided 

ait a gi'iiai, 17. 
Sj llin.;, 113; in Addition, itc, 115-123. 

SsiLAaK A qnadrilnteral whose sides are equal, and anglea rigfai 

aiii^les, 242. 
Statement of a pn)(M>«ition in Algebra, 308. 

** in wliat it cnn<.i«.ts, 309. 

Steam.«hip. an appl ic.it i<in of science, 359. 
SiaJEcr The name denoting the person or thing of which some* 

thiii^ is affirmed or denied, 8H. 
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Subjects, How presented in a text-book, SectioD 209-212. 

Subtraction, Readings in, 120. 

Examples in, 162. 
Combinations in, 194. 

All operations in, goTerned bj one piiDciple, 282 
in Algebra, illustration o^ 298. 
Suggestions for teaching Geometry, 278. 

** for teaching Algebra, 815. 

Sum, Its definition, 208. 

SDaPACE A portion of space having two dimensions, 84, 240, 319. 

*" Plane and Curved, 84, 240. 

Surfikces, Curved, 246. 

** of Elementary Gteomeiry, 246. 
Limits o^ 247. 

SuavsTiNa The application of the principles of Trigonometry to the 

measurement of portions of the earth's surface, 379. 
** A branch of practical science, 360. 

Syllogism A form of stating the connection which may exi-t 

for the purpose of reasoning, between three proposi- 
tions, 40. 
A formula for ascertaining what may be predicated. — 

How it accomplishes this, 41. 
not meant by Aristotie to be the form in which arguments 

should always be stated, 63. 
not a distinct kind of argument, 64. 
an argument stated at full length, 56. 
Symbols used for the terms of, 56. 
Rules for examining syllogisms, 67. 
has three and only three terms, 67. 

propositions, 67. 
test of deductive reasoning, 72, 99, 307. 

Symbols The letters which denote quantities, and the signs which 

indicate operations, 87, 93, 296. 
used for the terms of a syllogism, 56. 
Advantages of, 57. 

Validity of the argument still evident, 58. 
Truths inferred by means of, true of all things, 277. 
regarded as things 278. 
Two chases o^ in analysis, 296. 
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Abstract and concrete quantity represented by, 821. 
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Snrmu .The prooen of firit ooosideriiig the elements sepwatelj, 

then oombioiDg them, and ascertaining the results of 
oombination, Sections 89, 327. 

Synthetical fonn, Ibrwhal best adapted, 71, 89. 



Tsbles of Denominate Numbers, fractions occur five times in, 190. 

Teciimcal Particular and limited sense, 91. 

Tkrh Is an act of apprehension expressed in words, 15. 

* A singular term denotes but a single individual, 16. 

* A common denotes any individual of a whole class, 15. 
** ** affords the means of classification, 1&, 

•* Nature oi; 20. 
" ** Ko real thing corresponding to, 20. 

* * Why applicable to several individuals, 20. 

ILkioa Tkem — ^The predicate of the conclusion, 40. 
Minor Tk&m — ^Tbe subject of the conclusion, 40. 
MiODLK Taax — ^The common term of the two premises, 40. 

" DisTarBtTXD— A term is distributed when it stands for all 

its significates, 61. 

* KOT DISTRIBUTED— When it stands for a part of its sig- 

nificates only, 61. 

Tkkjo Two of the three parts of a proposition, 88. 

** The antecedent and consequent of a proportion, 164, S6t 

** should always be used in the same sense, 170, 205. 

Text- Book Should be an aid to the teacher in imparting instruction, 

and to the learner in acquiruqg knowledge, 209. 

Tiii<KM.M A dimension of space, 82. 

Third Arithmetic, Principles contained in, and method of construction, 

281-236. 
Tiiue. Measure oli its units and scale, 148. 
Tofwr.^nipliy, Its uses, 860. 

Tku*cjuiid A quadrilateral, having two sides parallel, 242. 

Teja^olc A portion of a plane bounded by three straight lines, 24L 

* The simplest plane figure, 241. 
« Difierent kinds of, 24 1. 

** regarded as a genus, 256. 

TkJooyOMBTBT ....An application of the principles of Arithmetic, Algebra, 

and Geometry to the deterxninatioa of the sides and 
angles of triangles, 878. 

* PUne and Spherical, 378. 
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Its units aod scale, Section 187. 

.An exact aooordance vith what has been, is, or shall 
be, 24. 

Two methods of ascertaining, 24. 

is inference from facts or other truths, 24, 25. 

regarded as a species, 25. 

How inferred from &cts, 26. 

A true proposition, 86. 

.iMTumvE oa Self-evident — Are such as become known 
by considering all the fi&cts on which they depend, and 
apprehending the relations of those fiicts at the same 
time, and by the same act by which we apprehend the 
fiicts themselves, 27. 

Logical — ^Those inferred from numerous and complicated 
facts ; and also, truths inferred from truths, 28. 

of Geometry, 287. 

Three classes o^ 237. 

Demonstrative, 237. 
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fixed by the place of the figure, 127. 

of the fraction, 160, 161. 
** of the expression, 160. 

Unities Advantages of the system of, 160-154. 

Unft of Measure . .The standard for measurement, 94. 
** for lines, sur&ces, solids, 249. 

" only basis for estimating quantity, 251. 

Unit one A single thing, 104. 

All numbers come from, 108, 109, 182, 150. 

Method of impressing its values, 138. 

Three kinds of operations performed upon, 182-186. 

Abstract or simple, HI, 182. 

Denominate or Concrete, 111. 

of currency, 182. 

of weight, 182. 

of measure, 132, 189, 249. 

of length, 140. 

of surface, 141. 

Duodecimal, 142. 

of solidity, 145. 

Fractional, 155, 186. 
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INmr — Uscrr 
l^iivenal 
I'tility and 
Vauablu ... 



VRriatioos, 
Varying Scales, 
Velocity 



.Any tbin(( ref^uxled as a whole, Sectioua 109, 110 

iVuponitioQ, 62. 

Prtif^esa, leading ideaa, page 11. 

.Quantities which undergo certain dianges of ralue, the 
laws of which are iodiaitvd by the algebraic expren- 
sions into which they enU*r, 2^2, 2^3, 813. 

repR'^ented by the final letteni of the alphabet, 2S4. 

Theory oi; 285. 

Unit« increasing by, 131, 1*^3. 

known by mcanurement, 95. 



Weight 



WhatelcT, 
Word*, 



known by measorement, 95. 

A, should be exliibited to give ideas of numbers, ISS. 

Standard for, 254. 

Archliinhop, his riews of lot^c, 72. 

Definition oC 113. 

expresrting results of oumbinatidot, 193-197. 

Double or incomplete senate of, 322. 



Zno The limit of a decreasing quantity, 3(>2-Sod. 
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/ 5««I«M */ M^tkem^titM. 



MATHEMATICAL WORKS, 

ARITHMETICAL, ACADEUICAU AND COLLEOIATK. 

BT CHARLES DATISS^ LLU 



^i»^^^^M^w»»»<w»^»»»»oo«>»>^»«XW»» 



L THE ARfTHMCnCAL COUMC rOR •OHOOIA 

1. PRIMART TABLS-BUOK. 

2. riKM LESHON8 19 ARITHMKnC. 

3. SCHOOL ARmiiiETic. (Kej sepAimte.) 

4. OEAMMAB or ARITHMXnC. 

II. THE ACAOCMIO OOURK. 

1. TBI UNiYBR^nrr arithiictic. (Kej septtimte.) 

2. PRACTICAL OEOMrrRT AND MKKSURATtON. 

8. XLSMBKTART ALOBBRA. (Key Separate.) 

4. BLBMXNTABT OBOMBTRT. 
6. BLXMBKT8 OF Bl'RTXTINO. 

IIL THC OOLLEOIATC COUmi. 
1. DATIES' bourdon's ALOBBRA. 



2. DATIES 

3. DAYIEA 

4. DATIBS 
6. DAVIES 
€. DAYIBS 



LBGBKDRB*S OBOMBTRT AJKD TRIGOHOMKTmT. 

AKALTTICAL OBOMBTRT. 

DBSCRIPTITB OBOMBTRT. 

SHADES, SHADOWS, AND PBRJIPBOTITB. 

DIFFBRBNTIAL AKD INTEGRAL CALCULUB. 



• DATIB8> I.OGI0 AND ITTILITT OV atATHXXATICS. 



taip«Of«d Had cutwd bf Om MOHllom d manlhm tkinj yr«f«* «ip*> 
' tem tiM caif eompM* fwtcntlw eoan* of MHlwiiiri> li» 
M lb« worto of ow Bind, any Ik* MdMit oBWMd by Um MM 

•dc» of Ik* wtkmo^ eombtelog rteaffiw In Ik* wwal briDclMii Md ally and pfupa^ 
lloa lo Ik* wbola. Bvtaf Ik* ■jrtiiii to loof to «• il Wot INitiil, lkfv««|h wbick 

irfoiMHl, Mital Booki, by mtm of ik* epBif lo Ik* Vmktitd 9M«a, N my b* JwBy 
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A. S. BAHNES k COMPANt's PCTBLICATIONB. 
Ohambert* JSdueational Oourte, 



CHAMBERS' EDUCATIONAL OOUESE. 

THE SCIENTIFIC SECTION. 



^VN/<^VM^>/V/%/\/«tf\A/«^WV%AA«\AAAM/ 



Tbe Mmvb. Chamben baTe emplojed the fln( profcnon In SeoUaad in the 
tion of these works. They are now oflteied to the schools of the United Btiii 
the American revision of D. M. Rsbsb, M.D^ LL.D^ lau Si^0nmtndnt rf PMic 
Schools in tko citf mtd emuUjf of Jfeio York, 

1. CHAMBERS' TREASURY OF KNOWLEDQC 
II. CLARK'S ELEMENTS OF DRAWING AND PERSPECTIVE. 

III. CHAMBERS' ELEMENTS CF NATURAL PHILCSCPHY. 

IV. REID %u BAIN'S CHEMISTRY AND ELECTRICITY. 

V. HAMILTON'S VEGETABLE AND ANIMAL PHYSICLCQY 
VI. CHAMBERS' ELEMENTS CF ZCCLCGY. 
VII. PAGE'S ELEMENTS CF GECLCQY. 



« It Is wen Imown that the original pabUahert of these worin (the Messn. Chamben 
of Edinburvh) are able to coaunand tbe best talent in the preraration of their boolDi» 
Md thai it b their pracUoe to deal fiilthAillx with the pubUa This aeries will not dls- 
nppoint the reasonable expectati(»8 thus ezdted. lliey are elemenlaiy works pre* 
pared by authors in eroy way capable of doing Justice to their reapectire underlakinsS) 
and who have evidently bestowed upon them tbe neoeasair time and labor to adapC 
them to their purpoee. We recommend them to teachers and parents with oonfldeoesL 
If not introduced ss class-books in the school, they may be used to exoeUent advantage 
In general exercises, and occusional class exerdsm, for which eveiy teacher oogfaC to 
provide himself with an ample store of materlala. Tbe Totumea may be had aepanl»> 
Vt ; snd the one flrst named, in the hands of a teacher of the younger flswwW) might 
rarniah an inexhaustible (Und of amusement and instruction. Together, they woold 
constitute a rich treasure to a fkmily of intelligent childreni and Impart a thini fcr 
Icnowledge."— f^rrsMtU CkronieU, 

<* Of all the numerous works of this claas that hnve been pubUshed, there are noM 
that have acquired a more thorouffhly deserved and hi^ reputation than thto sariea. 
The Qiambers, of Edinburgh, well known as the eareftu ana intetttgent pobUabers of 
n vast mnnber of works of much importance in the educational world, are the fktlien 
of thfe series of books, and the American editor has exerdsed an unusoal degree of 
Judgment in their preparation for the use of schools ss well as private fluniliea in this 
country."— PA»/ai. BuUttin. 

"Thetitlesftimishakey to the oontenta,and tt Is only nnensssiy Jbrns to asy, thii 
the material of each rolume is admhrably woriLOd np, presenting with sufBdent Adness 
and with much deamess of OMthod the several subjecta whidi are treated.*** 
Ocxetto. 



*^ We notice these works, not merely beeanse they are oekool iooko^ but ftr fhe «»> 
pose of expressing our thanks, ss the * advocate* of the educational interests of the 
people and their chUdren, to the enterprising publis^re of these and many other val> 
uable wotIcs of the same chararierf the tendency of which is to diffuse ussAil know* 
ledffe throughout the msBsss, for the good wortc they are doing, and the hope thM 
Ihclr lewaid may be ownmensurato with their deserts.**— JMatiu School wfrfeseetti 

r 
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Parker*$ Natural Pkilo^opky. 



lATURAL AND EXPERIMENTAL PHILOSOPHYf 
FOR SCHOOLS AND ACADEMIES. 

BT R. 0. PARKER, A. M.. 

L PARKER*8 JUVENILE PHILOtOPHY. 

II. PARKER*8 FIRST LE880N8 IN NATURAL PHILOSOPHY. 

IIL PARKER*8 SCHOOL COMPENDIUM OF PHILOSOPHY. 

Hm> mc uT ■rtMtol Bppanaui Ibr UlualraUng and exenpttfyinc the prindplea of Nitonl 
•imJ KxinntiK-iiUil l*hil<Mii)phy. hiiHi within the laat tern ymn, beoome to KvorrBl ■■ 
lu rmdvr ov<%**mry a wurk which ihoukl combinp, tn the •ame ooune of UiatnicCkNii 
Ui4* ibniry, wiih a full dfMnptlon o( the appaniut Drc(>«tar7 lur UluaUalioQ and 
«|it>niii4'iil. The work of l*it)f««aar Parker, it la cuiilldenlly believftd* fully nertathat 
r«^|tiiiviiim(. It ia abu very full tn the iri*oeral (acta which it pn««i*i 
OMKim In lla atyle— and antirely actentidc and natunl In Ua arranKeuMinL 
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*• Thla work la better adapted to the present atale of natnral adenee than tuf olbar 
iUniUr pruduetkm with which we are aoquainUxl.*^— 9Vayn4 0». Wktg. I 

•"Thla la a aehool-book of no mean preCenrioaa and oo ordinary ?ahia.*~^teaf 
8f4ttMl»r. \ 

** We pmlifi ftir thU valuable and beaatlftilly>printed work the atmoal aocceaa."-* 
Jf^m%rk iJ*uf .idrrritser, 

** The preeeol viiiume atrikea ua aa havtn(( very marked merit.**— ^. r. Osrifr. 

** It neenia to me lu have hit a happy medium bHweco the too almple and tha tw« 
ahatract.*'— H. J%, Smttk^ Prtiutp^i »J I^utttrr .icadrmf^ Mtt**. 

** I have no heaitatioo In m\ tnir thni Parkrr's NatiinU Phlioafmhy la the moat valiiabla 
aiemrnlary work 1 haw mewkT—Gtibrrt J^m^fdam i/Bnv, FrmJ. ,V«l. Fku. A'. )'. l^tf, 

**lam bBfii'V to My that Piirki*r*ii PhihMtuphy will t>e lntrtKlooed and afltipted In 
* Vi(l<ina ( V>1U'.;«*.* at th<' ci»mmriici*nMMit i*f Im' iM*tt nJh-^-tU' yynr In autumn : aiMl I 
hop« that will be but the ciimoi4-iici'ro<*i>t of th** um* <»f «> >.iJu.tl>lt> im rUMnrntary mirk 
In 4Mir ■rh(iiili> in lhi« cmintry. Tht* •iiii:UI work <>f ParktT*^ i l*.irk«T> Tirtt l4*<«Miiir* «aa 
tntftiilur»'<l Uie laM ivnn in a pnmnry daw of Die iiWiIuInhi r\'<i rn<«l ti^ hiwI ihitt with 
fTfoi MMm-*^ 1 iiiU*im1 to rrcniniiit ml iL* u<k* «)>i>rll> iuli> th«' m.'W ^*b«M»l lu thi« rity, 
■ml thf Urv«'r Work to thr 4n<lft)U of Uu' )in*%tiu-itl Monnal S:lioi»l.** — K. Kprrstm^ 
bmpenmUudrnt »f Pm^'K Itutruttivm of Lyprr Vtmatia, 

** I half ««xainine(| Pirkt-r'* Kira I^iimicm and (V>mp(>n<tMiro «if N'ulural and Rx|M>ri* 
m«^ilAl Phikimmh}. mimI nm miirli pli'nA«<«l with tltroi. 1 hu^t> kuu; It'll iii«ali»:ui-ti(in 
«iili lh<* Trxt-BtMik>i «« lhi4 •uhjti'i tit'Mi iti tM> in ihi« w^-tion. nrfl nm happy now to 
III. • l«M>k« iliAt I c<«n nt iKitm* imI 1 ttli'iil ininnluct' lb«*m tnwMnli.iU*!) mt«» ray arhiKj.** 
Ji.r.m 4/rrBr/, Prtmtt^ «J Th€tfor4 .Umdemf^ k rrm^frnt. 

** I b«v* no hoiMtniMvt In pnirKMrnrlrarlt the ^«r tufrk mm tMs gmhtrrt ■«» ^mh.'fk*^, 
%%> Ah ill iiw ii h< n; iumI I hn«t> alnwily aprurrd its a«l<tfrfion in Mumt* of Ihf h<t;b- 
•rjiooto and iM.t*l« liiM** ui our % icuuty .** — «V. V. Ltgt*iU ^fp^*/ M *rrtm Pm^t< .n«A.<^#. 

**\\V njf ^tiul lo an* thi« litllp work on natunl phihMophy, berauw* lli«' antouia of 
vahialilr inforinAlMm un«lt>r all thtw* heada, k> be KMtned fmra It l>> nn> Mik< Uiy or 
ffirt« !• int*4iniiii>it>. |i put* tht'in. loo. upon the riirht tmrk aArr kiHtwI'-i.^*, Mfi |tr^ 
v**tita thrtr muwU from lM*in«' w«*iikfn«^l an«l wK«l<^i b) tin* .hkly M-iiitntt«iA|ity oC 
talt<ii» n(»vel«* aiwl (Mwiry, whwh will alvfty* occupy the iiiUmlMin of the mind whaD 
■ulhtng mure uarful haa taken ptMaMalm of it^—Mtssustfytmu, 
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I. WILLARD^ HISTORY OF THE UNITED STATES, OR RE- 
PUBLIC OF AMERICA. Bra Price Sl^ 

II. WILLARD^ SCHOOL HISTORY OF THE UNITED STATESi 

63 da. 

IIL WILLARO'S AMERICAN CHRONOQRAPHER. SLSQ. 



I. WILLARD^ UNIVERSAL HISTORY IN PERSPECTIVE. SUOL 
II. WILLARD^ TEMPLE OF TIME. McMuited, Sl^ Boand, 75 eta. 
IIL WILLARD^ HISTORIC GUIDE. SOcli. 
IV. WILLARCS ENGLISH CHRONOGRAPHER. 
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WILLARD^ UNITED STATES. 



The JXm. Dcm. Webster aayt, of an eariy edition of the cboTe woffc, in n letter to 
the author, **I sup it kbak kb, ai a. Book op Rbpsbbncb, a.cci7Katb ur PAcm axd 

DATBB." 



**Tbb OoKMrrrBB on Bookb op thb Waed School AaaoctATiOB EBaPBCTpvuT 
ebpobt: 

**That they haTe eiamfaied Mra. Wmaid*a Hlatory of the United Slatea with peenllv 
tntenmt, and are flree to aay, that it is in their opinion deddedly the beat treetiBe on 
this intereeting aubject that they have aeen. Aa a 8cfaooM)ook, Ita proper place li 
among the finL The language la remarlEable for aimpUcity, perq>icalty, and neatneai ; 
youth could not be trained tu a better taate for language than thla ia calcttlated to im- 
part. It places al once, in the hauda ot American youth, the hlatoiy of their ooontry 
flrom the day of its dlBoovery to the present time, and exhibits a deer amngemeot of 
aU the great and good deeds of their anoeaton, of which they now eqioy the benefllii 
and inherit the renown. The strugglea, auflbringa, flmineaB, and piety cm the flrst setUeit 
are delineated with a masterly hand."— Extract /rvat « i^p«rC ^ the Wmri SeUd 
TeaeAert' J§ssoeiation ^ fJk« Oily •/ Xtm Ytk. 

<*We oonaider the work a remarkable one, in that R forma the beat book for gcasnl 
reading and rel^rence pubUahed, and at the same time has no equal, in our opinion, as 
B textpbook. On this latter point, the profoaaion which ita author haa so long IbUowed 
with such aignal sucoeea, rendered her pecniiarly a fitting penon to prepare a test* 
book."— £0«t«m TYuveUer, 



^ Mbb. WiLLARD*a BcHooL HisTOBT OP THB UinTBO Eh-ATBa.— It ia one of those 
rare things, a good eehool-book; infinitely better than any of the United SmteaHiatoriai 
fitted for schools, which we have at preaenU"— OmciuMti OaiUU, 



<* We think we are warranted in saying, that it la better adapted to meet the 
ot our schoob and academiea in which histoiy is pursued, than any other work of the 
kind now before the public The styks is perspicuous and flowing, and the prominent 
pcrinta of our history are preaenied in audi a manner as to make a deep and lasting 
impressioo on the mind. We oouU conacjentiously say mnch more in pralae of thla 
book, but must content ouraelvea by heartily commending it to the attention of thoas 
who are anzioas to find a good tezi-bookof American history for the uae of achook.'^ 
JWwpdn f f l w ii ITatcAfHaa. 
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Park0t*i Rhetorical Reader, 



PARKER'S RHETORICAL READER. Iteo. 

in Rhetorical Raiding, dadgned to familiariie readen with Cbt 
and other maite in general uaa, and lead them to the practice of 
modnlation and inflection of the voice. Bf R. 6. PAKKBa, author of ** Ek* 
eiciaes in Engliih Compontion," **Compendiam of Natnral Philowphj," 
Ac, Ac. 



tlili woik poiMMM wMBf ■dviiiiigw whlch fommwid 11 to ftTor, nioQg wUdi are 
tto fottoiring:— It li adapted to aU rlirnf ■ and ichooli, torn the hlghgrt to the lowwL 
It oumaim a practical llliMlnUkiD of all ths marka anploTed in writtao langoage ; 
ako haooa for the calliTaltoo, ImproTemeBt, and alraogthaning of the Toloa, and 
tannictium aa w«n aa ezerdaes in a great vartecj of the prindpiea of Rhatorieal 
Rending, which cannot fUl to render It a TaloaMe aojciUaiy la the handa of any 
taachcr. Many of the exerciaea are of aufBcieot leoRth to aflbrd aa opportonitj tm 
each w fmbar of any dant however numeroua, to pnrtidpato In the aame exerdae— • 
fsattne which rmdcra it convenient to examining oonunineea. The f'V^^'Mw for 
ISerdaea in rending are from the moat approved aoureea. 
and raUgtouB iooe, without the alighteat tincture of aectarlanlam. 



* I haw to arfcnowMge the rwtpption thrmigh your klodneaa of aereral volamea. I 
have not aa yet found time to examine minutely all the booka. Of Mr. Parkerla Rh^ 
loneal RrBdt4-« however, I am prvuared to apeak in the higheat terma. I think it ao 
wen wU|tied to the wanu of pupiU that I ahall introduce it immediau^y In the Acad- 
emy of which I am about to lake charge at Madiaon, in thia alate. It la the beat thli^ 
of the kind I have yet found. I cannot lay too muidi In Ua fkvor.**— Jdbi O. Ctmrk^ 
Hmtmr ^ 6U JVo^ms Jlfa/« Af4tm§y Atkm»y Oa. 



** Mr. Parker haa made the uubHc hta debtor liy aome of hia former poblkattoaa 
aapectaOy the • Aida to Engtiah C>>mpo«}iion*— and by thIa he haa greatly InrrrMod 
the ohlualkNL Thfre are rrading booka abnoat without number* but very few of 
OMvn piHend to give inatructiona how to read, and, unluckily, few of our tenchera ere 
eooipeCt'nl to aupply the defcrt. If young peraona are to be taaght to rand well, tt 
Buat avfirrally be done in the primary achoola, aa the oollegiale term alRinJa too little 
lime lo bc«in and aoeompllah that work. We have aeen no other ^Readar* with 
which we bate bet* n to well pleaaed ; and aa an evidence of our appreciation of Ua 
worth, we ahall lay It aaide for the uae of a certain Juvenile f^ff*ii of humanity la 
whoae aflUn we are qwdally inlerealed.**— CAriaiiaii jtdmtcUg. 



** We cannot too often urge upon leacheni the importance of reading, as a pert of 
edoeMicia, and we regard It as among the auapkrloua aigna of the tlmee« that ao mut^ 
mnre attentioo la gi«<*n. by the htrA of teachera, to the cultivaUoo of a power which ie 
at oore a moat deUghtAil aorompUahmrnt, and of the flrtt importance aa a meana of 
4kari(iline ami pnwn*<«. In this work, Mr. Parker** volume, we are iure, will be fovnd 
a valimUe aht**— KrraMnI CkrwmuU, 



*The title of this work explaina Ita character and design, which are weO carried out 
l>y the manner In which it is executed. Aa a rlaaabook for itiidenta in elocution, or aa 
an tmlifum rvotltrw UMik, we du not think we have seen any thing superior. The dl^ 
OnautRhing rhitnirt(>ri«tir i»f Its plan is to assume aiime simple and mmiliar example» 
which will he midilv tiralrr^iiMHl by the pupil, and which Nature will UA\ him huw to 
dehvev pnifierly. anfi refiT more difllcull paasagvM to Ihia. as a modc^. Then* ia. how> 
ever, anuiher evrvllriice to tlie work, which we take pleaaure to oommeoding; It la 
the prtapr^ivfiw^ with which the inCTuduciory k«soQs are arranged. In tench ing 
orefy an and scitiwe thta b indispensable, and to none more ao than to that of ekteo* 
Ikm. The pierm fur exerrta* to reading are aalected with much laato and JudgmeuL 
We have no doubt that thoae who oae Ihte book will be aatWled with Ita i 
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■%/\/«^kiA^/V^^^^^V^^Ai^^^^A^^ 



Tbem MrtoB of the Grsbk and Lathi Cu^ncm, by N. G. Brooks, of BattiBKira, It osM 
impTOTed plan, with peculiar adaptation to the wanta of the American shidenL lb 
Becare aocora^ of text in the wonta that are to q>pear, the lateai and moat u^ptored 
Earopean editiona of the different daasical anthon will be oooanlted. OrigMI Uhia' 
tnUive and explanatory notea, nrepared by the Editor, will accompany fte taxi. 
Theae notea, though copious, will be intended to direct and aasisl the student In hia 



labofB, rather than by reodering CTeiy thing too simple, to supeiaede the neceantv of 
due exertion on hia own part, and thua induce indolent habtit of study and refleoaoBi 
and feebleneas of Intellects 



hk the notea that accompany the texL ears win be taken, on aU proper ocgaalons» to 
■ develop and promote in the mind of the student, sound principles of CHtidsBt 
Rhetoric, History, Political Science, Morals, and general Religion ; so that he may con- 
template the subject of the author he is reading, not within the circumscribed limtlB 
of a mere rendering of the text, but consider it in aUlta extended cnnnertinna ind 
Ihua learn to tkmk, as well aa to trantlate, 

BROOKS'S FIRST LATIN LESSON8L 

This la adapted to any Grammar of the language. It cooaiata of a Grammar, Baader, 
and Dictionary combined, and will enable any <»e to acquire a knowledge of the eto> 
menta of the Latin Language, without an Inatmctor. It haa already piiBfiil thmiig^ 
llTe editiona. ISmo. 

BROOKS'S OyESARTS COMMENTARIES. (M|irct#.) 

Ibia edition of the Oommentariea of Cnsar on the Gallic War, besides critical and 
explanatory notes embodying much information, oS an hiatorica], topogrubical, and 
mJlitary character, is illustrated by mapa, portraite, Tiewa, plana of battlea, ke. It baa 
a good QaTis, ccmtaining all the wonls. nearly ready. ISmo. 

BROOKS^ OVID^ METAMORPHOSES. Sro. 

Thia edition of Ovid is expurgated, and flfeed from objectionable matter. It la ehid- 
dated by an analysis and explanation of the fhbles, together with oriclnal Eta^^iah noteai 
historical, mythological, and critical, and Ulostrated by pictorial embellishments ; with 
a Qavis giring the meaning of all the words with critical exactneak Each thble cod* 
tatna a plate firom an original design, and an illuminated initial letter. 

BROOKS'S ECLOGUES AND QEORQICS OF VIRQIL. (/m^rcM.) 

This edition of Virgil is eluddaled by copious original notes, and extracta fh»n 
ndent and modem pastoral poetry. It la illustrated by platea ftom original dastgasi 
and contains a QaYiagiTing the meaning of all the words. 8to. 

BROOKS'S FIRST GREEK LESSONS, liteio. 

This Greek elementaiy is on the same plan aa the Latin I^essons, and aflbrda equal 
Ikdlities to the student The paradigm or the Greek rerb haa been greatly aimplinad 
and valuable exerclsea in comparative philology introduced. 

BROOKS'S GREEK COLLECTANEA EVANQELICA. ISuo. 

This consists of portions of the Four Gospels in Greek, arranged in Chrooological 
Older ; and fbrms a connected history of the principal eventa in the Saviour^ life and 
mlniatiy. It contains a Lexicon, and is illustrafced and explained by notea. 

BROOKS'S GREEK PASTORAL POETS. {Infru;) 
nUa contains the Greek Idyls of Tlieocritua, Bion, and MoechuA. elucidaled by notea 
and copious extracts from ancient and modem pastoral poetry. £iich Idyl is illustrated 
by baantlAil platea fttm original designs. It oontatns a good L e xicon. 



I 



rr — \ 



A. 1. BA&NE8 A company's PUBUCATIOn. jl 



Pmgt'9 Theory and Practice of Teaching, 

THEORY AND PRACTICE CF TEilCHINQ} 

ot mm 

MOTIVES OF GOOD SCHOOL-KEEPING. 

BT DAYID PAGE, A.1L, 

lATB PBIJIOr4L OW TBB ITATS KOEMAL MaOOL, HBW YOSX. 



^^#MNAA^^^^^«M^A^^^«^^^^#^^MN^VNM» 



*l recrivtd ft few dayi iliioe yoor ^Tbeorjr uid Pndke, kJt^ and a capital tkmrm 
■Dd capital vr«c(u« it is. I have irad H with munloiclod dolii^ht. ETen if I ahoidd 
IduJk Ihroqipi a cntic** microaoupei I ahould hardly flnd a ainffle aentimcot to disaenl 
fhuD, and certainly noi ooe to ouodemn. Th« diapten oo Prizta and on O r y ra l 
FBiu«Aauiii are truly admlralik*. Th**v will exert a moti salutary Inflncnoe. 80 of the 
WW* BfTBtm ua luonl and rvliKioos lo8truction« wbkh you ao earnestly and feeling^ 
ta«al upon, and yet within true Prul«»tant Umita. It la a oaAxn aooK, and I thamK 
Ha ATI n tiiaT Tor havi wftiTTsa n.'^—Htu.Upraee JVaaa, S€cr$tarf cf Uu Board if 
CdmcMtmm m Jta»»4£Mms€tU. 



** Wm U our buatairaa to examine teachera, we wooM nerer dlamlaa n eaadldato 
wtthonl namittir thla book. (Hher ttiinga beinff equal, we would tm^tly prefer a teadber 
who baa r««d It and ffieiika of it with enthusiann. In ooe indilK'rent to such a work, 
we ftbiMld oirrlalnly bave little oooAdeiira, howercr he might anpear In other reepectak 
Would thai every teacher emplo)'ed In Verrooot thla winter had the apirit of thla book 
In hia boaom, Its kanoa Improaed upon bla heart T — Fentamt Ckrwmtdt, 



*^I am plaaaed with and commend thia work to the attention of ichool teadiera, taA 
lho«e who intend to embrace that moat eaUmable profemioo, for Ucrht and Inatrndloa 
to Ktuile and govern them In the d»chan{e of their delioate and unpoitant dnllea."— 
AT. «. Bmim, a^pcrmirarfnU •/ GraiaiM iSdUaUf SUU ^ JV«« York, 



Hm. & Tem^ Mya, <*tt to iHogMher tte bert book on thii aal^eck I hers enr 



Prrndfmt A(VrtA, •/ HamUtwrn Crilegt^ aaya, *^ I hnve md It with aO that abaorbte 
aelMmylDff Interna, which in my yoimger daya waa reaernad for Action and poatty. I 
mm dchghled with the book.** 

^— — • 

ITm. JV«vw« S, Rtfnold* mya, ** It will do great good by ahowing the Teacher what 
iboQld be hia quaUflcatiooa, and what may Justly be required and expected of him.* 



••I wWi yon wooM aend an agent through the several tofwna of thia Blate with 
Pmv^ *Thei>ry and Practice of Teacbinff,* or take some other way of bringing thto 
valuable book to the ii«>ttce of every fhmily and of every teacher. I should be rvjuiced 
to see the prtnri|>k<« which it prmenta aa to the matin va and methods of atxid achooK 
keepiBK earrjked iiui tn every acb<M>l*room : and aa nearly aa poaslbkt, in the style la 
whvh Mr. Pave illurtrale* them in his own practice, as the devoted and accomplished 
Pr.nc.i>al of ytiur HlAti> Normal t*ch«)oL**— i/mry Barnmrd^ Swfmrimttmdtmt of CMaaiMi 
«r A«W« /•r Oa SUU «/ HkodM loUnd. 

•»The 'theory lod Pmclicp of Tenchlng/ by D. P. Page, to one of the beet books of 
Ibe ktnd I haie ever met with. In It the theunr and practice of the teacher'ii duUea 
are rltnHy exptoinni and happily oumbined. liie at>rc is eaj«T and Auniliar, and tha 
■nn<^)t>ni« it eooiams are plaHi, practical, and to the point, to teach<>n espt^cially It 
wtll fiirni*h very Important akl in discharglnr the duUi<«i of their high and r^j^xmaibto 
jn.**— Kiyrr SL Mntar4, Smp€n$Uomdt»i 9f Cmumh SckooUt Ormog* O^ ru 
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Science of the Bmgliih Lt^nguage 

CLAIiirs NEW^ENQLISH GRAMMAR. 

A Practical Grammar, in which Words, Phrases, and SjumNcn are da— 
fied, according to their offices, and their relation to eachpther: illustrated 
by a complete system of I||B«rams. By S. W. Clark, A. M. Price SO cts. 



''It b a most capital work, snd well calculsted, if we mistake not, to al^)enede» 
in our beat Khools, works oX much loftier preteoaioa. The peculiarity of ita wutktd 
grew out of the beat practice of its author (as he himaelf aaaurea ua in Ita pralhoe) 
while engaged in communicating the ecieooe to an adult claaa ; and hia mooi was i 

Ailly oommensorate with the happy and philosophic design be has nnfokted.**— Jtajfawy 



**This new work atrikes us Tsry IhTorably. Ita doTiatiooB fttan older bocAs of the 
kind are generally Judicious sod often impoftant We wish teschets woold **— w***^ 
it."— AVw York Trikiau, 



^ It is prepared upon a new plan, to meet difficulties which the author hss enoooD* 
j' tered in practical mstroction. Grammar and the structure of language are tauaht 

throughout by analysis, and in a way which renders their acquisition eaqr sod satisno- 
tory. From the slight examination, which is all we have been able to give it, we are 
oonrlnoed it hss points of very decided superiority over sny of the elementsiy works 
, in common use. We commend it to the attention of sU who sre engaged in instnio> 

tton." — Mho York C&urier amd Emfuirer. 

''Fhmi a thorough examination of your method of teaching the Engliah Isagnsgay 
I am prepared to give It my un<}ualifled approbation. It is a plan orlginsl sod beao> 
tifol — well adapted to the capacities of learners of every age and stage of advance 
ment."— jf . R, SimmmUf ExrSuperintendeiU ^ Bristol. 

*^l hsve, under my imrasdiate instruction In English Grammsr, a daas of mors thsn 
fifty ladies and gentlemen ftom the Teachers* Dfpartmei^ who, having studied tbo 
grammars in common use, concur with me in expressing a decided preference Ibr 
*C3ark*8 New Grammsr,* which we have used ss a lext4M)ok since its pnblicstiooi snd 
which will be retained ss such in this school hereafter."— Pr«/«««0r BriUM^ JV i w cy s / 
of Litfont Union ScAool, 

^'Clark^s Grammar I have never seen equalled for praetilMlitf^ whidi Is of the i** 
most importance in sll school-books.**— 5. B, Clark^ Priue^cl ^ Stnrhmrwogk jfcsd- 
ssiy, Maxne, 

*'T1ie Grammsr is Jtit such a book ss I wsnted, sod I shsll make It fA« teiMKMk tai 
my school'*- WiUiom Bricklo^^ Teacher at CknastotOy JV. Y. 

**ThiB original production will, doubtless, become sn Indispensable suzlllsiy lo rs- 
I store the English language to its appropriate rank In our svstems of education. Aflar 

a cursory perusal of its contents, we sre tempted to assert that it foieleils the dawn of 
j a brighter sge to our mother tongue.**^SMUA4r» Literarf OaietU, 

j **I have examined your work on Grammar, and do not hesitate to pronovnoe It sii> 

C trior U> any work with which I am acquainted. 1 shsll Introduce it into the Mount 
orris Union School at the first proper opportunity.**— If. O. fVUutoWj j9. JUL, iVtac*> 
pal of Mount Morris Union Sekool, 

** Professor Clark's new work on Grsmmsr, oontataiing Diagrams innslrstive of his 
Qirtcm, K in my opinion, s most excellent treatise on *the Sdenoe of the Ei^^teh Lsn- 
gusge.* The author has studiously snd property excluded from his book the tecfankal- 
ities, Jargon, and ambiguity which so often render sttempts to teach grsmmar unples*> 
snt, if not imprscticable. The inductive plan which be haa adopted, and of whidh he 
la, in teaching grammar, the originator, is admirably adq>led to the great puiposss of 
both teaching snd learning the Important science of our Isnguage.**— & AT. Swott^ Jtw 
tkor of *• Swoofi Elocution.^ 
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